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Abstract— In this paper we analyze a popular divisive nor-
malization model of V 1 with respect to the relationship between
its underlying coding strategy and the extraclassical physiolog-
ical responses of its constituent modeled neurons. Specifically
we are interested in whether the optimization goal of redun-
dancy reduction naturally leads to reasonable neural responses,
including reasonable distributions of responses. The model is
trained on an ensemble of natural images and tested using
sinusoidal drifting gratings, with metrics such as suppression
index and contrast dependent receptive field growth compared
to the objective function values for a sample of neurons. We find
that even though the divisive normalization model can produce
“typical” neurons that agree with some neurophysiology data,
distributions across samples do not agree with experimental
data. Our results suggest that redundancy reduction itself is
not necessarily causal of the observed extraclassical receptive
field phenomena, and that additional optimization dimensions
and/or biological constraints must be considered.

I. INTRODUCTION

The coding strategy of primary visual cortex (area V 1) has

been the subject of intense study for at least four decades.

Recently, the question of coding by visual neurons has

been considered with respect to natural viewing conditions,

namely neural coding of natural images and sequences.

Natural images exhibit higher-order statistical structure [1],

[2] which should effect the encoding strategies used by

neurons in V1. From an information theoretic point of view,

it is natural to conjecture that V 1 would encode natural

image stimuli in such a way that optimizes its information

representation capacity/efficiency under various biological

constraints.

Parallel efforts in experimental neurophysiology and com-

putational modeling have attempted to identify sensible

mechanisms underlying an efficient V 1 coding strategy. For

example, Gallant and colleagues [3] showed, using natural

movie stimuli, that the extraclassical receptive fields of neu-

rons in V 1 of macaque play an integral role for maximizing

information efficiency of neurons and that this was consistent

with a sparse coding hypothesis [4], [5]. Using computational

modeling, Olshausen et al [5] used sparse coding methods

and showed that structures resembling simple cell receptive
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fields naturally fall out of such a coding strategy when

applied to natural images.

A particular impressive demonstration of the consistency

of a sensible coding strategy with observed experimental

neurophysiology was provided by Schwartz and Simoncelli

[1]. They argued for divisive gain control as a mechanism to

reduce the redundancy between pairs of neurons in V1 and

showed that after optimization over an objective function

which reduces redundancy, several classical and extraclas-

sical response phenomena observed experimentally in V1

neurons emerge, including contrast dependence, surround

suppression, and receptive field growth at low contrast.

Previous work by our group [6], [7] has focused on the

neural circuitry underlying such classical and extraclassical

responses and the diversity of responses seen experimentally

and in realistic computational models. In contrast to the

work by Schwartz and Simoncelli, we started with the neu-

rophysiology and neuroanatomy and demonstrated circuitry

which could produce not only typical cell responses but also

realistic distributions of responses, in particular for surround

suppression and contrast dependent receptive field growth.

Since Schwartz and Simoncelli only reported “typical” cell

responses we were interested in investigating if an objective

to reduce redundancy in a divisive gain control model leads

to realistic distributions of these extraclassical response prop-

erties and if the properties themselves are directly correlated

to the minimization of the objective function.

II. METHODS

We constructed the divisive normalization model following

the framework of [1], which includes a linear and non-linear

stage together with an optimization for reducing redundancy

between pairs of model neurons.

The linear response of V 1 cells are approximated using a

steerable pyramid [8]. The steerable pyramid is an overcom-

plete, multi-scale and multi-orientation decomposition with

an impulse response similar to simple cell receptive fields of

primary visual cortex [5], [9], [10]. The steerable pyramid

enables one to represent different subbands, corresponding

to V1 neurons with different spatial frequencies, positions

and orientations.

As shown in [1] the joint distribution of subband coef-

ficients from the steerable pyramid applied to an ensemble

of natural images demonstrates higher order dependencies

(dependencies beyond simple correlation). Specifically, if
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one takes pairs of subbands from the steerable pyramid, L1

and L2, and looks at their conditional probability,

p(L1|L2) =
p(L1,L2)

p(L2)
, (1)

one sees variance dependencies, which visually resemble the

shape of a “bowtie”. A similar analysis applied to white noise

images does not demonstrate such a variance dependency.

Following the framework in [1] we assume that the

marginal distributions p(Li|L j) can be modeled as a Gaussian

distribution.

p(Li|L j) =
1√

∑ j w jiL j
2 +σi2

exp
(− Li

2

2(∑ j w jiL j
2 +σi2)

)
.

