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Abstract— Computational modeling and simulation
can provide important insights into the electrical and
electrophysiological properties of cells, tissues, and or-
gans. Commonly, the modeling is based on Maxwell’s
and Poisson’s equations for electromagnetic and elec-
tric fields, respectively, and numerical techniques are
applied for field calculation such as the finite ele-
ment and finite differences methods. Focus of this
work are finite element methods, which are based on
an element-wise discretization of the spatial domain.
These methods can be classified on the element’s ge-
ometry, e.g. triangles, tetrahedrons and hexahedrons,
and the underlying interpolation functions, e.g. poly-
nomials of various order.

Aim of this work is to describe finite element-
based approaches and their application to extend
the problem-solving environment SCIRun/BioPSE.
Finite elements of various types were integrated and
methods for interpolation and integration were im-
plemented. General methods for creation of finite el-
ement system matrices and boundary conditions were
incorporated. The extension provides flexible means
for geometric modeling, physical simulation, and vi-
sualization with particular application in solving bio-
electric field problems.

Keywords— Finite element method, bioelectricity,
SCIRun, Poisson equation,

I. INTRODUCTION

Electrical activity in biological tissue can be de-
scribed with Maxwell’s and Poisson’s equations for
electromagnetic and electric fields, respectively. Var-
ious analytical and numerical techniques have been
developed to solve the underlying systems of partial
differential equations. Commonly, finite element, fi-
nite difference or boundary element methods are em-
ployed for numerical solution. Each of these methods
necessitates interpolation schemes, which are ma-
jor determinants for accuracy and computational de-
mands of field calculations.

The finite element methods are based on inter-
polation of the solution field inside of an element.
Mostly, the interpolation is defined by so-called ba-
sis or shape-functions [1], [2], [3]. A large family of
interpolation schemes is based on polynomial func-
tions. Typically, polynomials of order one to three
are used for electrical field problems and the number
of polynomial coefficients corresponds to the num-
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ber of node variables describing the finite element.
Higher order elements provide enhanced freedom to
describe the solution function and thus will generally
improve the accuracy of a solution, but increase or-
ganizational complexity and computational demands
of the solution process.

In this work finite element-based approaches were
applied to extend the problem-solving environment
SCIRun/BioPSE. The software was developed to
support geometric modeling, simulation, and visual-
ization for solving bioelectric field problems [4], [5].
The extension provides means to solve these tasks in
meshes of various element types, interpolation func-
tions and spatial dimension.

II. METHODOLOGY
A. Stationary Electrical Current Fields

Stationary electrical current fields can be de-
scribed with Poisson’s equation, which is a simpli-
fication of the more general Maxwell’s equations for
electro-magnetic fields. The equation quantifies the
flow of current in materials owning electrical conduc-
tivity. A detailed description of the applicability of
Poisson’s in biological materials is given in [6].

Poisson’s equation for stationary current fields is
a partial differential equation:

V- (6V¢)=finQ (1)

with the scalar potential ¢, the conductivity tensor
o, the scalar current source density f, and the spatial
domain 2. Commonly, the conductivity tensor o is
of 0-th or 2nd order. Boundary conditions are added
to solve the equation, e.g. Dirichlet and Neumann
boundary conditions.

Eqn. 1 can be transformed to an equivalent inte-
gral representation [2], [7], describing the electrical
power II in a unit domain ¢ with the Jacobian of
the coordinate transformation J:

= [ (G o) T @)

B. Finite Element Methods

The ideas underlying finite element methods were
introduced with the classical work of Ritz and
Galerkin. Commonly, the first step of application of
finite element methods is a subdivision of the spatial
domain € into finite elements. The solution func-
tion, i.e. the electrical potential ¢, is interpolated
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within the element by shape-functions H, which are
selected dependent on the element’s geometry as well
as the order and type of interpolation. In the domain
Q0™ of the m-th element, the solution function ¢ is
approximated by:

o=H"T ¢™ 3)

with the N-dimensional vector of node variables
q,’)(m). Commonly, these node variables describe the
solution function at node points. This assumption

leads to requirements for the shape-functions Hi(m)
(m),

i

determining their values at the node points

(m)
(m) 1 z=ux
H; = 4

A further, pragmatic requirement is, that the sum
of the shape-functions Hi(m) at an arbitrary point is

given by:
N

S H™ (@) =1 (5)
i=1

In some cases spatial derivatives of the solution
function enhance the description at node points,
which allows to assure continuity of the interpolated
function and to directly apply Neumann-type bound-
ary conditions. Commonly, the attributed shape-
functions also fulfill eqn. 4. Different kinds of con-
tinuity of the interpolated function at the element
interfaces can be provided depending on the order
of derivatives given at node points. Lagrangian el-
ements, which include no derivatives, guarantee Cy
continuity. N-th order Hermitian elements provide
C,, continuity. The nodal concept can be extended
by defining variables at edge, face and element level
in combination with suitable shape-functions.

