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Abstract— In this paper, the electromagnetic interaction
between human skin and terahertz radiation is investigated
through the double Debye parameters’ extraction algorithm.
The changes of skin content are contrasted at the frequencies
below one terahertz(THz) but the recent approaches could
provide only a rough estimation. We propose an global opti-
mization based identification, which results in globally accurate
estimators in the frequency range up to two THz, and thus
supports the validity of Debye model for Terahertz wave’s
propagation and reflection in skin. Simulation results confirm
our prominent methodology.

I. INTRODUCTION

THz imaging and spectroscopy have drew the attention

from researchers since the last decade [1], [2]. The attrac-

tive properties of THz radiation include non-ionization, low

photon energy (below 40 meV) and high water absorption.

The high sensitivity of terahertz radiation to polar liquid is

the key for THz applications. In particular, the early skin

cancer diagnosis can be based on THz radiation pattern

because most of biological tissues have a considerably-high

proportion of water. In fact, the T-ray imaging systems with

its THz pulse imaging (TPI) and continuous-wave (CW)

terahertz imaging have been applied in cancer detection

[3]–[5]. Both these THz imaging components provide the

contrast images of various biological tissue due to changes

in their hydration profile [6]. On the other hand, the THz

time-domain spectroscopy system is utilized for revealing

the interaction between THz radiation and biological tissue,

and also the impact of material content on the response of

THz waves [7], [8].

In regard to electromagnetic interaction between the skin

tissue and THz radiation, terahertz spectroscopy is a dom-

inant tool to develop the knowledge. The data acquisition

of the terahertz technique can be represented as optical and

dielectric constants. We shall investigate the double Debye

model [9], [10], which is a simple dielectric frequency func-

tion involving five independent parameters for expression of

the dispersions and relaxation times of two Debye relaxation

processes in the THz regime. As can be seen in [11], there

is a great deal of potential contrast through the extracted

double Debye parameters of healthy and cancerous skin.

Indeed, the higher dispersion of basal cell carcinoma (BCC)

than normal skin (NS) is well reflected in the extracted

parameters characterizing dispersive property in the double

Debye model. The importance of the double Debye sys-

tem identification corresponding to modelling the interaction
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between THz radiation and human skin is supported by

[11]–[13]. However, the existing identification procedures

employing nonlinear least square are not quite satisfactory

in terms of optimality and consistency. The results of [9],

[10], [14] could provide an analytical double Debye model,

which shows a good agreement with its measured frequency

responses at only selective frequencies below one THz.

However the estimation of [15], which considered the fre-

quency responses at wider ranged frequencies up to two THz,

appeared to be worse than its counterparts [9], [10], [14].

A suggestion about an addition of two Lorentzian resonant

process terms to the double Debye model is proposed by

[9] to maintain the accurate estimation of their non-linear

least square method, whenever frequency range is extended

to two THz. These additional terms may result in the more

complexity for modeling problem. The question is whether

the double Debye model is able to accurately describe the

interaction between THz radiation and human skin in the

THz frequency range up to two THz and it remains open.

In this paper we give a positive answer to this questions

by a new technique for identifying these five parameters of

double Debye model. The conventional least square error

function, on which the identification is based, is a complex

nonlinear and nonconvex function in these five parameters,

so the mentioned nonlinear square based approach could

locate a solution to satisfy only some necessary optimality

conditions. Its inconsistent performance implies that the

found solution is not optimal at all. In contrast, our approach

locates the global optimal solution of this nonlinear least

square error, which leads to the optimal Debye model for a

very accurate description of the interaction between terahertz

radiation and human skin in the THz frequencies within two

THz. Obviously, the least square error is only one of other

criteria in parameter identification. The key point of this

work is employing the branch and bound algorithm proposed

by [16], [17] in order to simultaneously search and narrow

the optimal location through iterative steps. This method

allow users to obtain the optimal solution with a very small

adjustable tolerance.

The paper is structured as follows. Section 2 is devoted

to the problem formulation whereas Section 3 provides a

development of our global optimization technique for its

solution. Preliminary simulations are given in Section 4.

Section 5 concludes the paper.

The notations used in the paper are rather standard. Partic-

ularly, the notation A � 0 means A is a positive semi-definite

matrix. For x = (x1, x2)
T ∈ R2 and p = (p1, p2) ∈ R2,

q = (q1, q2) ∈ R2, the notations x ≥ p and x ∈ [p, q]
are component-wise understood, i.e. they mean xi ≥ pi and
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xi ∈ [pi, qi] for all i = 1, 2, respectively. For simplicity we

write x ≥ 0 to refer xi ≥ 0, i = 1, 2, and accordingly

R2
+ = {x ∈ R2 : xi ≥ 0, i = 1, 2}.