(2)

We use maximum likelihood to fit the parameters of the

model (w ji and σi), where our data are the coefficients com-

puted from applying the steerable pyramid to an ensemble

of natural images.

{w ji,σi} = arg max
w ji,σi

{
∑
x

log(p(Li|L j))
}

(3)

Thus substituting Eqn. 2 into Eqn. 3 we obtain the

objective function,

{w ji,σi} = arg min
w ji,σi

{
E

{
log(w jiL2

i +σ2
i )+

L2
i

w jiL2
j +σ2

i

}}
.

(4)

According to [1], redundancy reduction between a pair of

neuron responses could be achieved using divisive normal-

ization, by dividing out the weighted sum of rectified filter

coefficients plus a constant,

Ri =
L2

i

w jiL2
j +σ2

i
(5)

where Li is the filter coefficients of the steerable pyramid,

Ri is the neuron responses after divisive normalization, w ji
and σi represent the weight and constant.

It is important to note that the optimization in Eqn. 4

makes several assumptions. First, for convenience, the

marginal distribution p(Li|L j), is parameterized as a Gaus-

sian distribution. This assumption simplifies the calculation,

yet ignores the fact that marginal distribution for the natural

images is in general more peaked (higher kurtosis) than a

Gaussian. A second assumption is that removal of redun-

dancy in neural responses can be achieved by simply dividing

out the “bowtie” variance dependence in a completely feed-

forward manner, as opposed to using the recurrent network

which the neurons are naturally embedded. This therefore

means that the redundancy reduction is actually taking

place between Ri and L j, instead of Ri and R j. Valerio

and Navarro [11], propose a more rigorous approach by

minimizing the mutual information between Ri and R j, which

results in a slightly different optimization and ultimately

different weights and sigma. However for consistency we

use the approach outlined in [1] since this is in fact how

comparison to the neurophysiology was made. The last major

assumption or issue is due to the highly nonlinear form of

the objective function, which results in many local-minima

in the optimization. This is of particular interest to us since

we were interested in investigating if all such minima lead

to realistic physiological response properties.

To specifically consider this question, we ran the op-

timization over 300 times using an ensemble of natural

images (standard images popular in image processing com-

munity, including baboon, einstein, lena, boat and etc. and

also reportedly used in [1]). We solve for the optimal

parameters numerically using conjugate gradient descent

[12]. The weights, w ji, are constrained to be positive to

avoid numerical instability in optimization convergence [1].

Convergence of the optimization is reached when one of the

six stopping criteria is reached (for details, see MATLAB

help for fmincon). We save all the local minima as candi-

dates for a sensible optimization result. Given the optimized

parameters, we used drifting sinusoidal grating to investigate

the response properties. There are three criteria we employed

to judge whether a local minimum results in a a reasonable

solution: 1) orientation tuning, 2) size tuning and 3) contrast

dependency.

All the neurons for all optimization runs showed reason-

able orientation tuning and size tuning (surround suppres-

sion). However not all neurons showed realistic contrast de-

pendence. Based on these results we divided our neurons into

two groups: contrast-dependent (244 neurons who passed all

three criteria) and contrast-independent (133 neurons who

only passed the first two criteria).

For neurons that showed contrast dependence we further

investigated the relationship between the value of the ob-

jective function and metrics for two extraclassical response

properties (surround suppression and contrast-dependent re-

ceptive field growth). We looked at the distribution of re-

ceptive field size at both high contrast r f + and low contrast

r f−, similarly surround size at high contrast rs+ and at low

contrast rs−. Receptive field size r f is computed as the

aperture size where the neural response reaches 99% of its

maximum, while surround size rs is computed as the aperture

size where the neural response reaches 99% of its minimum.

The surround suppression index, which represents the

degree of suppression, is given by Eqn. 6. fmax is the

maximum of size tuning, f∞ is the neural response at the

maximum aperture size in experiment, f0 is the neural

response at zero aperture size for stimulus.

SI =
fmax − f∞

fmax − f0
. (6)

The growth index, which describes the contrast depen-

dency of neural response, is defined by the ratio of receptive

field size / surround size at low contrast (0.06) and that of

high contrast (0.25).

GIf =
r f−
r f +

,GIs =
rs−
rs+

, (7)
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Fig. 1. A typical neuron, before and after optimization. This neuron shows
orientation tuning (A) and surround suppression (B) before optimization,
though the firing rate is very low compared with experimental data. After
optimization, this neuron shows reasonable orientation tuning (C) and
surround suppression (D). The low contrast receptive field growth (though
very small in this example) emerges only after optimization. Squares are
for high contrast stimuli, circles for low contrast.

where GIf represents the growth index for receptive field

size, while GIs denotes the growth index for surround size.

