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Abstract—The knowledge of teeth positions on the maxillary 

arch is useful in the rehabilitation of the edentulous patient. A 

combination of angular (  ), and linear (l) variables 

representing position of four teeth were initially proposed as the 

shape descriptor of the maxillary dental arch. Three categories 

of shape were established, each having a multivariate normal 

distribution.  It may be argued that 4 selected teeth on the 

standardized digital images of the dental casts could be 

considered as insufficient with respect to representing shape.  

However, increasing the number of points would create 

problems with dimensions and proof of existence of the 

multivariate normal distribution is extremely difficult. This 

study investigates the ability of Fourier descriptors (FD) using 

all maxillary teeth to find alternative shape models.  Eight FD 

terms were sufficient to represent 21 points on the arch. Using 

these 8 FD terms as an alternative shape descriptor, three 

categories of shape were verified, each category having the 

complex normal distribution.  

 

I. INTRODUCTION 

There is a steady trend in modeling the maxillary dental  arch 

shape [1,2,3].   Determination of the arch shape has many 

clinical applications such as in maxillofacial surgery, 

orthodontic, prosthetic treatment and forensic dentistry 

[2,4,5]. In the rehabilitation of edentulism, one of the most 

important achievements of the dental prosthesis is to fulfil a 

natural and younger appearance to the patient and aesthetics 

by providing proper support to the soft tissue. This makes a 

constant challenge to the dentists as the anterior upper teeth 

should be positioned as close as possible to the positions 

originally occupied by the natural teeth [6]. 
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 In a pilot study [7, 8], three common landmarks was used 
to establish the Cartesian coordinate system to represent 

points on the maxillary arch.  Four points ),( iwiw l , w = 1,..,4 

from four teeth were selected and the shape descriptor 

),,,,,,,( 44332211 iiiiiiiii llll v , 47,,1 i represented 

the shape of 47 dental casts. Three categories of shapes were 
derived using v  and each category has a unique multivariate 

normal distributions (MVN). However, v  as derived from 

four teeth has limited application in prosthetic dentistry. In the 
rehabilitation of the edentulous patient (patient who has lost 
all his teeth), the knowledge of a complete set of teeth is 
required. The curse of dimensionality would arise if the 
number of variables in v  is increased, and formally proving 

the MVN as the shape model is extremely difficult.  

 This study using the same data set as in the pilot study 
[7,8] investigates the suitability of the Fourier descriptor (FD) 
as a shape descriptor for the dental arch.  To avoid the curse of 
dimensionality, a relatively small number of FD terms is 
sought after to enable the formulation of a new shape model.   

 The knowledge of teeth positions and the categories of 
arch shape has great potential in achieving aesthetic values 
and functional properties when rehabilitating the edentulous 
patient. 

 

II. MATERIALS AND METHOD 

A. Alignment of Images 

 

For every image of the dental cast (Fig. 1), three landmarks 

defined a Cartesian coordinate system. The line passing 

through the two hamular notches define the x-axis. The line 

vertical to the x-axis and passing through the incisive papilla 

define the y-axis. The intersection of these lines define the 

origin. Two rulers in the image allow distances in terms of the 

number of pixels to be converted to millimeters.   

 Each dental cast was represented by twenty-one 

corresponding points.  These points are made up of the cusps 

tips of 18 maxillary teeth, the two hamular notches and the 

origin.   

 

B. Fourier Descriptor 

 

Forty seven standardized digital images of dental casts were 
considered in this study. The 21 points representing the dental 
arch shape were rearranged in an anti-clockwise sequence 
starting from the origin and denoted as 
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)]1(),1([)],...,1(),1([)],0(),0([  NyNxyxyx , (Fig. 1).  

Each coordinate pair can be treated as a complex number so 
that )()()( kjykxks  , where k = 0, 1,…, N-1 and N = 21. 

 The discrete Fourier transform (DFT) of )(ks is              
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1,...,1,0for    Nu , [9]. The complex coefficients 
ua  are 

known as the Fourier descriptors (FD) of the boundary.  The 
set of FD for each dental arch was denoted as 
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  The inverse Fourier transform of these coefficients 
restores s(k) , as given by, 
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1,...,1,0  Nk   for . 

