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Abstract—Trapezoidal approximation of fuzzy numbers pre-
serving the expected interval is considered. A general problem
of the trapezoidal approximation of fuzzy numbers with respect
to the distance based on bi-symmetrical weighted functions is
solved. A practical algorithm for constructing approximation
operator is given.
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I. INTRODUCTION

Operations on fuzzy numbers depend strongly on the
shape of the membership functions under study. Complicated
membership functions may cause difficulties in management
and processing imprecise data modelled by fuzzy objects.
This is the reason that approximation methods for simplify-
ing original fuzzy numbers are of interest.

Interval approximations of fuzzy numbers were consid-
ered by [4], [9], [10]. Recently many researchers are in-
terested in trapezoidal approximations (see, e.g. [1], [2],
[3], [5], [13], [14], [11], [12], [18]). The main reason for
such approximation is that a trapezoidal fuzzy number is
completely represented by four real numbers only and hence
it is easier to process and manage. Since even trapezoidal
approximation might be performed in many ways, a list
of criteria which a desired approximation operator should
possess was formulated in [13].

The trapezoidal approximation under weighted distance
was considered in [21] (some gaps in that paper were re-
moved in [19] and [20] where so-called extended trapezoidal
fuzzy numbers were introduced and applied). The most
common weighing applied to fuzzy numbers is a linearly
increasing one (see, e.g. [5], [21]). However, it seems that
a slightly modified weighing might be more natural and
more convenient in many situations. Two examples of so-
called bi-symmetrical weighted functions were introduced
and examined in [15]. In the present paper we generalize
these results and show the nearest trapezoidal approximation
operator preserving the expected interval, with respect to
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the distance based on any regular bi-symmetrical weighted
function.

The paper is organized as follows. In Sec. 2 we recall
some basic notions related to fuzzy numbers. In Sec. 3 we
present a general idea of the trapezoidal approximation and
related problems. Finally, in Sec 4, we show the main result,
i.e. a theorem and a practical algorithm for constructing
trapezoidal approximation operators based on the weighted
distance utilizing regular bi-symmetrical weighted functions.

II. BASIC CONCEPTS AND NOTATION

Let A denote a fuzzy number, i.e. such fuzzy subset A of
the real line R with membership function py : R — [0,1]
which is (see [6]): normal (i.e. there exist an element zg such
that 4 (o) = 1), fuzzy convex (i.e. pa(Azy+(1—N)xs) >
wa(z1) A pa(ze), Vo, 20 € R, VA € [0,1]), pa is upper
semicontinuous, suppA is bounded, where suppA = cl({z €
R: pa(z) > 0}), and cl is the closure operator. A space of
all fuzzy numbers will be denoted by F(R).

Moreover, let A, = {z € R : pa(z) > a}, a € (0,1],
denote an a-cut of a fuzzy number A. As it is known, every
a-cut of a fuzzy number is a closed interval, ie. A, =
[AL(a), Ay ()], where Ap (o) = inf{zx € R: pa(z) > a}
and Ay (a) =sup{z € R: pa(z) > a}.

The expected interval EI(A) of a fuzzy number A is
given by (see [7], [16])

EI(A) [EIL(A),EIy

(A)
I Asfayin, [ Av(a)da]

The middle point of the expected interval

( /O " A (a)do + /0 1 AU(a)da) @

is called the expected value of a fuzzy number and represents
the typical value of the fuzzy number A (see [7], [16]).
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Another useful parameter characterizing a fuzzy number
is called the widrh (see [4]) and is defined by

For two arbitrary fuzzy numbers A and B with a-

cuts [Ar (), Ay ()] and [Br(«), By(a)], respectively, the
quantity

w(A) ia(x)dz = / (Au(a) — A(a))da. ()

d(A,B) = )

( / AL(a) - Bo(o)do
1/2

+f Ay (a) - B (a)da)

is the distance between A and B (for more details we refer
the reader to [8]).

III. TRAPEZOIDAL APPROXIMATIONS OF FUZZY
NUMBERS

Suppose that for some reasons or just for simplicity we
need a suitable approximation of a fuzzy number under
study. A sufficiently effective simplification of the member-
ship function characterizing a fuzzy number can be reached
by the piecewise linear curves leading to triangle, trapezoidal
or orthogonal membership curves. These three mentioned
shapes are particular cases of the trapezoidal membership
function. A family of all trapezoidal fuzzy numbers will be
denoted by FT (R). Thus, further on we will consider just the
trapezoidal approximation of fuzzy numbers. It means that
we will substitute given fuzzy number A by the trapezoidal
fuzzy number T(A), i.e. by a fuzzy number with a following
membership function

0 if o<ty

G i h<e <,
pray(r) =4 1 ittt <w <t Q)

ff_—gg if t3<a <y,

0 if ty<ux,

where t1,to,t3,t4 € R and t; <ty < t3 < t4.

