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Abstract— Depth of anesthesia can be indirectly measured
by Bispectral Index (BIS), therefore it is possible to administer
propofol in a closed loop to maintain the optimal level of
anesthesia while minimizing the dose to improve the postanes-
thesia recovery. High-Order Sliding-Mode control can be used
to individualize drug dosing. In this study, the controller is
tested with four in silico patients.

I. INTRODUCTION

High-Order Sliding-Mode Control (HOSMC) has been
used to automate the insulin infusion [1] [2]. HOSMC is
insensitive to patient parameter variation, i.e. its design does
not depend on the parameters of a nominal patient; therefore
the same controller is used for all patients. The second
advantage HOSMC presents with respect to other control
techniques based on models, like Model Predictive Control
(MPC), is that HOSMC is robust with respect to singular
perturbations, such as unconsidered dynamics (bleeding,
surgical stimuli, etc.) that may appear during anesthesia [3].

Propofol is an intravenous anesthetic drug used for surgery
due to several advantages it presents over inhaled anesthesia.
It produces less post-anesthetic nausea and vomiting and
reduces the emergence agitation episodes [4]. The anesthe-
siologist calculates the necessary amount of drug according
to dose regimes mostly based on the patient body weight,
and during surgery physicians can adjust the dose based
on observation of the patient behaviour and their clinical
experience [5]. There is a large interpatient variability of
the parameters of the pharmacokinetic models, thus propofol
dosing is often uncertain, leading to possible under or
over-dosing potentially responsible for prolonging delay of
recovery or perioperative awareness [4].

There are several commercial systems to measure the
depth of anesthesia based on the analysis of the electroen-
cephalogram (EEG), like the Covidien’s Vista Bis Monitor
(Dublin, Ireland) [6], the CleveMed’s NeuroSense Monitor
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(Cleveland, USA) [7], and the General Electric’s Entropy
Monitor. In this study we used Bispectral Index (BIS) due
to is one of the most used monitors. In future studies other
measurement technologies will be considered.

BIS is a processed EEG parameter that correlates with the
patients’ level of anesthesia, where 100=awake and 0=iso-
electric EEG. BIS was designed to correlate with hypnotic
clinical endpoints (sedation, lack of awareness, and memory)
and to track changes in the effects of anesthetics on the brain
[6]. The feedback obtained from the BIS has been used to
make closed loop control like described in [8], [9] and [10].

Paper Contribution: this paper presents a closed loop
propofol infusion system based on HOSMC simulated in
four in silico patients to prove its insensitivity to parameter
variations. The simulation represents a one hour surgical pro-
cedure including the induction, maintenance and emergence
phases. Surgical stimuli are induced in the simulations to test
the HOSMC perturbance rejection capability.

In section II a mathematical model describing the system’s
dynamic is presented. The design of a High Order Sliding
Mode Control for automatic infusion of propofol is described
in section III. In section IV the controller is tested by a
simulation. Finally results and conclusions are presented.

II. MATHEMATICAL MODEL

The dynamic of a drug can be described by a
pharmacokinetic-pharmacodynamic (PK-PD) model. The
pharmacokinetic part describes the drug distribution in the
body, and the pharmacodynamics part describes the effect
the drug have with respect to its concentration in blood.

The pharmacokinetics of propofol can be described by
Schnider three-compartment model (1). The pharmacody-
namics are described in (2). The relationship of the propofol
effect and BIS is shown in (3) [8].

ẋ1 = −[k10 + k12 + k13]x1 + k21x2 + k31x3 + u(t)(1)
ẋ2 = k12x1 − k21x2
ẋ3 = k13x1 − k31x3

BIS(t) = E0 − Emax
Ce(t)

γ

Ce(t) + Cγ50
(2)

Ċe = −0.456Ce + 0.1068x1 (3)

where
BIS Bispectral index is an electroencephalogram-derived

measure of anesthetic depth. Ce is the effect-site compart-
ment concentration and there are some commercial devices
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TABLE I
PARAMETER FOR THE SIMULATION OF THE in silico PATIENTS.

Patient Gender Age Height Weight C50 E0 Emax γ

1 F 40 163 54 6.33 98.8 94.1 2.24
2 F 36 163 50 6.76 98.6 86.0 4.29
3 F 28 164 52 8.44 91.2 80.7 4.1
4 F 50 163 83 6.44 95.9 102 2.18

used to estimate it. x1 denotes the amount of drug in the
central compartment (blood). x2 represents the amount of
drug in the well perfused peripheral tissues. x3 is the amount
of drug in the poorly perfused peripheral tissues. u(t) is the
infusion rate of the anesthetic drug (propofol).