II. MODEL AND PROBLEM IDENTIFICATION

In general, the permittivity is obtained through the follow-

ing steps (see e.g. [12], [14], [18] and references therein).

Firstly, the THz time-domain spectroscopy generates the

THz pulse in the reflection or transmission geometry. A

transmission or reflection coefficient is then defined by the

deconvolution of the measured THz pulse with the sample

and without the sample in the frequency domain. These

coefficients are inserted into the numerical estimation pro-

posed by [18] in order to extract the frequency-dependent

complex refractive index precisely over the examining range

of frequency. The reliable approaches to extract these values

in frequencies can be also found in [19]–[21]. The extracted

values of refraction are the real refractive index nnn(ω) and

the extinction coefficient κκκ(ω). Accordingly, the relative

complex permittivity ε̃r is defined as

ε̃r(ω) = (nnn(ω)− κκκ(ω))2. (1)

On the other hand, the double Debye model describing this

relative complex permittivity [10] is

ε̃r(ω) = εεε∞ +
εεε1

1 + ωτττ1
+

εεε2
1 + ωτττ2

. (2)

Here εεε∞ ≥ ε0 := 1 is the limiting value at high frequency

of the permittivity ε̃r(ω), εεεs ≥ ε0 := 1, εεε1 := εεεs − εεεin ≥ 0
and εεε2 := εεεin − εεε∞ ≥ 0 represent the dispersion in

the amplitude of the slow relaxation process, where the

bulk bonding between hydrogen molecules is released to

equilibrium statement, and the fast relaxation process, where

the molecular reorientation of hydrogen-bonding occurs. τττ1
is the relaxation time of the slow process and τττ2 is the

relaxation time of the fast process. ǫ0 = 1 is the permittivity

of vacuum.
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Fig. 1. The real and imaginary part of the relative permittivity of normal
skin in [11] plotted by: The extracted data of [11], the double Debye model
obtained by BB optimization and by [11].

To identify the double Debye model from the measured

data, i.e. to identify its five parameters εεε∞, εεε1, εεε1, τ1, τ2
based on its measured frequency responses c̃i = ε̃r(ωi), we

use the square error

E(ωi) =

∣

∣

∣

∣

εεε∞ +
εεε1

1 + ωiτττ1
+

εεε2
1 + ωiτττ2

− c̃i

∣

∣

∣

∣

2

. (3)

Accordingly, (εεε1, εεε2, εεε∞, τττ1, τττ2) is identified from the fol-

lowing total square error minimization

min
(εεε1,εεε2,εεε∞,τττ1,τττ2)

N
∑

i=1

E(ωi) (4a)

subject to εεε∞ ≥ ε0, εεε1 ≥ 0, εεε2 ≥ 0, τττ1 > 0, τττ2 > 0,(4b)

where N is the number of discrete samples in the consid-

ering range of frequency. The constraints in (4) cover most

practical cases of dispersive materials and can be explained

from the physical viewpoint [10]. Additionally, for human

skin [10], [11], [14], [15],

l1 := 1ps ≤ τττ1 ≤ u1 := 20ps,
l2 := 0.01ps ≤ τττ2 ≤ u2 := 0.5ps.

(5)

To realize the complexity of program (4)-(5) we now derive

the explicit form of its objective function. Set 0 < ai :=

Re(c̃i), 0 < bi := −Im(c̃i), γ =
N
∑

i=1

(a2i + b2i ), and x =

(εεε1, εεε2, εεε∞)T as well as fi(τ1, τ2) := ( 1
1+ω2

i
τ2

1

, 1
1+ω2

i
τ2

2

, 1)T ,

gi(τ1, τ2) := ( ωiτ1
1+ω2

i
τ2

1

, ωiτ2
1+ω2

i
τ2

2

, 0)T . Then

E(x, τ1, τ2) = xT (Γ(τ1, τ2) + Λ(τ1, τ2))x
+(β(τ1, τ2) + χ(τ1, τ2))

