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Sensitivity analysis of a model of the cardiovascular system

Franz Kappel and Jerry Batzel

Abstract—In this paper we consider the sensitivity analysis
of a model of the cardiovascular system (CVS) simulating the
transition to aerobic exercise and where the control for the
system is implemented via an optimal control. Classical and
generalized sensitivity analysis are discussed and compared and
their application to the CVS model is analyzed.

I. INTRODUCTION

The cardiovascular system (CVS) includes a significant
number of interacting control loops that serve to stabilize or
appropriately adjust the CVS under a variety of conditions.
Quantitative modeling of the CVS has been carried out to
understand these interactions over the last several decades.
At two modeling poles we could consider the early and com-
prehensive model of A. C. Guyton et al. [4] in comparison
to the simpler model presented by F. S. Grodins [3]. On
the one hand, the Guyton model exhibits multiple aspects of
cardiovascular control interaction but is so complex as to be
essentially unusable for application to individuals especially
in the clinical setting. On the other hand, the Grodins model
template has been adapted to model particular aspects of
cardiovascular control and used to fit individual data [5].
However, these models are not generally speaking, complex
enough to capture significant interactions of the various
cardiovascular control loops.

To devise models of sufficient complexity that are at the
same time applicable to clinical settings it s necessary to
address several issues:

e Models of sufficient complexity involve a significant
number of parameters which thus renders the inverse
problem of parameter identification difficult.

o The restricted number of non-invasively measurable
CVS quantities (such as blood pressure and heart rate)
further complicates the parameter estimation problem.

o Individuals vary widely in the relative responses of
available control mechanisms, rendering an appeal to
general tendencies difficult. For example, cardiac out-
put can be varied either by changes in heart rate or
contractility or both and individuals vary with respect
to the relative activation of these elements.

The appearance of new techniques and methods are con-
tributing to making the above listed issues more easily
addressed. Biomedical measurements are continuously being
devised to expand the accessibility and quality of measure-
ments of physiological values and expanding computational
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power and numerical algorithm efficiency allow for more
complex problems. Generalized sensitivity analysis (GSA)
represents a method for discerning which data (and what time
intervals) will have the greatest influence on the process of
parameter identification for a model.

Sensitivity analysis

a) Classical sensitivities: Let the variable y = y(x) for
x € D, where D is some open interval and y is differentiable
on D. Let g € D be given and assume that xg # 0, yg =
y(zo) # 0. Corresponding to Az with xg + Az € D we
define Ay = y(xo + Az) — y(xo) and consider the relative
errors Az /xo and Ay/yo. The sensitivity oy 5 (x0) of y with
respect to x at zq is defined as:

- Ay/yo
= 1 =
7y.2(%0) Armo Ax/xzg Yo

_@/(

Y (20). (D

From the definition of oy, it easily follows that oy, is
invariant under change of units in x or y.

In order to decide how a model’s parameters should be
determined via parameter estimation, sensitivities of model
outputs can be studied with respect to changes in the pa-
rameters. It is important to base such decisions on relative
sensitivities as defined above and not on the derivatives of
the measured outputs with respect to the parameters as the
latter may lead to wrong conclusions regarding the degree
of dependence on the various parameters.

b) Generalized sensitivities:  Generalize sensitivity
functions (GSF) as introduced in [7] provide information
on the relevance of measurements of output variables of a
system for the identification of certain parameters. That is to
say, using GSF one can describe the sensitivity of parameter
estimates with respect to measurements. For a single output
system where the output of the model is given by

y(t) = f(t,9),

where 6 = col(61, .. .,0,) is the vector of model parameters
and f is a sufficiently smooth function. At times 0 < t; <
.-+ < tpr < T we have measurements &y corresponding to
the model outputs y(t;), k =1,..., M. We assume that the
measurements have the form

0<t<T, )