The following deviation illustrates the application
of the finite element method to solve Poisson’s equa-
tions for electrical current fields. Similar approaches
apply to solve other physical field problems, e.g. in
mechanics and optics. Solving electrical field prob-
lems as described by (2) necessitates knowledge con-
cerning the gradient of the potential V¢. Spatial
derivation of (3) delivers this gradient:

Vo=V (H(m)T¢(m)) — (VH(m)T) ¢(M) (6)
with the gradient of the shape-function’s vector
VH™.

The element-wise definition of (2) and combination
with (3) and (6) leads to:

1 m m m
H<m>:/ (5 (S H T (5 HO T )
Qo

+f HM™T o™y 7 dayg (7)

with the transformed gradient operator V5 = J 1V
and the Jacobian matrix J. In a similar manner,

conductivity o and current source density f can be
interpolated inside of an element.

For each element a system of linear equations is
created by derivation of eqn. 7 concerning the node
variables. Unknowns of this system are the node
variables, i.e. the description of the solution function
at node points. Finally, the element-wise equations
are assembled into the system equations, boundary
conditions are incorporated and the system is solved
with numerical techniques, e.g. conjugate gradient
and multigrid methods.

C. Implementation

The source code of SCIRun/BioPSE includes C++
classes for describing meshes and fields, which are ap-
plied for management and visualization of geometri-
cal and physical models. Meshes serve for topological
organization of the elements. A template parameter
of the mesh classes allows specification of an inter-
polation basis class. Each field class is derived from
a mesh class and includes a single data collection.
Field classes are templated on these two parame-
ters. Similar to the concepts employed by the C++
Standard Template Library [8], the classes fields and
meshes were designed to allow general algorithm cod-
ing composition.

Sixteen different mesh classes support the mesh
concept in the SCIRun/BioPSE framework. These
implement very different topologies and dimensions.
The classes describe structured to partially struc-
tured to unstructured meshes. Examples of these
mesh classes are a LatVol class describing a regular
lattice of hexahedral elements, and a Tet Vol class de-
scribing unstructured tetrahedral mesh whose node
positions and connectivity are stored explicitly. In all
cases the mesh handles the topology. A field owns
both a mesh and a set of data that is specified to
exist at nodes, edges, faces, and/or cell centers.

Interpolation basis classes have a template param-
eter that describes the type of values interpolated
within the elements. In the case of meshes, the pa-
rameter is typically a class describing points. For
fields, the parameter is commonly of type scalar, vec-
tor, or tensor, depending on the type of physical field.
Interpolation basis classes provide methods to inter-
polate values and first order derivatives, determining
the parametric coordinates of a point, piecewise lin-
ear approximate edges and faces for an element, as
well as interface to get the shape function values sep-
arately for a given coordinate for interpolation and
first derivative. The interpolation basis class stores
additional data required to support the basis func-
tions, apart from the data meshes or fields store,
like derivatives for example. The interpolation ba-
sis has no information concerning the field or mesh
that owns them, but needs to know values stored in
these in order to interpolate values.

An interpolation basis concept defines the role of
the interpolation basis classes within interaction of
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TABLE 1
IMPLEMENTED ELEMENT TYPES AND INTERPOLATION FUNCTIONS

| Type | Dimension | Interpolation functions
Curve 1 Linear and quadratic Lagrangian, cubic Hermitian
Triangle 2 Linear and quadratic Lagrangian, cubic Hermitian
Quad 2 Bilinear and biquadratic Lagrangian, bicubic Hermitian
Tetrahedron 3 Linear and quadratic Lagrangian, cubic Hermitian
Prism 3 Bilinear and biquadratic Lagrangian, bicubic Hermitian
Tetrahedron 3 Trilinear and triquadratic Lagrangian, tricubic Hermitian with scale factors

the field, mesh, and interpolation basis classes. This
interaction allows for generic algorithms to be com-
piled for specific combination of the field, mesh, and
interpolation basis classes. Appendix A gives an ex-
ample of a general algorithm for interpolating a value
at a given point in space.

Responsibility for how data changes within an ele-
ment is determined in the interpolation classes. Sim-
ilarly, a template parameter describes the interpola-
tion basis in the fields classes. Fields can have an
interpolation basis that differs from the mesh.

D. Analytical Derivation of Interpolation Functions

Interpolation functions were derived by solving the
following equation system for the various element
and interpolation types:

o™ = P(x{™) 8)

with the polynomial P with unknown coefficients,
the i-th node value gzﬁl(-m), and the i-th point a:l(-m).
The coefficients of the polynomial P were determined
by symbolic evaluation. Reordering of the solution
yields the shape-functions Hi(m). An exemplary im-
plementation for derivation of an one-dimensional in-
terpolation function is given in Appendix B.

