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Abstract— A statistical interpretation of existing parallel 
magnetic resonance imaging methods reveals that th 
eunderlying noise model is of additive independent Gaussian 
noise. In reality MR imaging processes suffer from a variety of
noise, errors and other uncertainties. A careful statistical
analysis of these uncertainties can potentially allow significant
improvement of the reconstruction process.  In this paper we
present such an analysis and describe a few very recent
approaches to handle these statistical models.  We show
examples of simulation and in vivo reconstructed data which
demonstrate the potential of the statistical approach.

I. INTRODUCTION

he standard image reconstruction algorithm for parallel
imaging can be regarded as a least-squares fitting of the

estimated image x to the measured data y. These parallel
imaging techniques include, inter alia, SENSE [1-4],
SMASH [5-6] and GRAPPA [7-8].  Good comparative
reviews were presented in [9].  While all of these methods
are mathematically similar, SENSE is the exact 
reconstruction method [10] and will be the focus of this
paper. These schemes use multiple coils to reconstruct
(unfold) the unaliased image from under-sampled data in
Fourier- or k-space.  Successful unfolding relies on receiver 
diversity - each coil “sees” a slightly different image, since 
their spatial sensitivity profiles are different.  Noise is a
major source of uncertainties ubiquitous in all MR
measurements. Effects of noise in MR signals are accounted
for by a noise correlation matrix in the standard matrix
inversion formulation of parallel imaging reconstruction.
The noise correlation matrix is determined by the electronic
coupling of coil elements and the imaging objects. One
consequence of noise in parallel imaging is amplified noise
in the final reconstructed images. Regularization
incorporating prior information may be used to improve
signal-to-noise ratio in image reconstruction [11-13].

Another source of uncertainties in parallel imaging
reconstruction is error or noise in the estimation of coil
sensitivity map. This type of error fundamentally alters the 
mathematics of the image reconstruction. Here we present
general statistical formulations of image reconstruction that
account for various uncertainties.

II. MAXIMUM LIKELIHOOD (ML) FORMULATION FOR 
PARALLEL IMAGING

For simplicity, we assume noise is independent identically
distributed (iid) Gaussian noise (after diagonalizing and
normalizing the noise correlation matrix). To illustrate the

statistical formulation, let us consider the case of error in
sensitivity map. The standard parallel imaging
reconstruction problem assumes a perfect encoding matrix E 
(product of sensitivity map and Fourier encoding factor) and 
maximizes the fitting of image x to the observed data y: 

y = Ex + n, 

If the noise process n is independent Gaussian, the
probability of observing data y given a certain underlying 
image x is there fore given by the likelihood function

L(x|y) ~ exp(-½ ||y-Ex||2).

Under the Maximum Likelihood (ML) formulation, the best
estimate of the image x is the one that maximizes the above 
conditional probability.  Under the above iid Gaussian
model, this amounts to a least squares minimization

x = arg minx ||y-Ex||2,       (1a)

x = (EHE)-1EHy.       (1b)

Eq.1a simply states an estimated image that agrees with 
observed data with the least-squares error, and Eq.1b is a 
closed form solution.  This is the classic SENSE approach. 

Unfortunately a typical parallel imaging process suffers
from many other sources of noise and errors that are not
accurately captured by the above additive model. Indeed, a 
major source of errors in SENSE occurs when it is difficult
to obtain artifact-free sensitivity maps. In practice coil
sensitivities are subject to noise processes since they are 
obtained from MR data, whether via division by a body coil
image, or from low-frequency calibration lines. In addition,
the encoding and decoding sensitivities are not identical in
practice due to physiological motion, misalignment of coils
between scans, etc. 

We have addressed this issue by extending the classic least
squares problem by including an error term E in the
sensitivity map,

  y = (E+ E)x + n.        (2)

Here y represents measurements, n noise. The likelihood
L(x|y) of image x fitting for a given observed data y is
determined by the total effective noise, which may be
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assumed to be characterized by iid Gaussian for simplicity. 
Let the total noise be g(x) = y-Ex,  

R  <g(x)g(x)H> = n
2  + s

2B.      (3) 

Here the first term accounts for the standard signal noise, 
and the second term accounts for the sensitivity map errors. 
Then a solution to problem stated in Eq.2 is : 

   L(x|y) ~ exp(-½ (y-Ex)HR-1(y-Ex)); 

x ~ arg minx (y-Ex)HR-1(y-Ex).      (4) 

In general Eq.4 does not have a closed form 
solution. In the case of Cartesian sampling, the computation 
for solution to Eq.4 can be efficiently found using Newton 
iteration. Preliminary data from simulation and imaging 
experiments demonstrate that this maximum likelihood 
solution provide much less noisy artifacts than the standard 
SENSE reconstruction. 