The parameters for adults are calculated as follows:

V1 = 4.27L V3 = 238L

V2 = 18.9− 0.391(age− 53)L

Cl1 = 1.89 + 0.0456(weight− 77)− 0.0681(lbm

−59) + 0.0264(height− 177)

Cl2 = 1.29− 0.024(age− 53)

Cl3 = 0.836 (4)

lbmmale = 1.1weight− 128
weight2

height2

lbmfemale = 1.07weight− 148
weight2

height2

k10 =
Cl1
V1

k12 =
Cl2
V1

k13 =
Cl3
V1

k21 =
Cl2
V2

k31 =
Cl3
V3

where
V1 is the central compartment’s volume. kji with j 6= i

represent the drug amount transfer rate of drug from jth
compartment to de ith compartment. k10 is the rate of drug
metabolism. lbm is the lean body mass, and the sub-index
indicates the gender of the patient. E0 denotes the baseline
(awake state). Emax is the maximum effect achieved by the
drug infusion. C50 is the drug concentration at half maximal
effect and represents the patients sensitivity to the drug.

III. HIGH ORDER SLIDING MODE CONTROLLER

The main parameter design for a HOSMC is the system’s
relative degree “r” [3]. It is defined as the order of the
total time derivative of the system’s output (BIS), where the
input variable (u) explicitly appears for the first time. In this
case the model’s relative degree is r = 2, it means that the
HOSMC u has to be of second order.

Let us denote the desired anesthetic-depth level as
BIStarget. The sliding variable is defined as

σ = BIStarget −BIS(t) (5)

A second-order quasi-continuous high-order sliding-mode

controller is proposed to bring to zero the sliding variable σ:

u = −ασ̇ + β|σ|1/2sign σ
|σ̇|+ β|σ|1/2

(6)

The 2nd order quasi-continuous controller (6) requires the
availability of the first derivative of the sliding variable σ. In
order to reconstruct such derivative exactly and in uniform
finite-time, the uniform robust exact differentiator [11] can
be used.

In the presence of bounded deterministic noise |ν(t)| ≤
ν+, the following equalities are ensured:

|σ| ≤ η1ν+

|σ̇| ≤ η2(ν+)1/2

Taking the second-order derivative of the system output
we obtain:

ÿ = φ(BIS, x1, x2, x3, u) = − (0.456BIS− 0.1068x1)(
(0.456BIS− 0.1068x1)

(
2Emax BISγ

(BIS+C50
γ)3
− 2Emax γ BISγ−1

(BIS+C50
γ)2

+Emax γ BISγ−2 (γ−1)
BIS+C50

γ

)
− 0.456Emax BISγ

(BIS+C50
γ)2

+ 0.456Emax γ BISγ−1

BIS+125C50
γ

)
− 0.1068Emax BIS

γ

× (u− k10 x1 − k12 x1 − k13 x1 + k21 x2 + k31 x3)

× (γ BIS−BIS+C50
γ γ)

BIS (BIS+C50
γ)2

Notice that, the control signal u appears explicitly in this
derivative. As a consequence of the above obtained equality,
it is clear that the control signal is applied to the system
through the following function:

ϕ(BIS) = −0.1068Emax BIS
γ (γ BIS− BIS + C50

γ γ)

BIS (BIS + C50
γ)

2

The nature of the process makes it impossible that BIS tends
to infinity and, on the other hand, the proposed control avoids
the possibility that BIS = 0. Then, it is possible to ensure
that there exist constants C, Km and KM such that

|d
2(BIStarget)

dt2
− φ(BIS, x1, x2, x3, 0)| ≤ C

Km ≤ |ϕ(BIS)| ≤ KM

Taking the second order derivative of the sliding variable σ,
we obtain

σ̈ =
d2(BIS)

dt2
− φ(BIS, x1, x2, x3, u)

σ̈ =
d2(BIStarget)

dt2
− φ(BIS, x1, x2, x3, 0) + ϕ(BIS)u

Thus, the following differential inclusion (7) is satisfied

σ̈ ∈ [−C C] + [Km KM ]u (7)

The proof is in [12].
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Fig. 1. BIS for the induction phase of the four in silico patients. It can be
seen that there is no overdose.

IV. In silico TRIAL

A. Experiment 1: Induction Phase

In [13] the importance of a well controlled induction phase
is stated, therefore the aim of the controller is to reach
the ideal level for surgery BIStarget = 50, avoiding the
overdose.

The inter-patient variability depends mostly on their age,
weight and height, as it can be seen in (4), thus the in silico
patients age for this study have mean vage = 38.5 ± 7.92
years and the weight mean is vweight = 59.75± 13.49. The
parameters of the in silico patients can be seen in Table I,
these values have been taken from [8].