One can do this in many ways so we need some additional
constraints which guarantee that our approximation would
be reasonable. It seems that the most natural idea is to
construct T'(A) to be the closest to the original fuzzy number
A with respect to given distance d. We may also consider
other requirements which warrant that our approximation
would possess some desired properties, like preservation
of some fixed parameters or relations, continuity, etc. This
problem was considered by many authors (see, e.g. [1], [2],
[3], [5], [13], [14], [11], [12], [18], [19]). For example, it
was suggested in [13] to consider the nearest trapezoidal
approximation operator preserving the expected interval,
i.e. the approximation operator 7' : F(R) — FT(R) which
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produces a trapezoidal fuzzy number T'(A) that is the closest
with respect to distance (4), i.e.
1
dar) = ([ 1) -rUn@Pa ©
0

1/2

+ /OI[AU(a) - T(A)U(a)]2da>

to given original fuzzy number A among all trapezoidal
fuzzy numbers having identical expected interval as the
original one, i.e. satisfying a following condition

EI(T(A)) = EI(A). )

It is worth noting the invariance of the expected interval
assures many other useful properties, like preservation of
the expected value and of the width, order invariance with
respect to some preference fuzzy relations and correlation
invariance. For more details we refer the reader to [13] where
the broad list of desired requirements that the approximation
operator should possess is also given (the research on this
operator was continued in [3], [14], [11], [12]).

By (5) any trapezoidal fuzzy number is completely de-
scribed by four real numbers that are borders of its support
and core. So in trapezoidal approximation the goal reduces
to finding such real numbers ¢; < to < t3 < ty4 that
characterize T'(A) = T(t1,t2,t3,t4). Let us mention that
mathematical formulae for these points corresponding to the
nearest trapezoidal approximation operator preserving the
expected interval are given in [11].

In some situations other distances than (6) might be
more suitable. Using (6) all a-cuts are treated evenly. This
feature is sometimes criticized by authors who claim that
elements belonging to «j-cut should be treated with the
higher attention that those from ai-cut if a; > a9 because
the membership degree for the first group is higher and so
they are less uncertain. This point of view can be found, e.g.,
in [21], where the trapezoidal approximation with respect to
the weighted distance

dzr(A,T(A)) (/O alAp(a) = T(A)L(a)]?da  (8)

1/2

+/010‘[AU(0¢) - T(A)U(a)]Qda>

with increasing weighting function is applied.

However, on may also consider another weighted dis-
tances which are more appropriate in some other occasions.
Let us observe that the least informative a-cut is not zero
but 0.5. Actually, situation pa(z) = 1 leads to perfect
information that = surely belongs to A. If pa(x) is close
to 1 we’ll say that = rather belongs to A. And conversely,
pa(z) 0 shows that x surely does not belong to A
(and belongs to —A) which is also a perfect information.
Similarly, = such that pa(z) is close to O is interpreted
as a point that rather does not belong to A. However, if



pa(xr) = 0.5 we do not know whether « should be classified
to A or to it’s completion = A because it belong to these sets
with the same degree. Similar problems with interpretation
happen if p4 () is close to 0.5. Thus it is clear that degrees
of membership both high (close to 1) and low (close to 0) are
much more informative than those close to 0.5. Hence, if we
try to incorporate this obvious conclusion into practice we
have to consider not increasing weighted distance (8) but so-
called bi-symmetrical weighted distance suggested in [15].
More precisely, the authors of [15] considered following two
bi-symmetrical weighted functions

[ 1-2a if a€]0,i],
Al(a)_{ 20—1 if 046[%,21], ©)
and ) ;
[ 1 if ael0,7]U[3,1],
Az(@) = { 0 if ac (i,%). ! (10)

Function (9) is in some sense a bi-symmetrical counterpart
of the increasing weighted function such as applied in [21].
The second one, contrary to previous continuous weighted
function is a noncontinuous one which appreciates only ele-
ments with high or low degree of membership and does not
take into account the other. In some sense (10) corresponds
to Pedrycz’s viewpoint expressed in his shadowed sets (see
[17]) where we consider only these points which rather
belong to a set under study or those that rather do not belong
to it. The other elements with intermediate membership
degree form the so-called shadow.

