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Abstract— In this paper the problem of trajectory tracking
is studied. Based on the V-stability and Lyapunov theory, a
control law that achieves the global asymptotic stability of the
tracking error between a recurrent neural network and the
state of each single node of a complex dynamical network is
obtained. To illustrate the analytic results we present a tracking
simulation of a simple network with four different nodes and
five non-uniform links.

1. INTRODUCTION

The analysis and control of complex behaviors in complex
networks, which consist of dynamical nodes, have become a
focal point of great interest in recent studies.[1],[2],[3]. The
complexity in networks come from structures and dynamics
but also their topology often affects their function.

Recurrent neural networks have been widely used in the
fields of optimization, pattern recognition, signal processing
and control systems, among others. The trajectory tracking
is a very interesting problem in the field of theory of system
control; it allows us the implementation of important tasks
for automatic control such as: high speed target recognition
and tracking, real-time visual inspection, and recognition
of context sensitive and moving scenes, among others. We
present the results of the design of a control law that guar-
antees the tracking of general complex dynamical networks.

II. MATHEMATICAL MODELS
A. General complex dynamical network

Consider a network consisting of N linearly and diffusively
coupled nodes, with each node being an n-dimensional
dynamical system, described by

N
X; = fi(x;)—i—ZC,‘ja,‘jF(xj—x,-), i:l,Z,...,N (1)

=1

f#,«
where x; = (xi1,Xp2,...,%) | € R” are the state vectors of
node i, f;: R” — R” represents the self-dynamics of node
i, constants ¢;; > 0 are the coupling strengths between node
i and node j, with i,j =1,2,...,N. T = (7;;) e R is a
constant internal matrix that describes the way of linking the
components in each pair of connected node vectors (x; —x;):
that is to say for some pairs (i, /) with 1 <i, j <nand 7;; # 0
the two coupled nodes are linked through their ith and jth
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sub-state variables, respectively, while the coupling matrix
A= (aj;) € RV*N denotes the coupling configuration of the
entire network: that is to say if there is a connection between
node i and node j(i # j), then a;; = a;; = 1; otherwise g;; =
aji = 1.

B. Recurrent neural network

Consider a recurrent neural network in the following form:

i, = Aixi, +W,0(x,)+u,
N
+ 2 Ciujn i, TG, = x3,), =12, N
j=1
J#
2
where x;, = (Xi,1,%i,2,---,Xi,n) € R” is the state vector of

neural network 7, u;, € R” is the input of neural network i,
Ai, = —Ailoxn, i=1,2,... N, is the state feedback matrix,
with A4;, being a positive constant, W; € R"*" is the con-
nection weight matrix with i = 1,2,...,N, and o(-) € R”
is a Lipschitz sigmoid vector function [4],[5], such that
o(x;,) = 0 only at x; = 0, with Lipschitz constant L,
i=1,2,...,N and neuron activation functions o;(-) = tanh(-),
i=1,2,....n.

III. TRAJECTORY TRACKING

The objetive is to develop a control law such that the
ith neural network (2) tracks to the trajectory of the ith
dynamical system (1). We define the tracking error as e; =
x;, —xj, i=1,2,...,N whose time derivative is

é =X, —x, i=12,...,N 3)

Substituting (1) and (2) in (3), we obtain

& = Aixi, +W,0(x,)+u, — fi(xi)

N

+ 2 €, T (%, = xi,) 4)
=1
J#i
N

fZC,-ja,-jl"(xjfx,-), iZl,Z,...,N
j=1
J#i
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Adding and substrating W;, o(x;), o(¢), i=1,2,...,N, to (4),
where o; to be determined below, and taking into account
that x;, =e;+x;, i=1,2,...,N, then

e = A,’ne,‘ + VV,’n (G(ei +x,-) — G(X,‘)) + (uin — Oli)

+ (A,—nxi + VV,‘HG()CI') + 061') ff,-(x,-)