The propofol infusion rate for surgery is 200
to500µg/kg/min. Usually the anesthesiologist fixes
the rate at the maximum value and reduces the dose
depending on the patient’s response. In this study we use a
maximum dose of 400µg/kg/min.

In Figure 1 the output, BIS, of the four in silico patients
is shown. It can be seen that all in silico patients reached
the final target, BIStarget = 50, with no overdose. It is
important to remark that the same HOSM controller (6) was
used for all in silico patients. In Figure 2 propofol infusion
rate (u) is shown. The dose of propofol is different for each
in silico patient, however, that behaviour depends on the spe-
cific dynamic of each patient (see Table 1), it illustrates the
insensibility of the HOSMC (6) to parameters variation. The
controller (6) enforces the final target using discontinuous
control, however the frequency of the switching is 1Hz, and
this will not damage any infusion pump. This demonstrate
that the same controller can produce the correct dose to
achieve the BIS target even though patient’s parameter were
not used in the controller design.

B. Experiment 2: Surgical Stimuli

Equally important to demonstrating the controller’s insen-
sitivity to inter-patient variability in the induction phase is to
prove its robustness to perturbations during the surgery, such
as surgical stimuli that can decreased the depth of anesthesia
[14].

There are several surgical stimuli with different intensity
in this study we considered two of them, incision that is

Fig. 2. Propofol infusion rate for the four in silico patients. As expected
the same controler produces a differnt infusion rate for each patient. After
the target BIS = 50 is reached the switching frequency is 1Hz, therefore
it does not represent any danger for the infusion pump.

Fig. 3. Surgical stimuli considered in this study.

considered a high intensity stimulus, and surgical diathermy
a medium intensity stimulus.

The incision stimulus ssin was modeled as

ssin = 10e(−1/135(t−250)) + 10 (8)

where t is the time in seconds. And the surgical diathermy
stimulus,ssdt is

ssdt = ssine
−1/225(t−2500) (9)

The signal of the total perturbation (ssin+ssdt) considered
can be seen in figure 3.

The simulation includes the induction phase, the pertur-
bation of surgical stimuli during the maintenance phase and
the emergence phase.

After the infusion phase, where there is no overshoot, a 1
hour surgery is considered when the surgical stimuli showed
in Fig. 3 is perturbing the patients. It can be seen in minute
25 the notorious influence of the surgical stimuli, that is
rapidly compensated by the controller. In the minute 60 the
emergence phase begins. In Fig. 5 a zoom of the time when
the surgical stimuli begins. In this figure, it can be seen
that in less than 15 seconds the HOSMC (6) compensates
the perturbation, and every patient is under 60 BIS, that is
considered a good lever to perform a surgery. All the in
silico patients have 50 BIS that is de optimal level with no
overshoot in less than 1.5 minutes.

V. RESULTS

The HOSMC is a well suited algorithm to perform indi-
vidual drug delivery because the parameter of the patients are

203



Fig. 4. BIS (output).

Fig. 5. BIS during the start of surgical stimuli.

not used in the design process. The performance of the con-
troller was tested with the performance error in percentage
(10), the bias of the error, or median performance error, (11).
The median absolute performance error that represents the
inaccuracy (12). Wobble (13) measures the controller ability
to achieve a stable depth of anesthesia [7]. The results of
the statistical analysis of controller’s performance is shown
in Table II.

PE = 100
BIS(t)ij −Bistarget

Bistarget
(10)

MDPE = median{PEij , j = 1, . . . N} (11)

MDAPE = median{|PEij |, j = 1, . . . N} (12)

Wobble = median{|PEij −MDPEi|, j = 1, . . . N}
(13)

where i is the patient number, and j is the sample number.

TABLE II
STATISTICAL DATA EVERY in silico PATIENTS.

P1 P2 P3 P4
PE 0.75 1.05 1.5 0.62

MDPE 0.305 0.447 0.337 0.318
MDAPE 0.305 0.447 0.337 0.318
Wobble 0.164 0.183 0.086 0.188

VI. CONCLUSIONS

The HOSMC designed was able to deal not only with the
inter-patient variability, but it was also robust with respect to
surgical stimuli, the patients were no more than 15 seconds
outside the usual surgical range of BIS that is between 40 and
60, and this does not represent any danger for the patients.
There was no propofol overdose for any patient. The fact
that the controller is not model oriented makes it suitable
to use for any patient even in emergency situations. The
discontinuous control signal applied has a 1Hz frequency,
therefore it does not represent any electro-mechanical danger
for the infusion pump. In our on going will analyse signal
noise and other types of depth of anesthesia metrics.
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