§k = 2(tk) + ek,

where z(t), 0 < ¢t < T, is the ‘true’ output of the system
and e is the measurement noise for the measurement &j.
We impose the following conditions on the eg’s:

k=1,...,M,

(i) ex has zero mean, k=1,..., M.
(i) The ey’s are identically distributed.
(iii) The variance o7 of ey, is not dependent on 6.
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A generalized sensitivity function g¢;(tx,) with respect
to the parameter 0, at the time instant tg, for ¢ in a
neighborhood of 6 is given by (see [7])

ko 1 g, M 4 . .
9i(tk,) :Z — ((ZQ(Vef(tj,e)) Vef(tjﬁ))
=1 %k j:la' (3)

X (ng(tk,e))T) (Vof(t.0)),-

K3

Generalized sensitivities (GS) can provide at least two
useful types of information in regards to the dependence
of parameter estimates on the measurements of an output
variable:

i) Information on the correlation between parameters with
respect to measurements for a specific output variable
of the system. Oscillatory and non-monotonic behavior
of the generalized sensitivities indicates a strong cor-
relation between the parameters, while a more or less
monotonic increase of the GSF from 0 to 1 indicates
little correlation between the parameters.

ii) If the GSF for a parameter is monotonically increasing,
then those measurements taken in that time interval
where the GSF essentially increases from O to 1 provide
all the information on the parameter.

II. MODEL

The CVS model we will consider is depicted in the block
diagram of Figure 1. The cardiovascular model is divided
into pulmonary and systemic vascular circuits each of which
is further subdivided into an arterial and a venous part
resulting in four compartments for the model. Each com-
partment is considered to be a vessel with compliant walls,
exhibiting no resistance to blood flow and characterized
by the pressure in the vessel, which then determines the
blood volume for that vessel. Resistance vessels representing
muscle tissue and other organs in case of the systemic circuit
and the alveolar region in case of the pulmonary circuit
connect the arterial and venous compartments. The systemic
venous compartment is connected to the pulmonary arterial
compartments via the right ventricle, while the pulmonary
venous and systemic arterial compartments are connected by
the left ventricle. For simplicity, the atria are viewed as part
of the related venous compartments. Pulsatile flow is not
included given the time frame for transition to exercise. Thus
mean values of quantities over one heart cycle are presented.

A. Basic model equations

The following notation is employed: The subscripts ‘a’,
‘v’, refer to ‘arterial’ and ‘venous’,respectively, while the
subscripts ‘s’ and ‘p’ stand for ‘systemic’ and ‘pulmonary’,
respectively. The subscripts ‘¢’ and ‘r’ indicate left and the
right hearts, respectively.

We associate a pressure P and a volume V of blood
for each compartment. The pressure-volume relation of each
compartment vessel is assumed to be linear (unstressed
volume is not considered). Hence the compliance values will

be compromise values (see [3]).

The cardiac output ()., generated by a ventricle, is given
by
Qco =H ‘/;tr7 (4)

where H denotes the heart rate and V, the stroke volume.

The systemic blood flow Fj through the peripheral resis-
tance region of the systemic circuit R and the pulmonary
flow Fj, through the pulmonary circuit resistance R, are
determined by a form of Ohm’s law:

1 1

F, = ES(Pas —P,) and F, = E(Pap —Pyp). (5
The rate of change V for the volume V in a compartment

is the difference between the flow into and the flow out of
the compartment. We obtain the following equations for the

four compartments ([3],see also [1]):
caspas = QZ - Fsa CVSPVS = F@ - Qr7
Cappap:Qr_pr Cvavp:Fp_QZ-

Assuming constant total blood volume Vi over the transition
times we consider, the above equations imply

(6)

Cas Pas + Cys Pys + Capf)ap + CVpPVp = Viot- (7N
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Fig. 1. Block-diagram of the basic cardiovascular model.

