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Abstract— Ultra-low-dose x-ray computed tomography (CT)
imaging is needed in CT fields. Through a scan protocol
by lowering the milliampere-seconds (mAs) and reducing the
number of projections per rotation around the body, we can
realize low-dose CT imaging. However, the resulting noisy and
insufficient measurements will unavoidably cause the degrada-
tion of desired-image. To solve this problem, iterative image
reconstruction is a promising choice for achieving high-quality
image with a low-dose scan. In this study, we are focusing
on ultra-low-dose CT image reconstruction by using penalized
weighted least-square (PWLS) criteria with a combined low-
mAs and sparse-view protocol. Specifically, the sinogram data
acquired with a combined low-mAs and sparse-view protocol
is first restored by using a PWLS based sinogram restoration
method. Then, the restored sinogram data is hereafter used
to reconstruct image by using a PWLS based total variation
(PWLS-TV) method. Qualitative and quantitative evaluations
by simulations were carried out to validate the present method.

I. INTRODUCTION

Ultra-low-dose x-ray computed tomography (CT) imaging
is needed in CT fields due to the concern of radiation
exposure induced cancerous, genetic, and other diseases. For
reducing radiation dose, many investigations have been per-
formed including both the hardware-based optimal imaging
protocols [1] and the software-based image reconstruction
techniques [2]. Through lowering the milliampere-seconds
(mAs) [3] and reducing the number of projections per
rotation around the body [4], we can realize low-dose CT
imaging. However, the resulting noisy and insufficient mea-
surements will unavoidably cause the degradation of desired-
image if no adequate data noise controlling is applied during
image reconstruction. Up to now, various approaches for
low-mAs or sparse-view CT image reconstruction have been
proposed respectively [5-12].

For low-mAs image reconstruction, statistic-based sino-
gram restoration and image reconstruction algorithms have
shown their advantages in noise reduction [5-7]. The idea of
this strategy is to retain the benefits of statistical modeling
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within the objective function. Usually, the associative ob-
jective function consists two terms, i.e., “data-fidelity term”
which is developed by incorporating the statistical measure-
ment model and “penalty term” which is often designed
by considering the properties of the desired-image itself.
One tipical example is the penalized weighted least-square
(PWLS) approach proposed by Wang et al. By modeling
the signal-dependent noise properties, the PWLS method has
shown very promising results in either sinogram space or
image domain [5].

For sparse-view image reconstruction, Sidky et al pro-
posed a total variation (TV) based projection onto convex
sets (POCS) algorithm, which was called “TV-POCS” . With
the assumption that the desired-image satisfies a piecewise
constant distribution, this algorithm can adapt TV minimiza-
tion of the desired-image [9,10]. As an updating algorithm of
TV-POCS, an adaptive-steepest-descent based POCS (ASD-
POCS) algorithm was proposed with improved performance
against the cone beam artifacts from sparse-view projection
data [11]. But it is worth to note that the related algorithms
often suffer the over-smoothing effect on the reconstructed
image due to the assumption of isotropic edge property in
TV minimization. To solve this problem, the weighted-TVs
as an extension of the conventional TV were proposed [12].

Althouth these studies have shown their advantages for
achieving high-quality image, to the knowledge of authors,
up to now, there are no special methods for addressing the
problem of image reconstruction with a combined low-mAs
and sparse-view protocol. In this study, we are focusing on
ultra-low-dose CT image reconstruction by using the PWLS
criteria with a combined low-mAs and sparse-view protocol.
Specifically, the sinogram data acquired with a combined
low-mAs and sparse-view protocol is first restored by using a
PWLS based sinogram restoration method. Then, the restored
sinogram data is hereafter used to reconstruct image using a
PWLS-TV based method.

II. METHODOLOGY

A. CT Imaging Model

Without loss of generality, under the assumption of mono-
energetic beam, the x-ray CT measurement can be approxi-
mately expressed as a discrete linear system:

y = Hµ (1)
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where y represents the obtained sinogram data (projections
after system calibration and logarithm transformation), i.e.,
y = (y1, y2, ..., yM )T , µ is the vector of attenuation coeffi-
cients to be estimated, i.e., µ = (µ1, µ2, ..., µN )T , where ‘T ’
denotes the matrix transpose. The operator H represents the
system or projection matrix with the size of M ×N . In our
implementation, the associated element was pre-calculated
by a fast ray-tracing technique stored as a file. The goal
for CT image reconstruction is to estimate the attenuation
coefficients µ from the measurement y with H .

B. Proposed PWLS Criteria for Ultra-low-dose CT Image
Reconstruction

The proposed iterative image reconstruction algorithm for
ultra-low-dose protocol contains two major steps: (1) the
sinogram restoration by using a PWLS based sinogram
restoration method; (2) image reconstruction from the re-
stored sinogram using a PWLS-TV based method. Each step
is described in detail as follows.