Having such bi-symmetrical weighted functions we may
define a bi-symmetrical weighted distance between A and
B. More precisely, for two arbitrary fuzzy numbers A
and B with a-cuts [Ar (@), Ay(a)] and [Br(«), By(a)l,
respectively, the quantity

1
nam) = ([ Ais) - BuelPia ap

1/2

n /O 1)\(a)[AU(a) —BU(a)Pda) )

where A € {\1, A2} is a bi-symmetrical weighted function
is called the bi-symmetrical weighted distance between A
and B based on A (see [15]).

Then, substituting B in (11) by a trapezoidal fuzzy
number T(A) we may try to find the nearest trapezoidal
approximation to given fuzzy number A. Such problem for
bi-symmetrical weighted functions Ay and s was solved in
[15] where the authors considered a trapezoidal approxima-
tion that preserves the expected interval.

One can, of course, propose many other bi-symmetrical
weighted functions having properties similar to A; and As.
Thus it would be interesting to specify a general defini-
tion of the bi-symmetrical weighted function. Then for the
defined family of bi-symmetrical weighted functions we
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will consider trapezoidal approximation based on the bi-
symmetrical weighted distance obtained for any representant
of that family.

IV. MAIN RESULT

Let us adopt a following definition

Definition 1

Any function X : [0,1] — [0, 1] such that

(@) /\(% —a)=A3+a) forall a€0,1]
(®) A(3) < M) for any o € [0,1],

is called a bi-symmetrical weighted function.

Thus each bi-symmetrical weighted function A is sym-
metrical around % and A reaches its minimum in % Further
on we will examine a reach subclass of all bi-symmetrical
weighted function, called regular bi-symmetrical weighted
functions.

Definition 2

A bi-symmetrical weighted function X is called regular if
@ A(3) =0,

(b) /\QO) =A1)=1,

© [y Ma)da = 1.

A family of all regular bi-symmetrical weighted functions
will be denoted by BSWF.

Let us go back to the trapezoidal approximation operators
T : F(R) — FT(R) which produce a trapezoidal fuzzy
number T'(A) that is the closest to given original fuzzy
number A among all trapezoidal fuzzy numbers having
identical expected interval as the original one, i.e. satisfying
(7). However, now we will look for the operators which
minimize the bi-symmetrical weighted distance (11) based
on bi-symmetrical function A € BSWF.

Since a-cuts of T'(A) are of the form [t1+(to — t1) v, t4—
(t4—t3)a, thus substituting it into (11) and (7) our problem
might be expressed as follows:

Problem 3
For any A\ € BSWF find t1,to,t3,t4 € R which minimize
d(A,T(A)) = (12)
1
— </ Aa) [AL(@) = (t1 + (t2 — t1) )] da
0
1 1/2
- / Aa) [Ap (@) = (ts — (ts — t3)a)]? da>
0
with respect to conditions
t +t !
htt / Ar(a)da, (13)
2 0
t3 +t !
st _ / Ay (a)da (14)
2 0
t1 <to <t3 <ty (15)



Solving the given problem we have noticed that some
useful notation should be introduced to obtain the final
result in a nice form with clear interpretation. Firstly let
us notice that by Def. 2 the centroid of a bi-symmetrical
weighted function ) is 1. Therefore, the dispersion of the

2
bi-symmetrical weighted function A is given by

1
1
n= / (a—=)*X(a) da. (16)
0 2
We also introduce another two parameters characterizing
the dispersion of the left side and of the right side of given
fuzzy number A with respect to considered bi-symmetrical

weighted function .

Definition 4
The left (lower) spread of a fuzzy number A with respect to
considered bi-symmetrical weighted function \ is a number

LSPy\(A) given by

I 1

LSP(A) = 5 [ (@ = PN@AL (@) day a7
2n Jo 2

while the right (upper) spread of a fuzzy number A with

respect to considered bi-symmetrical weighted function ) is

a following number USPy(A)
1
X
0

It can be shown that LSPy(A) > 0 and USPy(A) > 0.

Let us also denote the total spread of a given fuzzy num-
ber A with respect to considered bi-symmetrical weighted
function A by T'SPy(A4), i.e.

1

- —a)AMa)Ay (a) da.

5 (18)

TSP\(A) = LSP\(A) + USPy(A). (19)
The difference between the right and the left spread of a
fuzzy number will be denoted by ASP)(A), i.e.

ASP\(A) = USPy(A) — LSPy\(A). (20)
It is easily seen that as T'SPy(A) is always nonnegative,
while ASPy(A) might be positive or negative as A is more
asymmetrical to the right or to the left.

We can now formulate our main result, i.e. the solution
of Problem 3.