Tx+ γ
(6)

where Γ(τ1, τ2) :=
N
∑

i=1

Γi(τ1, τ2), Λ(τ1, τ2) =

N
∑

i=1

Λi(τ1, τ2), β(τ1, τ2) =
N
∑

i=1

βi(τ1, τ2),

χ(τ1, τ2) =
N
∑

i=1

χi(τ1, τ2), with Γi(τ1, τ2) =

fi(τ1, τ2)f
T
i (τ1, τ2), Λi(τ1, τ2) =

gi(τ1, τ2)g
T
i (τ1, τ2), βi(τ1, τ2) =

−2aifi(τ1, τ2), χi(τ1, τ2) = −2bigi(τ1, τ2). Program

(4)-(6) is briefly rewritten by

min
x=(εεε1,εεε2,εεε∞),τττ1,τττ2

E(x, τ1, τ2) : (4b), (5), (7)

which is recognized as highly nonconvex [17].

III. OPTIMIZATION ALGORITHM

Our key observation is that the objective function in (7)

is obviously convex and quadratic in x = (εεε1, εεε2, εεε∞)T

with τ1 and τ2 held fixed. Thus, we can rewrite (4) into

the parametric optimization in τ = (τ1, τ2)

min
τ=(τ1,τ2)

F (τ1, τ2) subject to (5) (8)

with

F (τ1, τ2) = min
x=(εεε1,εεε2,εεε∞)

E(x) : εεε∞ ≥ ε0, εεε1 ≥ 0, εεε2 ≥ 0.

(9)

Since Γ(τ1, τ2) � 0 and Λ(τ1, τ2) � 0 for every (τ1, τ2) the

computation for F (τ1, τ2) can be performed by an existing

quadratic solver such as SeduMi in just three dimensional

variable x ∈ R3
+ [22]. However, the objective function

F (τ1, τ2) is highly nonconvex and nondifferentiable so (8)
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is still computationally intractable. We now present a branch

and bounding method of global optimization [17] for compu-

tational efficiency. Using the monotonic concepts in [23], it is
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Fig. 2. The real and imaginary part of the relative permittivity of basal
cell carcinoma (BCC) in [11] plotted by: The extracted data of [11], the
double Debye model obtained by BB optimization and by [11].

easily seen that whenever (τ1, τ2) ∈ [p, q] with p = (p1, p2)
and q = (q1, q2),

E1(ωi) ≥ Fi(ǫǫǫ1, ǫǫǫ2, ǫǫǫ∞) := xTΥi(q)x+ ξTi (p)x+ ai (10)

for Υi(q) = fi(q)f
T
i (q), ξi(p) = −2aifi(p). Since the
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Fig. 3. The real and imaginary part of the relative permittivity of normal
skin of the case 266 of [24] plotted by: The extracted data of [24] and the
double Debye model obtained by BB optimization.

function
(

τ1
1+ω2

i
τ2

1

)

is decreasing in the considered range of

τ1,

E2(ωi) ≥ Gi(ǫǫǫ1, ǫǫǫ2, ǫǫǫ∞) := xTΨi(p, q)x+ ζi(p, q)
Tx+ b2i

(11)

with Ψi(p, q) = ḡi(p, q)ḡ
T
i (p, q), ζi(p, q) = −2biḡi(q, p)

and gi(p, q) = ( ωiq1
1+ω2

i
q2
1

, ωip2

1+ω2

i
p2q2

, 0)T , ḡi(q, p) =

( ωip1

1+ω2

i
p2

1

, ωiq2
1+ω2

i
p2q2

, 0)T .

It then follows that a lower bound of F (τ1, τ2) in [p, q] is

F̄ (p, q) := min
x=(εεε1,εεε2,εεε∞)

N
∑

i=1

(Fi +Gi)

subject to εεε∞ ≥ ε0, εεε1 ≥ 0, εεε2 ≥ 0.

(12)

which is a convex quadratic program and can be solved

by SeduMi. It is worth mentioning that F̄ (p, q) ր
F (ωi) as p ր q which consists the consistence condition

for the convergence of the BB algorithm noted in [16].

With such bounding, the implementation of the BB algo-

rithm is as follows

• Initialization. Start with the initial rectangles

Mi = [pi, qi], i = 1, 2, ..., 10. Set S1 =
N1 = {M1,M2, ...,ML}. Set κ = 1. Set

µ = mini=1,2,...,M F ((p+ q)/2).
• Step 1. For each M = [p, q] ∈ Nκ compute F ((p+q)/2)

by (9). Update current best value (CBV) µ → F ((p +
q)/2) and current best solution τopt if F ((p+q)/2) < µ.