The computation may become intractable for the problem 
stated in Eq.2 for a general arbitrary sensitivity map error 

E. The Gaussian noise assumption comes from the process 
of estimating sensitivity from pre-scanned MR signal that is 
contaminated with Gaussian noise. The lack of spatial 
resolution in the estimated sensitivity map and the spatial 
misregistration due to motion occurred between prescan for 
sensitivity map and scan for image data may not fit well into 
the Gaussian model. Interestingly even in these cases, the 
solution in Eq.4 can provide image quality improvement. 

III. TIKHONOV REGULARIZATION, EDGE PRESERVING 
REGULARIZATION, AND GRAPH CUT SOLUTION

A. Tikhonov regularization 

The inverse problem of Eq.1 becomes 
progressively ill-posed with increasing acceleration, leading 
to unacceptable noise amplification. The Tikhonov-type 
regularization can be used to stabilize inversion and reduce 
noise in the reconstructed image [11,13]. The corresponding 
modification to the likelihood of image x fitting observed 
data y is modified as, 

   L(x|y) ~ exp(-½ (||y-Ex||2 + ||A(x-xr)||2));

xreg = arg minx {||y-Ex||2 + ||A(x-xr)||2}.   (5a) 

Compared to Eq.1, the additional second penalizes non-
smooth solutions through an appropriate matrix A and a 
prior reference image xr.  Its closed-form solution is 

xreg = xr + (EHE + 2AHA)-1EH(y-Exr) .    (5b) 

The standard choice is A = 1, the identical matrix. If there is 
no reference image (xr = 0), then Eq.5 computes the 
minimum norm solution. In general, the Tikhonov 
regularization imposes global smoothness in the 
reconstructed image, accordingly minimizing noise effects. 
The degree of noise reduction by regularization is controlled 
by the parameter . A small  corresponds to a high data 
fidelity and a small noise reduction. A high  corresponds 

to a low data fidelity (possible residual aliasing artifacts) and 
a substantial noise reduction. This fundamental 
aliasing/noise limit may be overcome by generalizing the 
regularization term and incorporating prior knowledge of 
targeted images.  

B.  General image prior, Bayesian reconstruction, and 
graph cut solution 

 The requirement of reference image in Eq.5 may be too 
restrictive. We have extended the regularization term in Eq.5 
to a more general form characterized by a probability 
function Pr(x) that is determined by image property 
parameters (cost function G(x)), 

       Pr(x) ~ exp(-G(x)).        (6) 

This probability is incorporated into the likelihood function 
for estimating image x according to the Bayesian approach: 

      Lprior(x|y) = L(x|y) Pr(x).       (7) 

In the absence of a prior (G=0), Eq.6 reduces to the 
maximum likelihood formulation L(x|y) as in Eqs. 1&4. The 
Tikhonov regularization in Eq.5 be interpreted at G(x) = 

||A(x-xr)||2. In general, the term G(x) can succinctly express 
both the traditional smoothness assumptions as well as more 
complicated but powerful priors modeled by Markov 
Random Fields (MRFs) [14].  

 The solution to Eq.7 is the known method of maximum a 
posteriori (MAP) estimation, which is the maximum 
likelihood (ML) estimation constrained to a prior 
distribution over the image to estimate or a regularization of 
the ML estimation. The solution is formally expressed as  

xMAP = arg minx {||y-Ex||2 + G(x)}.     (8) 

Conventional image priors impose spatial smoothness 
assuming that intensities vary smoothly across the entire 
image. Such an assumption may cause excessive edge 
blurring and become inappropriate for most medical image 
data with discontinuities at organ or pathology boundaries. 
An edge preserving prior G(x) would be very desirable.  

 A function imposing piecewise smoothness rather than 
global smoothness would be a natural choice for the cost 
function G(x): 

G(x) = p,qV(xp,xq),       (9) 

where the summation is over a spatial neighborhood, usually 
the 8 connected neighboring points. The separation cost 
V(xp,xq) characterizes piecewise smoothness by weighting 
the intensities in the specified neighborhood. A useful 
choice for V is the truncated linear function, 

     V(xp,xq) =  min(|xp-xq|, K),      (10) 

which treats neighboring intensity differences within the 
threshold K as noise and penalizes the difference. The 
threshold K allows large differences at organ edges to go 
unpenalized. Note that in Eq.10, the linear intensity distance 
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is used to greater intensity variation than that of the widely
used L2 norm.