Theorem 5

For any regular bi-symmetrical weighted function \ €
BSWF the nearest trapezoidal approximation operator pre-
serving expected interval with respect to distance (12) based
on X is such operator T : F(R) — FT(R), that for any
Suzzy number A with a-cuts [Ap(a), Ay()] assigns the
trapezoidal fuzzy number T(A) = T(t1,ta,ts,t4), where
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(@  ifw(A) > TSPy(A) then
t1 EIL(A) — LSP\(A), (2D
ts = EIL(A)+ LSP\(A), (22)
ts = FEly(A) —USPx(A), (23)
ti = EIy(A)+ USP\(A); (24)
)  if JASP\(A)] < w(A) < TSP\(A) then
t1 = FEIL(A) - %w(A) + %ASPA(A), (25)
ty = t3=EV(A)— %ASPA(A), (26)
t4 = EIU(A) + %M(A) + %ASP)\(A), (27)
()  ifw(A) < ASP\(A) then
t to =ty = EI(A), (28)
b = 2BIp(A) - EL(A); (9
d)  fASPA(A) <0 and w(A) < |ASPy(A)| then
131 2E1L(A) — Ely(A), (30)
ty = ty=ty= Ely(A). 31)

To prove this theorem the minimization problem under
given constraints should be performed and hence the Karush-
Kuhn-Tucker theorem would be useful here. However, be-
cause of lack of space the proof will be omitted here.

Actually, we have received not a single operator but four
different operators providing the nearest trapezoidal fuzzy
number that preserves the expected value of the original
fuzzy number, where T leads to a regular trapezoidal fuzzy
number, 75 stands for the operator that leads to a triangular
fuzzy number with two sides, while 75 and T, produce
triangular fuzzy numbers with the right or the left side only,
respectively.

In other words, we approximate a fuzzy number A by
the trapezoidal approximation operator 7} provided the total
dispersion of the given fuzzy number with respect to the
considered bi-symmetrical weighted function measured by
the sum of the lower and upper spread is large enough.
Otherwise, we will approximate A by a triangular fuzzy
number. However, for less dispersed fuzzy numbers we have
three possible situations: to approximate a fuzzy number
A we apply operator 15 provided the asymmetry of A is
not too big (i.e. there is no big difference between the
lower and upper spread). If A reveals high right asymmetry
(i.e. the right spread is significantly larger than the lower
spread) it would be approximated by a triangular fuzzy
number with the right side only, produced by operator T5.
Otherwise, a fuzzy number with high left asymmetry would
be approximated by a triangular fuzzy number with the left
side only, produced by operator 7.



To sum up we get a following algorithm for computing the
nearest trapezoidal approximation with the bi-symmetrical
weighted function and preserving the expected interval:

Algorithm 6
For any fuzzy number A

Step 1. If w(A) > TSP\(A) then apply operator T,
given by (21)-(24), else

if |ASPy(A)| < w(A) then apply operator T
given by (25)-(27), else

if w(A) < ASPy(A) then apply operator T;
given by (28)-(29), else

apply operator Ty given by (30)-(31).

Step 2.
Step 3.

Step 4.

It is interesting that in the trapezoidal approximation with
the bi-symmetrical weighted function we have obtained four
possible solutions like in the problem with non-weighted
distance considered in [3] or [11]. Moreover, operators 75
and T}y are identical as in [3] or [11]. It means that for very
asymmetrical fuzzy numbers its nearest trapezoidal approxi-
mation preserving the expected interval remains independent
whether we use weighted or non-weighted distance.

Looking for parallels with the problem with non-weighted
distance considered in [3] or [11] we can also notice that
the family F(R) of all fuzzy numbers can be considered as
a union of four subfamilies F;(R) corresponding to different
approximation operators to be used. We may say that a fuzzy
number A belongs to subfamily F;(R) if and only if T;
(¢ =1,...,4) is an appropriate operator that should be used
for getting a proper trapezoidal approximation. One may
notice that subfamilies F;(R),... ,F4(R) form a partition
of a family of all fuzzy numbers F(R), i.e.

Fi(R)U... UF4(R) = F(R) (32)

and

0

for i # j.

V. CONCLUSION

In the present paper we have considered the problem
of the trapezoidal approximation of fuzzy numbers for
bi-symmetrical weighted functions. This contribution is a
generalization of the paper [15] where only two particular
bi-symmetrical weighted functions were discussed.

One may ask whether suggested trapezoidal approxima-
tion operators fulfil requirements specified in [13]. It is clear
that some of them hold. But the more detailed study would
be the topic of our further research.
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