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Abstract—High-field MRI has the challenge of 

inhomogeneous B1
+ and consequently an inhomogeneous flip 

angle distribution. This causes spatially dependent contrast and 

makes clinical diagnosis difficult. Under the small flip angle 

approximation and using nonlinear spatial encoding magnetic 

fields (SEMs), we propose a method to remap the B1
+ map into a 

lower dimension coordinate system. Combining with RF 

shimming method, a simple pulse sequence design using 

nonlinear SEMs can achieve a homogenous flip angle 

distribution efficiently. Using simulations, we demonstrate that 

combining RF shimming and spatially selective RF excitation 

using generalized SEMs (SAGS) using linear and quadratic 

SEMs in a multi-spoke k-space trajectory can mitigate the B1
+ 

inhomogeneity at 7T efficiently without using parallel RF 

transmission. 

 

I. INTRODUCTION 

High-field MRI offers a great promise to generate images 
with high signal-to-noise ratio (SNR). Yet major technical 
challenge is the inhomogeneous flip angle distribution when a 
volume RF coil is used for RF excitation [1]. This artifact is 
due to the deleterious interaction between the dielectric 
properties of the sample and the radio-frequency fields [2-4]. 
Consequently, an imaging object with the size approximating 
to the human head can have a spatially varying flip angle 
distribution, where typically a larger flip angle at the center of 
the field-of-view (FOV) and a smaller flip angle at the 
periphery of the FOV [5]. This causes images with a spatially 
dependent T1 contrast, which makes clinical diagnosis 
difficult. 

 Different methods for mitigating B1
+ 

inhomogeneity have 
been proposed. Dedicated volume radio-frequency (RF) coils 
have been designed [6-8]. Spatially selective RF excitation [9] 
can design RF and gradient waveforms in order to generate a 
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more homogeneous flip angle distribution after considering 
the inhomogeneous B1

+ 
generated by a volume coil [10]. 

Alternativley, it has been suggested that flip angle distribution 
can become more homogeneous by using simultaneous RF 
excitation from multiple RF coils, including the RF shimming 
[11-15] and transmit SENSE [16, 17] methods. However, the 
challenges of parallel RF transmission method include the 
complexity of the RF electronics and coil construction in order 
to achieve simultaneous excitation, the necessity of accurate 
estimates of phases and amplitudes of the B1

+
 maps for each 

RF coil, and the specific absorption rate (SAR) management 
[18]. It has been also suggested that a more homogeneous 
image intensity can be obtained after appropriately combining 
images of different modes of a volume coil [19]. However, 
this method designed to improve the image intensity 
inhomogeneity rather than to reduce the flip angle 
inhomogeneity. 

 Recently, it has been demonstrated that nonlinear spatial 
magnetic fields (SEMs) can be used in MRI spatial encoding 
in order to improve spatiotemporal resolution [20, 21]. 
Preliminary studies using quadratic nonlinear SEMs for RF 
excitation [22, 23] and small FOV imaging  have also been 
reported. Under the small flip angle approximation, a 
formulation describing the spatial distribution of the flip angle 
when RF pulse is transmitted with time-varying linear and 
nonlinear SEMs has been described before . Furthermore, 
methods of using linear and quadratic SEMs to compensate 
B1

+
 inhomogeneity have been proposed. Specifically, parallel 

RF transmission can be combined with higher spatial 
frequency encoding at the periphery of the FOV generated by 
a quadratic SEM to reduce flip angle inhomogeneity . 
Alternatively, driving linear and quadratic SEMs between two 
excitation pulses can generate spatially dependent transverse 
magnetization phase, which can counteract the 
inhomogeneous B1

+
 and consequently leads to more 

homogeneous flip angle distribution [24]. 