III. RESULTS

The SCIRun/BioPSE software framework was ex-
tended by introducing finite element approaches. A
variety of interpolation basis classes for one- to three-
dimensional interpolation of Lagrangian and Hermi-
tian type were developed (Tab. I). The classes are
applied as template parameters for meshes and fields.
Additionally, methods for efficient interaction with
and visualization of finite elements meshes were im-
plemented.

Several methods were implemented which provide
a basis for setting up and solving complex finite el-
ement models. Particularly, efficient methods were
developed to calculate first order derivatives and Ja-
cobians, which are fundamental for computing sys-
tem matrices in bioelectrical field problems. Inde-
pendent of the element type, field values and first
order derivatives can be interpolated, e.g. at Gaus-
sian points for numerical integration.

An example of the meshes that were generated
with the software is depicted in figure 1. The figure

shows a model of the heart described by a tricubic
Hermitian hexahedral mesh.

IV. DiscussioN AND CONCLUSION

We presented a software framework based on fi-
nite elements to solve problems of bioelectricity. The
framework can be applied in forward calculations,
where the distribution of potentials is determined
from electrical sources, e.g. currents in the heart.

The software framework extends the current capa-
bilities of SCIRun/BioPSE in such a manner that ba-
sis interpolation functions can be assigned to meshes
and fields.

The software framework supports not only the
frequently applied isoparametric elements, but also
combinations of different interpolation types for ge-
ometry and fields, e.g. low order geometrical interpo-
lation and high order field interpolation. The frame-
work simplifies the modeling and solution processes
of problems in bioelectricity due its general interface.

This design for the addition of finite-element ba-
sis functions in SCIRun maintains the generality of
the previous design of SCIRun fields and meshes.
The framework allows users to create their own ba-
sis classes and use them within existing SCIRun field
and mesh classes.

V. APPENDIX

A. Ezxzemplary General Algorithm

template <class FLD>

void interpolate(typename FLD::value_type &val,
Point p,
typename FLD::handle_type £1d)

typedef typename FLD::mesh_type Msh;
typename FLD::mesh_handle_type

mh = fld->get_typed_mesh();
typename Msh::Elem::index_type ei;

// Find element that holds point p
mh->locate(ei, p);

// This vector of double accomodates any dimension
vector<double> coords(
Msh::basis_type::domain_dimension(), .OL);

// Find the local coordinates within the element
mh->get_coords(coords, p, ei);

// Calculate the field value at the local coordinate
fld->interpolate(val, coords, ei);
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Fig. 1. Visualization of cardiac ventricles from (a) frontal,
(b) apical, and (c) basal. The ventricles are described by
a tricubic Hermitian hexahedron mesh with scale factors.

B. Ezemplary Derivation of Interpolation Functions

Interpolation functions were derived with Math-
ematica [9]. A script for derivation of an one-
dimensional cubic Hermitian interpolation based on
a cubic polynomial for an one-dimensional curve is
described in the following. The script produces C++
code.
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dim = 2;

XY = {0, 1};

phi - Table[phiv[i]. {i. 1. dim}]:
gradphi = Table[ex[i]. {i. 1. dim}]:
c =Table[cv[i]. {i. 1. dim~ 2}]:
fIx_] :=c.{1.x. x~2, £~3}:

fx[x_ ] :=D[f[xx]. xx] /. xXT = X
A =Table[{
E[ZT[[1]1]1] -- phi[[i]].
Lx[XT[[1]1]1] -- gradphi[[i]]
}. {i. 1. dim}]:
A=Flatten[A]:
Subst = Solve[A. c]:

Shapefunctions = Table[{
CoefficientList[f[x] /. Subst.
phi[[i]]1] [[111[[21]1.
CoefficientList[f[x] /. Subst.
gradphi[[i]111[[1]11[[2]1]
b {i. 1. 2}]:
Shapefunctions = Flatten[Shapefunctions]:
HatrizForm[S5implify[X]]
CForm[X]

-1+x)% (1+23)
(-1 +x)% x
(F-2x) ¥
(-1+%) 2°

List(Power{-1 + x.23*%({1 + Z#%x) Power(-1 + x.2)%x (3 -
Z¥x)*¥FPowerix.2), (-1 + x)¥Power{x.2)}

ShapefunctionsDerivatives =
Table[D[Shapefunctions[[i]]. {x}[[711].

{i. 1. dim«2}, {J. 1. 1}]:
HatrizxForm[5implify[ShapefunctionsDerivatives]]
CForm[X]

6 (-1+x)x
1-4x+3x°
-6 (-1+x) %
¥ (-2+3x)

List(List(6%(-1 + x)*x) Listil - 4%x +
3¥Powerix. 21}, List(-6%({-1 + xi*x) List{x*(-2 + 3%x)))
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