 An approximation of the shape boundary can be obtained 

by judiciously selecting q- ua terms where q < N.  When 

q- ua terms are used, the estimate of iA is denoted as iÂ . 

 

 
 Figure 1: The hamular notches (HN) and the incisive papilla (IP) were used 
to establish the Cartesian coordinate. 21 selected points were illustrated in 
the diagram. 

 

 

C. Selecting the number of FD terms (q) 

 

 The q largest ua  values were selected and re-substituted 

in Equation (3), whilst the remaining ua terms were ignored 

[10].  The 21 points, o

rx , r = 1,..., 21, obtained by using these 

q- ua terms and q < N,  have to be compared with the 

corresponding 21 points, m

rx , r = 1,..., 21, when all ua terms 

were considered.  A measure of similarity between these two 
shapes will show the appropriateness of the choice of q.  

 Since the images are aligned, the Procrustes distance  
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can be used as a similarity measure [11, 12].  The value of q 
that minimizes PDi will be regarded as the optimal choice of q.  

  

 

D. Nearest Neighbor Discrimination  

  

The pilot study [7, 8] showed three categories of shape which 

in this study may be represented by ]ˆ,,ˆ,ˆ[ˆ
21

i

q

ii

i aaa A , 

where 11,..,1i for the first category, 34,..,12i for the 

second category, and 49,..,35i for the third category, with 

g
Â ( 3,2,1g ) as the respective means.  The nearest 

neighbor method is then used to verify the existence of the 
three categories of shape.  

  Without loss of generality, the number of  iÂ , 

11,..,1i , which is not closest to 1
Â  will enable the 

estimation of  the misclassification probability for the first 
shape category.  Table II gives the misclassification 
probability using the Procrustes  distance and Table III gives 
the misclassification probability for the Hausdorff distance 
[13].   

 

E. Probability Distribution of Â   

 

Let 
iii jdcA ˆˆˆ   where  i
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T
c  and 
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q

ii

i ddd ˆ,,ˆ,ˆˆ
21 

T
d (see Equation(2)).  The Kolmogorov - 

Smirnov test investigated univariate normality of the 

components of  
T

ĉ and 
T

d̂ , [14].  If all components are 

univariate normal then 
T

ĉ and 
T

d̂ are MVN vectors.  Further 

dc ˆˆ j will then have the complex normal distribution  [15, 

16, 17].  

 

III. RESULTS AND DISCUSSION 

The ability of the 8 FD terms to represent the 21 points of the 
teeth position is illustrated in Table I.  The Procrustes distance 
decreases rapidly when q changes from 2 to 8 and gradually 
levels off for increasing q. The 8-FD terms used 
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Fig. 2 illustrates one case of the original 21 points of the dental 
arch overlaid with the 21 points derived from the 8-FD terms. 

 

 

Figure 2: Comparison of arch shape for case N022 when using all FD 
terms (original boundary) relative to using 8-FD terms (approximate 
boundary).  

 

 

 This result enables the definition of mean shape using 
8-FD terms, in particular, let,  
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The nearest neighbor discrimination method using these three 

means, g
Â ( 3,2,1g ), showed relatively small 

misclassification probabilities when using the Procrustes 
distance (Table II) and the Hausdorff distance (Table III) 

except for the discrimination of Group C from 1
Â .  These 

results support the existence of three categories of shape.  

  For completeness, variation of shape must be stated and 

this is done by seeking the probability distribution of  the 
iÂ .  

Table IV strongly suggests that c  has a multivariate normal 

distribution (MVN) when making use of the 
Kolmogorov-Smirnov test for normality, [14].  Similarly, 
Table V strongly suggests that d also has a MVN probability 

distribution.  