Solve (12) to obtain L(M) = F̄ (p, q).
• Step 2. Delete all M such that L(M) ≥ µ − ǫ (ǫ is

a given tolerance). Let Rκ be the set of remaining

rectangles. If Rκ = ∅, terminate: µ is the optimal value

of (8) with tolerance ǫ.
• Step 3. Choose Mκ ∈ argmin{L(M) : M ∈

Rκ} and divide it into four smaller rectangles

Mκ,1,Mκ,2,Mκ,3,Mκ,4 according to the standard bi-

section rule, τi = (qi − pi)/2 with i = 1, 2. Let

Nκ+1 = {Mκ,1,Mκ,2}, Sκ+1 = (Rκ \Mκ) ∪Nκ+1.

Set κ → κ+ 1 and go back to Step 1.

IV. NUMERICAL RESULTS AND DISCUSSION

TABLE I

DOUBLE DEBYE PARAMETERS EXTRACTED FROM THE DATA OF [11],

[24] IN THIS WORK AND THE CORRESPONDING REFERENCE

PARAMETERS

Case Method εεεs εεεin εεε∞ τττ1(ps) τττ2(ps)

NS [11] By [11] 14.7 4.16 2.58 1.45 0.0611
NS [11] This work 26.03 4.63 2.89 3.84 0.104

BCC [11] By [11] 17.6 4.23 2.65 1.55 0.0614
BCC [11] This work 36.71 4.83 2.99 4.86 0.116

NS [24] This work 24.85 4.7 3.03 3.84 0.1136

BCC [24] This work 34.3 4.96 2.98 4.08 0.1145

Although each term Fi(ǫǫǫ1, ǫǫǫ2, ǫǫǫ∞) + Gi(ǫǫǫ1, ǫǫǫ2, ǫǫǫ∞) is a

tight lower bound for E(ωi) (see (10) and (9)), their sum

through the whole examining range of frequency is obviously

much looser lower bound for the objective function F (τ1, τ2)
of (4) on [p, q]. This fact should not be a surprise since

F (τ1, τ2) implicitly is a fraction of extremely high order

polynomials. Therefore the first step for the implementation

of BB algorithm is to iteratively narrow down the area for

its branching and bounding by the updated tolerance κ and

the terminating condition of BB algorithm. In detail, the

tolerance is calculated by the expression ǫ = µ − L(Mκ)
at the step κ where L(Mκ) = min{L(M) : M ∈ Rκ}, and

thus it terminates the program to obtain a smaller optimal

area.

In this paper, we use the data source extracted from [11],

[15] [24]. Data acquisition steps for our simulation were

introduced in [11], [24] as well. The investigated frequency

is chosen from 0.2 to 2 THz due to the useful spectral range

documented by [25]. The number N of the taken sampled

frequencies is about 57. The particular values of the double

Debye parameters extracted by our simulation in various

cases are listed in Table. I together with reference values
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estimated by [11], [24]. Fig. 1-2 depict the outcomes of

of this work in comparison with the reference study, our

approach and the so-called measured complex permittivity

of various cases of normal skin and BCC. It is obvious

that this paper’s approach, the BB optimization can procure

better agreement with the measured complex permittivity

than previous studies especially at the low part of exam-

ining range of frequency. The consistent outcomes of the

proposed parameter extraction method in this paper can also

be seen in Fig. 3-4. Analysing these data in detail, there

is a large difference between this work and the reference

studies. [11] applied the double Debye parameters extraction

method introduced by [10]. However [10] only supposed

their estimation for the double Debye model reliable in

the frequency range below 1 THz. Therefore extending the

estimating frequency up to 2 THz and using the approach of

[10] may result in the large deviation between the measured

permittivity and the simulated double Debye model.
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Fig. 4. The real and imaginary part of the relative permittivity of basal cell
carcinoma sample of the case 266 of [24] plotted by: The extracted data of
[24] and the double Debye model obtained by BB optimization.

V. CONCLUSION

Our estimation results confirm the feasibility of the double

Debye’s application to describe the complex permittivity

of human skin in terahertz regime. BB algorithm, then,

can be recognised as an advance technique for parameters

extraction when our simulation outcomes illustrate the better

estimation than previous studies. From another point of view,

our proposed approach enables the classification of different

statements of skin thanks to the accurate transformation

of data series into finite-dimensional vectors. Furthermore

improving the resolution of terahertz spectroscopy system

and the complex refractive index extraction procedure is the

foundation for further studies about the parameters classifi-

cation in terms of early skin cancer diagnosis.
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