1) PWLS based sinogram restoration: The sinogram data
acquired with a combined low-mAs and sparse-view protocol
was first restored by using a PWLS based sinogram restora-
tion method. The PWLS statistical approach in sinogram
domain can be described by [5]:

p∗ = argmin
p≥0

{
(y − p)′Σ−1(y − p) + βR(p)

}
(2)

where y represents the obtained sinogram data and p repre-
sents the vector of ideal projection to be estimated. β is a
hype-parameter to balance the fidelity term (i.e., first term of
equation (2)) and the priori/penalty term (i.e., second term
of equation (2)). Σ is a diagonal matrix with the ith element
of σ2

i which is the variance of sinogram data y. R (p) is
the penalty term. In this paper, a quadratic penalty form was
used, i.e.,

R(p) =
1

2

∑
j

∑
k∈Mj

wj,k(pj − pk)
2 (3)

where Mj indicates the set of four nearest neighbors of
the jth voxel in the sinogram. The parameter wj,k is the
directional weighting coefficients.

In the implementation, the variance of σ2
i was determined

by the following mean-variance relationship proposed by Ma
et al [13]:

σ2
i =

1

I0
exp (p̄i)

(
1 +

1

I0
exp (p̄i)

(
σ2
e − 1.25

))
(4)

where I0 denotes the incident x-ray intensity, p̄i is the mean
of the sinogram data at bin i and σ2

e is the background
electronic noise variance. The PWLS sinogram restoration
as a preprocessing step is named as “SR” for simplicity
hereinafter.

2) PWLS-TV based image reconstruction: In solving µ
from the equation (1), to invert (1) directly is difficult
because the system matrix dimension is huge in current CT
system and degraded seriously for image reconstruction from
the measures noisy sinogram data. In this paper, we are using
the PWLS based criterion. The associated mathematical
formula can bc expressed as follows:

µ∗ = argmin
µ≥0

{
(p−Hµ)′Σ−1(p−Hµ) + βR(µ)

}
(5)

where H represents the system of projection matrix, p
represents the restored sinogram data from equation (2), β is
a hype-parameter to balance the fidelity term and the penalty
term. Σ is a diagonal matrix with the ith element of σ2

i which
is described in (4). In this paper, a TV-based penalty term is
used and can be written as [9]:

R(µ) =
∑
s,t

√
(µs,t − µs−1,t)

2
+ (µs,t − µs,t−1)

2
+ δ (6)

where s and t are the indices of the location of the attenuation
coefficients of the desired image. δ is a small constant used
for keeping differentiable with respect to the voxel value.

Fig. 1. XCAT phantom.

C. Experimental Data Acquisitions

To validate and evaluate the performance of the proposed
method, a digital XCAT phantom [14] as shown in Fig. 1
is used for simulation of ultra-low-dose image with different
levels of mAs and different number of views. This phantom
is composed by 512×512 square pixels with the intensity
value from 0 to 130. The size of each pixel is 1.25 mm ×
1.25 mm. We chose a geometry that is representative for a
mono-energetic fan-beam CT scanner setup with a circular
orbit to acquire 1,160 views over 2π. The number of channels
per view is 672. The distance from the rotation center to the
curved detector is 570 mm and the distance from the X-ray
source to the detector is 1,140 mm. Each projection datum
along a X-ray through the sectional image is computed based
on the known densities and intersection areas of the ray with
the geometric shapes of the objects in the sectional image.
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D. Performance Evaluation

For quantitative evaluation of the reconstruction accuracy,
the relative root mean squared error (RRMSE) metrics is
calculated over a region of interest (ROI). The RRMSE is
defined as:

RRMSE =

√√√√√√√√
Q∑

m=1
(µ(m)− µxtrue(m))

2

Q∑
m=1

(µxtrue(m))
2

(7)

The mean per cent absolute error (MPAE) metrics is also
utilized to evaluate the noise reduction for the proposed
method:

MPAE =
100

Q

Q∑
m=1

∣∣∣∣ µ(m)

µxtrue(m)
− 1

∣∣∣∣ (8)

where µ(m) denoted the voxel value of low-dose image,
µxtrue(m) denotes the ground truth image. Q is the number
of voxels in the ROI as indicated by a square in Fig. 1.

III. RESULTS

A. Simulation Setup

In this study, ultra-low-dose CT images with different lev-
els of mAs and different numbers of views were simulated.
For the simulation of low-mAs projection data, similar to the
study [15], after calculating the noise-free line integral y as
a direct projection operation based on model (1), the noisy
measurement bi at each bin i was generated according to the
statistical model of pre-logarithm projection data:

bi = Poisson(I0 exp(−yi)) + Normal(0, σ2
e) (9)

where I0 denotes the incident X-ray intensity and σ2
e is the

background electronic noise variance which was set to 10. In
the present study, the X-ray exposure level I0 was set at three
different levels, i.e., 1.0×104, 3.0×104, 5.0×104. The noisy
measurement was calculated by the logarithm transform of
bi. For the simulation of sparse-view projection data, original
1,160 views were undersampled to five different levels, i.e.,
25, 40, 58, 80 and 116 views, respectively.