 Here, under the small flip angle approximation [9], we 
propose a method to remap the B1

+
 map into a lower 

dimension coordinate system and chose corresponding RF 
shimming coil coefficients. Under the condition that the 
iso-intensity contours of the SEMs are similar to the 
iso-intensity contours of B1

+
, this remapping has the advantage 

of achieving a homogenous flip angle distribution efficiently 
by a simple pulse sequence design using time-varying linear 
and nonlinear SEMs. Importantly, we propose that by using 
the RF shimming method, this condition is much improved 
compared to the case where no RF shimming is used. Using 
simulations based the electromagnetics at 7T, we compare our 
method with the method of “tailored excitation” using 
nonlinear B0-shim coils and a two-spoke trajectory [24]. 
Results demonstrate that the spatially selective RF excitation 
using generalized SEMs (SAGS) together with RF shimming 
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can achieve a homogeneous flip angle distribution without 
parallel RF transmission. 

II. THEORY 

A. Small flip angle approximation using nonlinear SEMs 

with inhomogeneous B1
+
 

For an MRI system with n distinct configurations of SEMs 
during RF excitation, we use a dimensionless variable 
f(r)=[f1(r), …, fn(r)] to describe the spatial distributions of the 
z-components of these SEMs. To facilitate the description of 
the arbitrary spatial distribution of f(r), we define the maximal 
and the minimal values among all components of f(r) within 
the imaging object are 1 and 0 respectively. We use 
g(t)=[g1(t)…gn(t)] to describe the instantaneous strength of 
each individual SEM in a physical unit of magnetic field 
strength. Accordingly, each component of g(t) clearly defines 
the instantaneous difference between the minimal and 
maximal z-component of the magnetic field generated by each 
SEM within the imaging objects. The instantaneous additional 
z-component of the magnetic field at location r is thus the 

inner product g(t)f(r). Under small angle approximation [9], 
the transverse magnetization Mxy(r) by the end of an RF pulse 
with duration T is: 



    

M
xy

(r) = jg
B

1
(r,t)

k '(t)
exp[ j2p f (r) ×k(t)] k '(t) dt

0

T

ò

k '(t) =
d

dt
k(t) = -g g(t)

k(t) = [k
1
(t),  ,  k

n
(t)] = g g(s)ds

t

T

ò

 

Note that the notation k(t) in this study is different from that 
in conventional MRI [9]. We chose k(t) to express the 
maximal phase difference of the transverse magnetization 
precession within the imaging object at time instant t. 

 Since a k-space trajectory has the one-to-one 
correspondence between k(t) and t, we omit the t argument in 
k(t) and use k in the following. Additionally, we use a delta 
function s(k) to describe the k-space trajectory.  

 Since B1(r,t) is spatiotemporally separable, we choose 

B1(r,t) = B1(r)  B1(t), where B1(t) is a waveform of the RF 
field in a physical unit of magnetic field strength, and B1(r) is a 
spatial distribution of the ratio between B1(r,t) and B1(t). 

 The spatial distribution of the transverse magnetization 
Mxy(r), RF pulse waveform B1(t), and temporal integral of 
SEMs (linear/nonlinear MRI gradients) over time are related 
to each to other by an inverse Fourier transform [9]:   


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B. Spoke trajectory for slice selection 

A spoke trajectory s(k) can be parameterized by kz and kf: s(k) 
= s(kz, kf), where kz indicates the k-space coordinate 
determined by the linear Z SEM and kf indicates the k-space 
coordinates determined by f(r)=[f1(r), …, fn(r)] SEMs. For 
simplicity we consider only exciting the central slice (z = 0; r 
=[x y]

T
). Each spoke at kf can be described as a product 

between its waveform Wz(kz) and a complex valued weighting 
WF(kf): W(kz, kf) = Wz(kz) x WF(kf). Wz(kz) typically has a 

SINC or Gaussian waveform such that ( ) 1
z

Z z z
K

W k dk 
 , and 

WF(kf) determines the magnitude and the phase of the slice 
selective pulse. It should be noted that the integral in (2) can be 
described by a summation of integrations, each of which 
corresponds to one spoke, because W(kz, kf)= 0 between 
spokes. Accordingly, (2) in a spoke trajectory becomes 


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where Mxy(x,y) is the excited transverse magnetization at z = 0 
plane. 