In general, the computation for Eq.8 requires exponential
number of steps and becomes unaffordable in practice. Here
we outline a solution for the case of 1D Cartesian parallel
imaging, Eq.8 reduces to minimizing the following objective
energy function:

a2 + b(p)xp
2 - 2 c(p)xp + 2 Nad(p,q)xp xq + Ns min(|xp-

xq|, K),                   (11)

which can be solved using the fast graph cuts method [15-
16]. The pixel intensity xp is represented by a finite discrete
set of labels L. The minimization is iterated over individual
labels  belonging to L ( -expansion move algorithm [15]),
which reduces the integer problem into a succession of 
binary problems. The binary problems can be solved using
the minimum cut over a graph representation of the image,
as described in [15-16].  There exist a number of fast and
easy methods to compute this minimum cut, via the
maximum flow algorithm. Label substitution may be used to
condition the energy function for graph cuts.

IV. RESULTS

A. Maximum Likelihood estimation under sensitivity 
errors
Figure 1 shows the reconstruction results obtained by

different methods on a torso data set under 3x acceleration 
and 8 coils.  This data set suffered from motion mis-
registration, ringing in sensitivity maps and non-uniform
sensitivity noise due to the division by the sum-of-squares
image. SENSE and ML-SENSE results are compared with 
the Total Least Squares (TLS) method which was proposed 
earlier as a possible way to handle sensitivity errors [17].
Clearly both SENSE and TLS are inadequate under 
sensitivity errors, but ML-SENSE is more tolerant to these
errors.

Figure 1: Reconstruction results of torso scan, 8 coils, 3 times
acceleration: (a) Standard SENSE with regularization, (b) TLS, (c) 

ML-SENSE, (d) Zooming into (a), (e) Zooming into (b), and (f) 

zooming into (c). Note the distortions at the heart-stomach
boundary and strip artifact across the liver in SENSE output.

B. Regularization and Graph Cut Results
Figure 2 shows reconstruction results obtained from a brain
scan using 8 coils and accelerated 4 times.  High field 
strength (4 Tesla) structural MRI brain data was obtained
using a whole body scanner (Bruker/Siemens Germany)
equipped with a standard birdcage, 8 channel phased-array
transmit/receive head-coil localized cylindrically around the 
S-I axis.  Volumetric T1-weighted images (1 x 1 x 1 mm3

resolution) were acquired using a Magnetization-Prepared
RApid Gradient Echo (MPRAGE) sequence with TI/TR = 
950/2300 ms timing and a flip angle of 8°.  From the figure,
the Graph Cut method appears to produce visually
observable improvement compared to SENSE regularized
with two choices of the regularization parameter.

Figure 2: In vivo brain result with 4 times acceleration using 8 coils.  Views 
were acquired vertically.  (a) Reference image (b) SENSE regularized with

 = 0.08 (c) SENSE regularized with  = 0.16, (d) Graph Cut reconstruction

Table 1 shows the quantitative comparison for a number of
data sets we evaluated.  SNR and g-values were obtained by
the technique described in [18].  There appears to be a 
substantial improvement in both these quantities using
Graph Cuts compared to conventional SENSE. 

Table 2: Mean reconstructed SNR and mean g-factor values of 
SENSE and Graph Cut.

Reg. SENSE Graph Cut
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R mean 
SNR

Mean g Mean
SNR

Mean g 

Brain A 4 8 4.6 23 1.7
Brain B 5 10 3.5 17 2.2
Cardiac A 3 20 2.3 33 1.5
Cardiac B 3 15 3.3 36 1.4

V. DISCUSSION AND CONCLUSION

The experimental data shown above indicates the promise of 
improved performance and visual quality by a statistical 
approach to parallel imaging.  This is a direct result of better 
error models as well as better prior models.  The use of a 
powerful edge-preserving prior model in the Graph Cut 
method has produced visible improvement.  The technique 
makes use of some advanced combinatorial optimization 
algorithms borrowed from graph theory.  These 
combinatorial methods are needed because the Bayesian 
estimation task associated with our edge-preserving priors is 
generally too hard for traditional optimization methods like 
conjugate gradients, Newton methods, etc.   

The preliminary data available from both the ML-SENSE 
and Graph Cut approaches is promising, but much more in-
depth empirical evaluation must be performed.  An 
exhaustive clinical evaluation is needed to further 
characterize the method and identify specific clinical 
applications – this work is ongoing.   
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