For derivation of the expressions for the left and right
ventricular outputs, the reader is referred to the in depth
discussion given in [5] (see also [1]). Ventricular output is
determined by the product of stroke volume Vi, and H, as
expressed in (4). The formula for Vi, is given as

CvapaZ(H)f(SZa Pds)

V;r - 5 8
0= @ (H) P + ke (H)F (St P ©
where
k(H) = e~ (Rt and  q(H) =1— k(H),
£(S, P) = min(S, P),s >0, ©)
1 1
td(H) = H1/2 <H1/2 - H)a
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where & is in the range of 0.04 — 0.05, and f(.S, P) assures
that ventricular stroke volume cannot exceed end-diastolic
volume (see [5] or [1]). Vi is formed by replacing P,s with
P,,, Py, with Py, and "¢’ with ’r’.

Equations (6), together with the auxiliary equations de-
scribed above, determine a nonlinear system of four ordinary
differential equations, reflecting the essential features of
the Grodins’ formulation of the mechanical part of the
cardiovascular system. The constraint imposed by (7), defines
for a given Vg, Cas, Cys, Cap and cyp a hyperplane in R*, which
is invariant for the above described differential equations (6).
We can use equation (7) to express one of the pressures in
terms of the other pressures.

B. Control features of the model

We must include control features to respond to perturba-
tions or stresses. These controls include the regulation of H,
the contractilities of the ventricles, and aspects of control of
vascular resistances. We will describe the construction of a
feedback control, which regulates H in response to arterial
systemic pressure (baroreflex). We will also assume that the
ventricular contractilities vary according to variations in the
heart rate. In the ergometric stress context, contractilities
of the ventricles are increased or decreased in the same
direction as heart rate by at least by sympathetic activity
and perhaps other mechanisms such as the Bowditch effect.
Since in the basic model we do not model sympathetic and
parasympathetic activities directly, we model the variations
of the contractilities by the following system of differential
equations (see [5] or [1]):

SgZO'g, d@z—agSz—7£U£+5ZHa
. _arSr - 'Yro'r + ﬁrH7

where oy, B¢, Ve, &, B and 7y, are positive constants.

Systemic resistance is also changed by global autonomic
and local effects. For the purpose of ergometric exercise,
we consider the local metabolic control on resistance to
dominate. This local control acts to increase blood flow to
a tissue region when increased Oy demand. We can express
this following [6]:

(10)

Sy = oy, Oy =

Rs - ApeskCV,Oga (1 1)

where Apeq is a positive constant and C\ o, is the concen-
tration of Oy in the venous blood in the capillary region.
Let Mt be the metabolic rate for the tissue region, which
is partially satisfied by the Oy supply provided by the
blood flow in the tissue region and partially by anaerobic
biochemical reactions providing an energy flow M}, which
we assume to be dependent on the rate of change of C\,,
d
dt
where C, 0, is the concentration of Oy in the arterial blood,
which is assumed to be constant, and K > (0 is some
constant. Differentiating (11) and using equations (8) and
(12) we obtain the following differential equation for Ry:

R = g (Aea (B2 Cuo, =) ~(Ra-P)) . (13)

My = F(Cyo, — Cvo,) + My, My =-K —C,o,, (12)
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In order to model the response of the cardiovascular
system to a constant ergometric workload W imposed on
a test person on a bicycle ergometer starting at time ¢ = 0
we use an empirical formula for the resulting metabolic rate
My, Mt = My+ pW, where M is the metabolic rate in the
systemic tissue region corresponding to zero workload and
p is a positive constant.

As already stated above we assume that the baroreceptor
loop is modeled by designing a feedback law which controls
the heart rate. Thus we add the equation

H = u(t). (14)

Thus our model for the cardiovascular system consists of
Grodins’ model system equations (6), together with equa-
tions (10) for the contractilities, equation (13) modeling the
local metabolic control process and equation (14) describing
the control influence. This gives a system of ordinary differ-
ential equations in R'? which leaves the hyperplane given
by (7) invariant.