C. The k-space trajectory dimension reduction using 

nonlinear SEMs 

When both linear X and Y SEMs are used, (3) shows that 
WF(kf) = WF(kx, ky) is the 2D discrete Fourier transform 
coefficient of Mxy(x,y)/B1(x,y). Suppose that we aim to achieve 
a target transverse magnetization distribution Mxy(x,y) subject 
to the B1

+
 field B1(r) = B1(x, y) at z =0. If Mxy(x,y)/B1(x,y) can 

be parameterized by f(x,y), then (3) becomes 

 M
xy

(x, y) B
1
(x, y) = M

xy
(f (x, y))

= W
F

(k
f
)exp[2p jk

f
× f (x, y)]

spokes

å

 

This shows that the WF(kf) is the discrete Fourier transform 
coefficient of M

xy
(f (x, y))  The dimension of this discrete 

Fourier transform depends on the dimension of f(x,y). Using 
nonlinear SEM can be advantageous if there is an 
one-dimensional f(x,y) such that  

 M
xy

x, y( ) / B
1r

x, y( ) » M ( f (x, y))  

Then (4) becomes 

 M
xy

(r) = M
xy

( f (x, y)) = W
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(k

f
)exp[2p jk

f
f (x, y)]

spokes

å 

WF(kf) is the 1D discrete Fourier transform coefficient of 

M ( f (x, y)) . Reducing the dimension of the discrete Fourier 

transform from 2D to 1D implies that a shorter k-space 
trajectory can be used to achieve the similar distribution of the 
transverse magnetization. 

D. Use RF shimming and nonlinear SEMs to achieve B1
+
 

remapping 

We approximate the desired Mxy(x,y)/B1(x,y)=Mxy/B1(x,y) by a 
distribution consisting of a linear combination of cosine and 

sine harmonics: 
M ( f ) = b

l
cos(lf ) +

l=0

L

å a
l

l=1

L

å sin(lf )
, where  i, i  

are the coefficients for harmonic and up to L harmonics are 
used in the approximation. Since we use quadratic SEMs in 
this study, f is quadratic function to be determined, 

therefore 2 2
f ax by cxy dx ey g      . Realistically i were 

estimated using a gradient decent method with the initial guess 
estimated by using only the first harmonic: 

0 1
( ) cos( )M f f , b1 was chosen as the maximum value of 
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Mxy/B1(x,y), and consequently the coefficient of each 
polynomial of f can be uniquely estimated by the least square 
fitting of arccos(Mxy/B1(x,y)). In RF shimming,  B1(x,y) = 
siB1

i
(x,y) and in order to find the most suitable remapping 

coordinate, we can optimize the cost function: 


1 2

, , , , , , , , 1 0

|| ( , ) ( cos( ) sin( )) ||min
l l i

I L

i

i l l xy

a b c d e g s i l

s B x y lf lf M
 

 
 

  


To optimize this function we first use gradient decent for 
parameters (a, b, c, d, e, g) then find the linear regression 

solution for (l, l) and si respectively. f(x,y) was found by 
linearly scaling the fitted quadratic polynomial (7) such that its 
minimum and the maximum are 0 and 1 within the imaging 
object, respectively. 

E. Design flip angle distribution using arbitrary SEMs using 

a spoke trajectory 

When (5) is satisfied, the next step is to design the location 
kf and the strength WF(kf) using Eq. (6). In general, 

M ( f (x, y))  can be approximated accurately by sufficient 

spokes. However since M ( f (x, y))  is typically spatially 

smooth, it may be more efficient using irregularly spaced 
spokes in order to achieve the approximation in Eq. (6) with 
ony a few spokes. This idea is similar to the fast-kz method, 
which uses spokes near the center of the k-space to 
approximate a quadratic transverse magnetization distribution. 
In practice, we propose using irregularly spaced spokes, 
whose strengths WF(kf) can be estimated by the least squares 
criterion (3) and locations can be exhaustively sought over a 
set of candidate locations.  

