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Abstract— We validated a multi-scale model of a left-
dominant coronary circulation using high fidelity pressure and
flow data acquired in adult sheep and newborn lambs. The
model incorporated a one-dimensional representation of the
major left conduit coronary arteries, allowing for the study
of wave propagation effects. The coronary microvasculature
was represented by regional instances of a lumped parameter
model consisting of three transmural layers, each with two
serial compartments accounting for compliance, resistance and
intramyocardial pressure effects. Model inputs comprised mea-
sured aortic pressure/flow and ventricular pressure. Minimal
data fitting was employed, with only measured mean coronary
flow used to iteratively adjust total coronary resistance. The
model was adapted to different heart sizes via allometric
scaling. Excellent agreement was observed between model and
experimental flow waveforms in the proximal circumflex artery,
both in terms of the degree of systolic flow impediment and
transient waveform features. The proposed multi-scale mod-
elling approach is likely to be useful for studying phasic features
of the coronary flow waveform, including coronary waves in
different coronary anatomies and throughout development.

I. INTRODUCTION

Many of the lumped parameter models used in the past to
study mechanisms underlying the coronary flow waveform
have focused primarily on the interplay between aortic pres-
sure, coronary microvascular impedance and intramyocardial
pressure, and therefore have not represented the large conduit
coronary arteries in any detailed fashion [1], [2]. Recently,
interest in the study of waves in conduit coronary arteries
has been increasing [3]–[5], although the importance of
wave propagation effects on flow waveforms is disputed [6],
[7] and is hypothesized to vary during development due to
changes in body size [8].

Multi-scale modelling is a promising avenue for studying
both wave propagation effects and other phenomena crucial
to coronary haemodynamics [7], however very little in-vivo
validation of such models has been performed. Accordingly,
in this study we propose a convenient and physiologically-
relevant multi-scale modelling approach in which a one-
dimensional (1D) representation of conduit coronary arteries
is combined with a lumped parameter (0D) model of the
coronary microvasculature. The multi-scale model is vali-
dated against high fidelity in-vivo measurements from adult
sheep and newborn lambs, with allometric scaling used to
adapt anatomical data from adult human studies [9].

J.P. Mynard, D.J. Penny and J.J. Smolich are with the Heart Research
Group, Murdoch Childrens Research Institute and the Department of Pae-
diatrics, University of Melbourne, Flemington Rd, Parkville, VIC 3052,
Australia
jonathan.mynard@mcri.edu.au

II. METHODS
A. One-dimensional model of conduit arteries

Most sheep [10] and approximately 20% of humans [9]
display a left dominant anatomy in which the posterior
portion of the ventricular septum is supplied by distal
branches of the circumflex coronary artery. Based on the
gross similarity between left dominant anatomies in humans
and sheep, branch anatomy (Fig. 1), segment lengths and
diameters for the 1D conduit artery model were derived from
measurements in humans [9], with specific values chosen to
avoid non-physiological wave reflections at junctions.

Material properties of the 1D segments were imposed via
a reference wave speed (c0), calculated as a function of
reference radius (r0) using the empirical formula

c20 =
2

3ρ
[k1 exp(k2r0) + k3] (1)

Values for the coefficients k1, k2 and k3 were taken from
[11] and then all wave speed values were uniformly scaled
to achieve a target value in the proximal circumflex coronary
artery, where in-vivo data was acquired. The standard non-
linear 1D equations governing pressure, velocity and cross-
sectional area were solved as in [12], with a power law for
the pressure-area relation [13],

p− pext =
2ρc20
b

[(
A

A0

)b/2

− 1

]
+ p0 (2)

where ρ is blood density (assumed value: 1.06 g/cm3), A0

and p0 are reference area and pressure, and b was calculated

Fig. 1. Schematic of the one-dimensional conduit coronary artery model.
Boxes represent instances of the 0D intramyocardial model (see Fig. 2)
supplying the left ventricular free wall (L) and ventricular septum (S). Artery
abbreviations: circumflex (Cx), diagonal (Diag), left anterior descending
(LAD), left inferior (LI), left posterior (LP), left main (LM), left posterior
descending (LPD), marginal (Marg), septal (Sep).
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Fig. 2. Lumped parameter model of the intramyocardial circulation, see
text for explanation of parameters.

via a nominal zero-area pressure of −10 mmHg [13]. Ex-
ternal pressure (pext) was set to zero for epicardial conduit
arteries, but for septal conduit arteries that lie within the
contracting ventricular septum, pext was set to the average
of left and right ventricular cavity pressures (pLV and pRV).