+ i Cirju i ju (X, — i, ) )
Q
ZCUCIU -x;), i=12,...,N
ﬁfl

In order to guarantee that the ith neural network (2) tracks
the ith reference trajectory (1), the following assumption has
to be satisfed:
Assumption 1. There exist functions p;(¢) and o;(¢), i =
., N, such that

dlz;t(t) = A;,pi(t) +W;, 0 (pi(r)) + ai(t)
pi([) = xi(l), i=1,2,....N (6)
Let define
ﬁin uin — 0O
(])g(ei,xi) = O'(ei—i—xi)—c(xi), i= 1,2,..,,N (7)

Considering (6) and (7), the equation (5) is reduced to

& = Aiei+W,bs(ei,xi)+u,
+ i Ciyju i ju T (X, — i, ) ®)
Q
ZC,]a,] -x;), i=12,....N
J#l

Rewriting the summations as

N
2 Cinjn ainjnr(xjn - xin)
=1
i
N N
=T\ D ConjuinjuXin = Xin D, Cinjuin
= =
A A
2 cijail(x; —xi) ©)
J#l

<ZC,]a,jx]—x,ZC,]a,]) i=1,2,....N

J# J#i

also taking into account that c;,;, = ¢;; and a;,;, = a;;, then,
with the above (8) becomes

¢ = Ajeit+W,ds(eix:)+u;,

N N
+I ZCijaijej—ei ZCijaij

=1 =
J# J#
= A ei + W, bs(ei,x;) +uj, (10)
N
+ Y cijayl(ej—e), i=12,...,N
=1

j=
J#

It is clear that ; =0, i=1,2,...,N is an equilibrium point of

(10), when u;, =0, i=1,2,...,N. To this end, the tracking

problem can be restated as a global asymptotic stabilization

problem for system (10)

IV. TRACKING ERROR STABILIZATION AND CONTROL
DESIGN

In order to establish the convergence of (10) to ¢; =0,
i=1,2,...,N, which ensures the desired tracking, first, we
propose the following candidate Lyapunov function

N N
D V() =23l

i=1 i=1

N
= %Ze?ei, e:(elT7...,e]T,)T (11)

Vn(e)

The time derivative of (11), along the trajectories of (10), is

. 8VN V(e
i) = 25 e 3 I ] eh)
1
N
Ay e +W, ¢a(€1,x1)+u1,,+201101, (ej—er)
1#1
N
A, en + Wy, ¢o(en,xy) + iy, + Y, cnjan;T(e; —ey)
j=1
AN
N N
= ZeiT A ei+ Wi, 06 (ei,x;) + 105, + Z cjjaiiT(ej —e;)
i=1 j=1
J#i
(12)
Reformulating (12) as
Vn(e) = 2 -, e,-H +e,-TWin¢6(e,-,x,-) +e,-Tﬁ,-n
i=1
N [ N N
+ 2 Z c,-ja,-jeiTl"ej — Z c,-ja,-jeiTl"e,-
i=1 \j=1 j=1
J#i J#i
(13)

Next, let consider the following inequality, proved in [6],[7]

XY +Y X<XTAX+Y A Y (14)



which holds for all matrices X,Y € R”* and A € R"*"
with A= AT > 0. Applying (14) with A = I, to the term

eiTVI/inq)J(e;,x[), i=1,2,...,N we get
e Wi 0s(einxi)) < 5eleit 304 (ei, i)W, Wi, 0o (e;,x:)

2
3lleill"ei + 365 (ei,xi) (15)
XVV,’IVV[,,(PO-(ei,xi), i:1,2,...,N
Taking into account that ¢ is Lypchitz, then

9o (eixi)l| = [lofei+x)—olx)|
L¢Gi Heieri 7x,'H

Log |leil|, i=1,2,...,N

IN

(16)

with Lipschitz constant Ly, [4], Applying (16) to
%q)g (e,»,x,')WinTWin 0o (ei,x;) we obtain