The control wu(t) in equation (14) represents the arterial
baroreceptor loop which measures and responds to P,. In
particular, we consider a situation where the cardiovascular
system transitions from the equilibrium state 7™ corre-
sponding to zero workload, Mt = M{“‘ = My, to the
equilibrium state £ corresponding to the imposed constant
workload W', My = MF" = My + pW . The control
u(t) is chosen such that the quadratic cost functional

J(u(-),2™) = /Ooo(qfi(Pas(t) = PR’ +u(t)?) dt (15)

is minimized, where Pj(t) is the first component of the
solution z(t) of the model system with initial condition
z(0) = 2™ and W = W The positive constant g2 is
a weighting factor. The cost functional penalizes deviations
of the arterial systemic pressure from the equilibrium value
and large values of the control function, i.e., of H (t). That
only the first component P, of the state vector enters the cost
functional reflects the assumption that only this component
is sensed in the system.

Considering the linearized system about the equilibrium
state £°*", the control that stabilizes the system is given by
a linear feedback law:

w(t) = K(z*(t) — 2°), ¢ >0, (16)

where K is obtained via the Riccati matrix equation. This
feedback law provides the optimal control for the linearized
system &(t) = A(z(t) — %) + Bu(t) minimizing the cost
functional (15) among all u € L?(0, oo; R). For the nonlinear
system, u*(t) given by (16) (now z*(t) being the solution
of the closed loop system & = F(x(t),p, W, K (z* —
%), x(0) = 2™%) is also a stabilizing control provided
that ||z*(¢) — || and |u*(¢)| are small enough.

III. THE BiICYCLE ERGOMETER TEST

The goal of the modeling process described above is to
simulate the response of the CVS to a constant ergometric
workload especially in regards to the role played by the



baroreceptor loop. In the following we present some results
of the sensitivity analysis we performed using data which
were obtained from bicycle ergometer tests with test persons
in upright sitting position. In these tests, data recordings be-
gan 10 minutes before the exercise phase started. The work-
load W for the exercise phase, lasting also for 10 minutes,
was constant. In order to meet the assumptions of the model-
ing process, a rather low workload was chosen of 75 Watts.
Measurements for H and P, were made with an Ohmeda
2300 Finapress Continuous N.I.B.P. At a later stage of the
study we also obtained measurements for the cardiac output
Q¢ of the left ventricle using Doppler-echocardiography.
With the echocardiographic system Vingmed CFM 800 we
obtained measurements every 30 seconds on the average.

IV. RESULTS

In this section we present a few of the numerous sensitivity
investigations. Figures 2 and 3 show that one has to consider
sensitivities and not just derivatives in order to determine
which parameters have more influence on the dynamics of
the system than others. According to the sensitivities of Py
with respect to the compliances of the four compartments, it
is cys which has the strongest influence on P,s and not cy
as could be concluded from the derivatives.
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Fig. 2. Derivatives of Py with respect to cas, Cvs, Cap and cyp.
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Fig. 3. Sensitivities of Ps with respect to cas, Cys, Cap and cyp.

From Figure 4 we see that the dependence of the para-
meters vy, ¥, and K (compare equations (10) respectively
(13)) on the measurements for P,s are rather uncorrelated.
Furthermore, we see that for K only measurements for P

up to approximately 1% minutes are of relevance, whereas
for v, and 7, measurements up to 5 minutes are relevant.

Figure 5 show that information for -, and 7, contained
in the measurements for H are rather strongly correlated,
whereas the information for K is independent from the
information on ~, and ~,. It follows also that measurements
for H beyond 3 minutes carry not much information for all
of these parameters.
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Fig. 4. Generalized sensitivities for ,, 7+ and K with respect to
measurements for Pig.
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Fig. 5. Generalized sensitivities for v,, 7+ and K with respect to
measurements for H.
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