B. Lumped parameter model of coronary microvasculature

The 0D model for the coronary microvasculature (Fig. 2)
was based on models described by Spaan’s laboratory [2],
[14]. However, instead of a single instance of the model
representing the entire left coronary arterial system, in our
model small 1D penetrating arteries were inserted throughout
the 1D model and coupled to instances of the 0D model, each
supplying a small portion of myocardium (boxes in Fig. 1).
Coupling was achieved via a penetrating artery characteristic
impedance and compliance (Zpa and Cpa, Fig. 2). On the
venous side, a penetrating vein characteristic impedance and
compliance were coupled to an assumed constant right atrial
pressure (pRA = 5 mmHg).

The microvasculature was divided into subepicardial, mid-
wall and subendocardial layers (Fig. 2). Following [14],
each layer consisted of two compartments, defined according
to the compliances C1 and C2. Each compartment con-
tained a resistance (R1 and R2), while a ‘middle’ resistance
Rm was shared by both compartments. Subendocardial-to-
subepicardial flow ratios (or left-to-right septal flow ratios)
reported by Fisher et al in sheep [15] were used to set the
transmural distribution of total layer resistance (Rlayer =
R1 + Rm + R2). Based on Figure 13 in [14], we assumed
R1 = 1.2Rm and R2 = 0.5Rm and that these resistances
are volume-dependent, with 75% of Rm dependent on the
volume of chamber 1 and the remainder dependent on
chamber 2. Based on Poiseuille’s law, the chosen volume-
resistance relationship was R = R0/V

2 [2], given instanta-
neous compartment volume of

V (t) = V0 +

t∫
0

C
dptm
dt′

dt′ (3)

where transmural pressure (ptm) is equal to intravascular
pressure minus intramyocardial pressure (pim, Fig. 2).

Intramyocardial pressure is high during systole and low
during diastole, giving rise to the well-known phenomenon
of systolic flow impediment. A number of mechanisms have
been proposed to explain the generation and transmural
distribution of pim, and are reviewed in [16]. In the current
study, we utilize the finding of [17] that pim can best be
accounted for by a combination of two mechanisms. The first
is cavity-induced extracellular pressure (CEP), which arises
from transmission of ventricular cavity pressure into the heart
wall. The second is shortening-induced intracellular pressure
(SIP), which Rabbany et al. [18] hypothesized arises when
myofibrils shorten and thicken to maintain a constant volume.
Radial thickening of the cells would be felt by adjacent blood
vessels (and pressure sensors) and thus contribute to pim and
systolic flow impediment. We therefore assumed that pim =
CEP + SIP.

As in previous modelling studies [1], [2], CEP for the LV
free wall was assumed to vary linearly from cavity pressure
at the endocardium to pericardial pressure (here assumed
to be zero) at the epicardium. For the three transmural
layers, average CEP in the subendocardium, midwall and
subepicardium was therefore 5/6, 1/2 and 1/6 of pLV respec-
tively. For the ventricular septum, CEP was assumed to vary
between pLV and pRV in a similar manner, and we assumed
pRV = 0.2pLV. Unlike CEP, the same SIP was applied to all
transmural layers. Consistent with measurements in [18], the
SIP waveform derived in [17] was remarkably similar to the
chamber elastance waveform, which attains its maximum in
late systole. Thus as a first approximation, we assumed that
SIP = αELV, where ELV is left ventricular (LV) chamber
elastance and α was calculated by assuming peak SIP was
equal to 20% of peak pLV [18].

For the LV and septum, C1 and C2 were set to 0.013 and
0.254 mL/mmHg/100g respectively, with a subendocardial-
to-subepicardial ratio of 1.14 [2], [19]. In preliminary simu-
lations, we found that accounting for the volume-dependence
of compliance using the method described in [2] had a
negligible effect on coronary flow waveforms, and we there-
fore used constant compliances. Weight-corrected quantities
such as C1 and C2 were converted to absolute values by
distributing myocardial weights according to the inverse cube
of penetrating artery radii and then equally to the three
transmural layers.

C. Computational Implementation

The 1D modelling techniques have been described in
[12], [20]. Briefly, the non-linear 1D equations were solved
using a finite element method, assuming continuity of total
pressure at junctions. Standard circuit theory was used for
the 0D model, with advancement in time and coupling to 1D
segments using the same methods as in [20].

D. Experimental studies

Experiments were approved by the institutional ethics
committee. The surgical preparation was described in [21],
[22]. Briefly, nine Border-Leicester cross ewes (47.3±3.8 kg)
and lambs (7-10 days old, 6.7±0.7 kg) were anaesthetised,
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Fig. 3. Comparison of model (red) and experimental (black) flow
waveforms in the proximal circumflex artery for nine adult sheep. Green
arrows indicate flow transients in early systole and early diastole likely to
be related to wave propagation effects.

Fig. 4. Comparison of model (red) and experimental (black) flow
waveforms in the proximal circumflex artery for nine newborn lambs.

intubated and ventilated to maintain normal blood gases.
High fidelity pressures were measured in the ascending aorta
and left ventricular cavity with 5-Fr Millar micromanometer-
tipped catheters inserted via the right common carotid artery
and left atrium respectively. Offset calibration of these pres-
sures was performed with a fluid-filled catheter inserted into
the aorta through a purse-string suture. High fidelity flow
signals were measured in the ascending aorta and proximal
circumflex coronary artery with Transonic flow probes. At
the end of the study, the heart was excised and the left and
right ventricular free walls and septum were weighed.