III. METHOD 

A.  B1
+
 simulation 

Twenty B1
+ 

maps for twenty RF coils uniformly 
distributed over a sphere phantom with 15cm radius were 
simulated using Multipole expansion [25]. The FOV is a 
transverse square section through the center of the sphere, 
with the side length equal to the sphere’s diameter (image 

matrix = 32 X 32 voxels). The dielectric constant  = 52 and 

the conductivity  = 0.55. (1/ m) 

B. RF shimming and RF shimming forB1
+
 remapping  

The coefficient si for RF shimming without B1
+
 remapping 

were calculated by iteratively updating the target B1
+
 phase by 

the phase in the cost function after each optimization steps. 
The same procedure was applied with combined B1

+
 

remapping with RF shimming (Eq, (7)). To evaluate the result 
of  remapping, we plot the distribution between f(x,y) and 
normalized Mxy/B1(x,y), which was linearly scaled Mxy/B1(x,y) 
such that the maximum = 1. Ideally this distribution should 
form a curve, which was estimated by fitting all points by a 
10

th
-order polynomial. 

C. Comparison on relative RF power and |Mxy| homogeneity 

between 1-pulse with RF shimming, SAGS with RF 

shimming, and two-pulse “tailored-excitation” methods 

For comparison, we also calculated the |Mxy| distributions with 
desired 30 degree flip angle generated by 1) one spoke using 
only linear z SEM with RF shimming, 2) a two-spoke 
“tailored-excitation” trajectory using both linear and quadratic 
with RF shimming alone and with combined RF shimming 

and B1
+
 remapping.  Note that the two-spoke “tailored 

excitation” method can tune the amplitudes of two spokes; we 
used the minimal required amplitude.  For the proposed SAGS 
method,we used 4 spokes. 

The performance of |B1
+
| homogeneity improvement was 

evaluated by the relative standard deviation  

  std(|Mxy|)/mean (|Mxy|), 

where std() and mean() denote taking the standard 
deviation and the mean respectively. 

IV. RESULTS 

A. B1
+
 of RF shimming and RF shimming forB1

+
 remapping 

Figure 1 shows the B1
+ 

distribution after RF shimming alone 

and after combining RF shimming and B1
+
 remapping. We 

observed that the result of RF shimming and B1
+
 remapping is 

more inhomogeneous, but its iso-intensity contour matches 

better to the iso-intensity contour of quadratic function. This 

is demonsrated in Figure 2, where plots between Mxy/B1(x,y) 

and f(x,y) using RF shimming and B1
+
 remapping forms a 

dense distribution. 

 

 

B. Comparison on relative RF power and |Mxy| homogeneity 

between 1-pulse with RF shimming, SAGS with RF 

shimming, and two-pulse “tailored-excitation” methods 

Figure 3 shows the results using 1 pulse with RF shimming 

alone (Figure 3A) with =5.47% , and two spokes “tailored 

excitation” with RF shimming alone =5.42% (Figure 3B) 
which only has marginal improvement since the variation of 
B1

+
 does not match a quadratic function. Two spokes “tailored 

excitation” with RF shimming and B1
+
 remapping has 

=6.21%. However, SAGS using RF shimming and B1
+
 

 
Figure 1 The B1

+ magnitude and phase after RF shimming (Left) 

and after RF shimming with B1
+ remapping. 

 
Figure 2 The Mxy/B1(x,y) - f(x,y) plot. Blue dots represent the normalized 

empirical Mxy/B1(x,y) and calculated f(x,y). The red solid curve 

represents the least squares error fitting to blue dots  
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remapping can achieve the most homogeneous flip angle 

distribution (=2.57%). 

 

V. CONCLUSION 

Combining RF shimming and B1
+
 remapping, SAGS using 

a quadratic SEM can achieve a more homogeneous flip angle 

distribution than using RF shimming along or the two spokes 

“tailored excitation” method. We demonstrate that our 

method is an efficient method of achieving a homogeneous 

flip angle distribution by combining RF shimming and 

nonlinear SEMs without using parallel RF transmission.  
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Figure 3 The simulated |Mxy| using (A) RF shimming and one pulse (B) 
RF shimming and two-spokes “tailored excitation” (C) RF shimming 

for B1
+ remapping and two-spokes “tailored excitation” (D) RF 

shimming for B1
+ remapping and SAGS.  is the relative standard 

deviation of |Mxy|. 
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