B. XCAT Phantom Studies

Fig. 2 shows the images reconstructed from ultra-low-
dose sinogram data acquired with different sparse-view levels
under a fixed I0 = 3×104. From top to bottom, the number
of views is 25, 40, 58, 80 and 116. From left to right, the
results are from the filtered back-projection (FBP) , PWLS-
TV without SR and PWLS-TV with SR, respectively. The
parameters β for the PWLS sinogram restoration and PWLS-
TV reconstruction were 3×10−3 and 5×10−2, respectively.
Serious streak artifacts can be observed from the images re-
constructed by the FBP. Images reconstructed by the PWLS-
TV without SR shows fewer artifacts but with noticeable
noise. It can be seen that the PWLS-TV with SR achieves
better image recovery than other methods in terms of the

noise and artifacts suppressions. The results demonstrate that
the PWLS sinogram restoration as a preprocessing step is
useful for the ultra-low-dose CT image reconstruction with
a combined low-mAs and sparse-view protocol.

FBP PWLS-TV

25 views

40 views

58 views

80 views

116 views

PWLS-TV with SR

Fig. 2. XCAT phantom reconstructions by different methods with mAs
level of I0 = 3×104 and views of 25, 40, 58, 80 and 116, respectively.

To evaluate the PWLS-TV approach with and without SR
at different levels of mAs and different numbers of views
quantitatively, the image quality metrics RRMSE and MPAE
on the ROI indicated by the squares in Fig. 1 were measured.
Besides the mAs level in Fig. 1, the X-ray exposure level
I0 was set with other two different values, i.e., 1.0×104,
5.0×104. The number of views were 25, 40, 58, 80 and 116,
respectively. Results are listed in Table 1. Fig. 3 is the cor-
responding curves of Table 1. It can be seen that the PWLS-
TV method with SR performed better than the PWLS-TV
method without SR in the most protocols especially in these
protocols when dose is lower. In the last protocol described
in Table 1, i.e., I0 is 5.0×104 and the number of views
is 116, the PWLS-TV without SR seems to have a better
performance than PWLS-TV with SR. One possible reason
is that the PWLS sinogram restoration method produced an
over-smoothing effect when the used dose is not ultra-lower
than the standard one.
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TABLE I
IMAGE QUALITY METRICS ON THE ROI INDICATED BY THE SQUARE IN

FIG. 1.

I0 views
PWLS-TV PWLS-TV with SR

RRMSE MPAE RRMSE MPAE

1× 104

25 0.113 6.672 0.048 2.875
40 0.107 6.158 0.028 2.121
58 0.096 6.540 0.028 2.127
80 0.084 5.463 0.027 2.204
116 0.064 4.156 0.023 1.688

3× 104

25 0.047 2.602 0.040 2.268
40 0.035 2.114 0.025 1.664
58 0.029 1.936 0.015 1.224
80 0.022 1.612 0.014 1.114
116 0.014 1.066 0.012 0.931

5× 104

25 0.020 1.491 0.016 1.195
40 0.015 1.204 0.014 1.168
58 0.013 1.050 0.012 1.014
80 0.012 0.891 0.011 0.882
116 0.010 0.802 0.011 0.813

Views Views Views

Views Views Views
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0
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Fig. 3. Corresponding curves of the data from Table. 1.

IV. DISCUSSION AND CONCLUSION

Statistical iterative reconstruction (SIR) for x-ray CT has
been explored long time ago for radiation dose reduction in
CT fields. In this work, we presented a PWLS-TV with PWL-
S sinogram restoration as a preprocessing step for ultra-low-
dose image reconstruction from the sinogram data acquired
with a combined low-mAs and sparse-view protocol. First,
the PWLS sinogram restoration was carried out to reduce
the noise of the original sinogram data. Then, the PWLS-TV
method was performed for the image reconstruction from the
restored sinogram data.

In the implementation, the weights of the PWLS term
were estimated by using the nonlinear relationship between
the variance and mean values of the sinogram data. The
hyper-parameter β for the PWLS sinogram restoration and
PWLS-TV image reconstruation was selected by hand with

noise reduction, respectively. The preliminary experimental
results demonstrate that the PWLS sinogram restoration as
a preprocessing step is useful for the ultra-low-dose CT
image reconstruction with a combined low-mAs and sparse-
view protocol. But, it is worth to note that in the protocol
when the level of mAs and number of views are not very
low, the result obtained from the PWLS-TV with sinogram
restoration method seems to suffer an over-smoothing effect.
And the resolution of the reconstructed image descended.
This demonstrates that the result of the sinogram restora-
tion as a preprocessing step is very important and has a
significant influence on the final reconstruction. How to keep
the resolution of the image when reducing the noise is an
interesting topic for the ultra-low-dose image reconstruction.
More studies are going on in our group.
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