E. Validation procedure

Validation of the multi-scale coronary model was per-
formed with minimal data fitting. In all animals, we assumed
a proximal circumflex artery wave speed of 9.0 m/s, based on
the reported value of 8.6 m/s in dogs [23] and the observation

that, allometrically, wave speed is practically insensitive to
body size [24]. Allometric scaling of 1D segment lengths and
diameters was performed on the basis of measured myocar-
dial weights and reference human myocardial weights (LV,
104 g; septum 54 g) reported in [25], using a scaling power
of 0.35 [26]. Case-specific aortic pressure was prescribed at
the inlet of the left main coronary artery, having applied
a delay of 15 ms (sheep) and 8 ms (lambs) to account
for the estimated delay between pressure generation in the
myocardium and pLV sensing just below the mitral valve
caused by a ventricular wave speed of approximately 4 m/s
[27]. Measured pLV was used directly for CEP. To estimate
SIP, LV cavity volume waveform was derived by integrating
measured aortic flow and assuming an ejection fraction of
0.68 [28], then calculating chamber elastance as the ratio
of cavity pressure and volume. Only one free parameter
was considered in the validation procedure, namely total
intramyocardial resistance, which was uniformly adjusted
using an iterative beat-to-beat algorithm to achieve measured
mean flow in the proximal circumflex artery.

III. RESULTS

Figs. 3 and 4 compare model and experimental flow
waveforms for the nine sheep and nine lambs respectively.
Given the lack of data fitting (aside from mean flow), the
overall agreement was excellent in both groups. In particular,
the levels of systolic and diastolic flow matched the in-vivo
data well, although in some cases systolic flow was underes-
timated, suggesting overestimation of pim. Importantly, flow
transients in early systole and early diastole (indicated by
green arrows in Fig. 3), were captured well by the model in
most cases and were similar in sheep and lambs.

Fig. 5 shows the sensitivity of the model to three param-
eters whose estimated values were least certain. Decreasing
the wave speed of all 1D segments by 22% (causing proximal
circumflex wave speed to change from 9 m/s to 7 m/s)
increased the magnitude of the early systolic and early
diastolic flow transients; increasing wave speed suppressed
these transients (Fig. 5A). If aortic pressure was applied at
the model inlet without applying the delay to account for
finite ventricular wave speed, a transient negative flow peak
was observed in late systole that was either not present or of
much lower magnitude in the experimental data; the flow
waveform shape was otherwise relatively unaffected (Fig.
5B). As expected, removing SIP entirely reduced pim during
systole and hence increased systolic flow (via decreased
systolic flow impediment); conversely, doubling SIP (peak
SIP equal to 40% of CEP) led to greater systolic flow
impediment (Fig. 5C).

IV. DISCUSSION AND CONCLUSIONS

This study has validated a multi-scale (0D/1D) model of
the left coronary circulation using high fidelity measurements
in adult sheep and newborn lambs and, to our knowledge, is
the first to have modelled a left dominant coronary anatomy.
Agreement between model and experimental flow waveforms
in the proximal circumflex artery was excellent, despite the
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Fig. 5. (A) Sensitivity of the modelled proximal circumflex coronary artery
flow waveform to wave speed (adjusted uniformly in all segments; values
indicated apply to the proximal circumflex). (B) Effect of not shifting aortic
pressure to account for the ventricular wave delay. (C) Effect of neglecting
or doubling shortening-inducing intracellular pressure (SIP). ‘Control’ case
(black line in each panel) is the same as the top left case in Fig. 3.

use of minimal data fitting. Since the same (scaled) conduit
artery geometry and microvascular impedance model were
used in all cases, differences in model waveforms between
animals likely arose mainly due to differences in the wave-
form shape and/or amplitude of aortic and intramyocardial
pressures. Overall, the model accurately captured systolic
flow impediment and flow transients occurring in early
systole and early diastole. These flow transients are likely
to arise from wave propagation effects, since increasing
or decreasing wave speed suppressed or amplified them
respectively (Fig. 5A).

The lack of obvious qualitative differences between adult
and newborn flow waveforms suggests that the influence of
wave propagation effects may not be dependent on body
size, perhaps because a higher heart frequency offsets smaller
body length; however this requires further quantitative inves-
tigation. Aside from the study of coronary waves, the encour-
aging results presented for adults and newborns suggests that,
with the use of allometric scaling, the multi-scale model may
be a powerful tool for modelling coronary haemodynamics
during development. In future, the multi-scale model could
be easily adapted to study right dominant or other coronary
anatomies, as well as right coronary arterial flow waveforms.
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