100 (ei,xi) W, Wi, b0 (ei,x;)

< 3|9q (er,xi) W, Wi, b0 (er,xi) | (17)
1 2 20 02 .
< (Loo) WWlPlledls i=12,0 N
Next (15) is reduced to
e; Wi, 0o (ei,x;)
2
< Al + 3 (Lo) 1] el (18)
= (1L ) e, i=120 0N
Then we have that
. N ,
VN(e) < *2 (?Lin e,-H +ZC,jaijel-T1"e,->
i=1 i=1
’ i
1 u 2 2 2
33 (1+23, ) e
P
N N
+22c,~ja,~je,71“ej> +2€,T17i,, (19)
j=1 i=1
J#i

We define u;, :i—i—;%, i=1,2,...,N, then (19) becomes

S )

N (/lin
2)e,~+25i))

VN (e) S

N
e,‘”2 + 2 cija,jeiTFei
=
7

CIOENTE

—_

M=

+

B —

1

i=
N T N ~
+ 2 e; z cijaijl"ej + uj; (20)
i=1 j=1
J#i
Now, we propose to use the following control law:
W, = i+
2
~ (143, 73, @1

N

—ZCijaierj, i:1,2,...,N
Jj=1
J#i
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then Vy(e) < 0 for all e # 0. This means that the proposed
control law (21) can globally and asymptotically stabilize the
ith error system (10), thereby ensuring the tracking of (1) by
2).

Finally, the control action driven the recurrent neural
networks is given by

uj, =

ﬁi,, + O

(1413, |,

)
€j

N
— > cijaijTe;+ filxi) + i, x;
J=1
j#i
7VVI'nG(xi)7

(22)

i=1,2,....N
V. SIMULATIONS

In order to illustrate the applicability of the discussed
results, we consider a simple network with four different
nodes and five non-uniform links. The node self-dynamics
are described by [8],[9].

. 2 . . . .
X1 = X7, X2:—3XZ, X3 = SInx3, )C4=—|)C4|7

(23)

and the coupling strengths are cjp = c21 = 1.3, c14 =c41 =
1‘0, C|3 =C31 = 2.7, Co4 = C4p — 2.], C34 = C43 — 1.5. Fig. 1
shows the divergent phenomenon of network (23) with initial
state X(0) = (0,0,10,0) " and a three-time stronger coupling
strength. The neural network was selected as

—x1
12F —x2
—x3
—x4
10 1
<
g —
v
=} [ 4
:
4k ]
—
oL i
% 05 ] 1 15
time t
Fig. 1. The evolution of network states with initial state X(0) =
(0,0,10,0)7
4, =—hx1, Wi, =(1)ix1, o()=(tanhx;,)1x1
A .
Loy =ni=1, i=1,2,34 24)

i

with initial state X,(0) = (0,0,—10,0)" and T = ;.

The simulation was as follows: for the first 0.5 seconds,
the two systems evolute by themselves; in this moment the
control law (22) is applied. The results are displayed in the
Fig. 2, Fig. 3, Fig. 4 and Fig. 5, and they shown the time
evolution for network states respectively. As can be seen the
desired tracking is obtained.



VI. CONCLUSIONS

We have presented the controller design for trajectory
tracking determined by general complex dynamical network.
This framework is based on the dynamic neural networks and
the methodology is based on V-stability and the Lyapunov
theory. The proposed control is applied to a simple network
with four different nodes and five non-uniform links, being
able to manage to stabilize in a asymptotic form the tracking
error between two systems. The results of the simulation
show clearly the desired tracking. In a future work it will
be considered to be the stochastic case for the complex
dynamical network.
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Fig. 2. Time evolution for state 1
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Fig. 3. Time evolution for state 2
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Fig. 4. Time evolution for state 3
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Fig. 5. Time evolution for state 4
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