III. RESULTS

Figure 1 shows responses of a neuron before and af-

ter optimization. Note that after optimization, the neuron

shows orientation tuning, surround suppression and contrast-

dependent receptive field growth. The orientation tuning and

surround suppression are present even before optimization,

though contrast-dependent receptive field size emerges only

after optimization. This cell represents one of the cells that

meets all three criteria described in the Methods section and

thus is part of our further analysis (which we will refer to

as our sample).

Figure 2 plots the value of the optimization function

at convergence, for those cells satisfying all three criteria,

against the two extraclassical response metrics we consider,

growth index and suppression index. For the growth index

we see three main states. For minima with larger values of

the objective function we see no significant receptive field

growth. At minima with lower values we see a transition to a

state where growth is between 1.1 and 1.2. For local minima

with the lowest objective function values, we see the greatest

diversity, with some neurons with growth ratios up to 1.4,

while others which in fact have growth ratios less than one

(receptive field size reduces at low contrast). In terms of

the suppression index, interesting is a systematic positive

correlation between the suppression index and the value

of the objective function. Thus for more optimal solutions

(lower values of objective function) the surround suppression

is negligible.

A B

Fig. 2. (A) Objective function versus the growth index. The minimization of
the objective function states the maximum independence among cortical cell
responses. These are 21 neurons that meet all three criteria. Clearly, there
is a zone with an objective function value in 82000− 90000 that results
in receptive field growth. (B) Objective function versus the surround index
(SI). A strong correlation between the objective function and surround index
is shown. The greater the objective function (meaning cortical neurons are
less independent), the greater the degree of surround suppression.

Distributions of the receptive field size, surround size, to-

gether with suppression index and growth index, are shown in

Figure 3. The distribution of suppression index is somewhat

consistent with experimental data, with mean values close to

what is seen experimentally (0.38 see [14]). However note

that most of the distribution greater than 0.5 is due to local

minima with objective function values significantly greater

than 85000 (i.e. less redundancy reduction). Growth index

values at low contrast are significantly less than what is seen

experimentally and in other models, ([15], [6]). Finally we

see a systematic dependence of the suppression index on

contrast for our sample cells (see Figure 4), which is not

consistent with experimental or other modeling data.

IV. DISCUSSION

The question of what is the information processing ob-

jective of early visual processing has been open since the

the visual system became of interest for study. The focus of

this paper has been to study whether a redundancy reduction

objective is in fact consistent with experimentally observed

physiological data. The nonlinear nature of the objective

function creates multiple local minima in the optimization,

which corresponds to diversity of the neural responses. Even

though certain distributions for the population responses

appear reasonable (surround index), details of the response

properties are not consistent with experimental data. One

important observation is that a neuron that agrees mostly with

neurophysiological data does not correspond to the lowest

objective function (meaning the most redundancy reduction).

This suggests that there are other important optimization

dimensions and/or biological constraints in the cortex cod-

ing strategy. It is possible that redundancy reduction is an

attractive strategy in terms of information transmission, but

well might not be the ultimate coding strategy for the cortex.

Structures in the natural images, such as edge, might be

distorted using a redundancy reduction coding strategy.

The model makes several assumptions that need to be fur-

ther investigated. The Gaussian formulation for the marginal

4993



A B

C D

Fig. 3. (A) Distribution of receptive field size at low contrast (filled)
with a mean of 6.38o, and at high contrast (white) with a mean of 6o. (B)
Distribution of surround size at low contrast (filled) with a mean of 12.24o

and at high contrast (white) with a mean of 11.95o. (C) Distribution of
surround index at low contrast (filled) with a mean of 0.40, and at high
contrast (white) with a mean of 0.25. (D) Distribution of growth index for
receptive field size (white) with a mean of 1.07, and for surround size (filled)
with a mean of 1.02.
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Fig. 4. Surround index as a function of contrast for the divisive normaliza-
tion model. Clearly there is a very strong functional relationship between
SI and contrast, which contradicts experimental data [13].

distribution is an approximate one, and only the “bowtie”

dependency is considered in the model. The feedforward

architecture also limits the dynamics of the model, let alone

the redundancy removal is actually taken place between Ri
and L j, which might be an approximation that results in

a different optimization direction than would be seen in

“pure” redundancy reduction. Finally, the model only consid-

ers steady state visual responses, without time dependence.

These assumptions might obscure other integral factors of an

objective leading to an optimal coding strategy.
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