  Since
iii

jdcA ˆˆˆ   where  iiiiiiii

i cccccccc 2120654321
ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆˆ 

T
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and  iiiiiiii

i dddddddd 2120654321
ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆˆ 

T
d , therefore 

iÂ  has the 

well-known [15,16,17] complex multi-normal probability 

distribution ),,( CCN μ  which can be described with three 

parameters, 
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where 
T

iÂ denotes matrix transpose and 
*

ˆ
iA denotes complex 

conjugate.  However, more data are required before 
estimation and hypotheses testing issues can be addressed.  

 

TABLE I.  THE PROCTUSTES DISTANCES BETWEEN THE ORIGINAL 21 

POINTS AND THEIR ESTIMATED POSITIONS USING m -FD TERMS 

                Cast 

q  
N022 N006 

2 
10.7183 11.7878 

3 
9.6296 9.7249 

4 
6.9755 7.1635 

5 
6.0497 5.8353 

6 
4.7509 4.5743 

7 
3.7702 3.6664 

8 
2.6487 2.9457 

9 
2.0986 2.3607 

10 
2.0861 2.3897 

11 
1.8344 2.1844 

12 
1.6422 1.8541 

13 
1.6041 1.5330 

14 
1.3952 1.2555 

15 
1.2179 1.1104 

16 
0.9375 0.8857 

17 
0.8061 0.7930 

18 
0.6438 0.6230 

19 
0.5019 0.4312 

20 
0.3318 0.2648 

21 
3.7942e-014 2.2862e-014 

  

 

 

TABLE II.  THE MISCLASSIFICATION PROBABILITY FOR NEAREST 

NEIGHBOUR USING PROCRUSTES DISTANCE 

 
Dental cast 

group 
1

Â  
2

Â  
3

Â  

Group A 0 0.0909 0.2727 

Group B 0.0909 0 0.0909 

Group C 0.2857 0.0714 0 
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TABLE III.  THE MISCLASSIFICATION PROBABILITY FOR NEAREST 

NEIGHBOUR USING HAUSDORFF DISTANCE 

Dental cast 

group 
1

Â  
2

Â  
3

Â  

Group A 0 0.1818 0.0909 

Group B 0.0909 0 0.0454 

Group C 0.2857 0.0714 0 

 

TABLE IV.  KOLMOGOROV-SMIRNOV TEST STATISTICS AND CRITICAL 

VALUE (CV) FOR 
20654321

ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ ccccccc AND 
21ĉ  

Real part Group 1 Group 2 Group 3 

variable FD CV=0.3912 CV=0.2809 CV=0.3489 

1
c  0.1375 0.1289 0.0894 

2
c  0.1799 0.1422 0.1814 

3
c  

0.1460 0.1486 0.1057 

4
c  0.2378 0.1443 0.1238 

5
c  

0.2719 0.1579 0.1733 

6
c  

0.1280 0.1253 0.1619 

20
c  

0.2050 0.1554 0.1260 

21
c  0.1323 0.1340 0.1957 

 

TABLE V.  KOLMOGOROV-SMIRNOV TEST STATISTICS AND CRITICAL 

VALUE (CV) FOR 
20654321

ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ ddddddd AND 
21d̂  

Imaginary part Group 1 Group 2 Group 3 

variable FD CV=0.3912 CV=0.2809 CV=0.3489 

1
d  0.1600 0.1124 0.1212 

2
d  0.2188 0.1388 0.1244 

3
d

 
0.1671 0.0937 0.1657 

4
d  0.1518 0.1394 0.2379 

5
d  

0.1673 0.1012 0.1360 

6
d

 
0.2268 0.1131 0.1721 

20
d  

0.1142 0.1380 0.0896 

21
d  0.2140 0.1075 0.1497 

 

 

IV. CONCLUSION 

 

The use of ),,( CCN μ  as a shape model will give the precise 

locations of the 18 teeth on the maxillary arch and will be 
useful for applications in rehabilitating edentulous patients.  
In particular, this will help the dentist to position the upper 
anterior teeth as close as possible to the position originally 
occupied by the natural teeth.  This in turn makes it possible to 
achieve a natural and younger appearance to the patient and 
aesthetics by providing proper support to the soft tissue. 
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