
 

Abstract—Digital lock-in detection provides spectroscopic 
and imaging instruments a means of measuring physical 
quantities with improved signal to noise ratios compared to 
analogue detection schemes.  We introduce a digital lock-in 
detection algorithm for measuring the amplitude and phase of 
multiple amplitude modulated signals simultaneously by using 
particular modulation and sampling constraints and averaging 
filters.  The technique exhibits exceptional reduction in both 
noise and inter-source distortion.  It is shown that the digital 
lock-in technique can be performed as a simple matrix 
multiplication in order to reduce computation time.  The digital 
lock-in algorithm is described and analyzed under certain 
sampling and modulation conditions.  Results are shown for 
experimental data. 

I. INTRODUCTION

igital lock-in detection [1-6] is utilized in the 
measurement systems for a wide range of applications.  

Specific examples are instrumentation for optical 
spectroscopy [7, 8], diffuse optical tomography [9], 
electrical impedance spectroscopy [10], and electrical 
impedance tomography [11].  Instruments for these 
applications often require the simultaneous measurement of 
signals from multiple amplitude-modulated sources [12].  
Signals often suffer from low signal-to-noise ratios (SNRs) 
and different modulation frequencies often interfere with 
each other.  In this paper we introduce a digital lock-in 
detection technique that has features that are ideal for 
working with multiple modulation frequencies 
simultaneously.   This paper begins with the details of digital 
lock-in detection for the multiple frequency case.  Next, we 
show that if one uses a mean filter and installs certain 
constraints on sampling and modulation frequencies, then the 
digital lock-in detection technique will have certain qualities 
that are ideal for discriminating between sources at different 
modulation frequencies.  Finally, we will show an alternative 
way of formulating the digital lock-in technique that will 
allow for fast computation of amplitude and phase. 
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II. DIGITAL LOCK-IN DETECTION

A. Conventional Digital Lock-in 

A system diagram of a multiple modulation frequency 
digital lock-in detection system is shown in Fig 1.  We 
consider a source signal consisting of multiple modulation 
frequencies.  
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This source S(t), is input to some target that imposes a 
change in amplitude and a phase shift on the response which 
is sampled Ns times at rate fs to produce the discrete 
measured signal M[n]. 
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This discrete signal is sent to a computation unit that 
performs the digital lock-in algorithm.  The algorithm can be 
implemented in hardware on an application-specific 
integrated circuit (ASIC) or in software.  The first step in 
calculating the amplitude and phase at a given modulation 
frequency, fm, is to multiply the discrete signal by some 
discrete cosine and sine reference signals of the same 
frequency. 
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These reference signals can be measured or computed ahead 
of time and stored in memory.  For the technique being 
presented, they are stored in memory to allow for fast 
computation and so that they will be free of measurement 
noise.  The results of the multiplication are the so called “nn 
phase” and “quadrature” or I and Q signals. 
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The amplitude and phase can be calculated from the DC 
terms in Im[n] and Qm[n], which are passed through a 
lowpass filter in order to remove the higher order terms and 
yield Xm[n] and Ym[n]. 

[ ] [ ] [ ]nInhnX mLm ⊗=                         (7) 

[ ] [ ] [ ]nQnhnY mLm ⊗=                         (8) 

Xm[n] and Ym[n] will each consist of a DC term and higher 
frequency terms that will be attenuated by the lowpass filter.  
The objective of the lowpass filter is to eliminate these high-
frequency terms altogether and yield just the DC terms:  
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The amplitude Am and phase can be calculated by: 

[ ] [ ] [ ]22*2 nYnXnAm +=                 (11) 

[ ] [ ]
[ ]⎟

⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

−

nX

nY
nm

1tanϕ                    (12)  

B. Averaging filter  

It is well known that for white noise, the optimum lowpass 
FIR filter is the simple averaging filter which has equal 
coefficients at each of its Ns points [13].  
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The frequency response of the averaging filter is given by: 

( )

( )

s

s

f

fN
j

s

s

s

e

f

f

f

fN

fH

1

sin

sin −
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

=

π

π

π

               (14) 

As with any digital lowpass filter, the stop-band attenuation 
will be proportional to its time constant, Ns/fs, and the higher 
the sampling frequency the less high frequency noise aliases 
over into the pass-band.  For Ns larger than 10, the 
bandwidth is approximately .443fs/Ns.  For the averaging 
filter, random white noise on a discrete signal will be 
attenuated by the square root of the number of samples Ns.   
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Figure 2: Frequency response of a 20 point averaging filter which 
has zeros at multiples of fs/Ns. 

 The dc value computed by an averaging filter will not 
equal the true dc value.  As is evident by the frequency 
response of the 20 point averaging filter shown in Fig. 2, 
some AC frequency components will not be filtered out 
entirely and will distort the result.  This is a serious issue 
because the Im[n] and Qm[n] signals will contain many 
frequency components that will distort Xm[n] and Ym[n].  
One does observe, however, that the Ns point averaging filter 
has a response of zeros at integer multiples of fs/Ns which 
correspond to frequencies that are sampled for integer 
number of periods.  This advantageous property can be 
exploited with particular sampling constraints. 

C. Modulation and Sampling Constraints 

Xm[n] and Ym[n] can be freed from distortion from the 
other modulation frequencies by making sure that all of the 
AC terms in Im[n] and Qm[n] occur at frequencies at which 
the response of the averaging filter is zero.  This can be 
accomplished by constraining all of the modulation 
frequencies, fm, by: 
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where k is some integer.  In this way, all of the AC terms in 
Im[n] and Qm[n] will also be multiples of fs/Ns and will be 
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Figure 1: Diagram of digital lock-in detection hardware and 
algorithm to be implemented in the digital domain.  A source S(t) 
is modulated at frequencies f0 to fm and is input to a target.  A 
signal is measured M(t) by the sensor and then it is sampled into 
a discrete signal M[n] by the ADC.  The computation unit 
performs the digital lock-in algorithm and calculates the 
amplitude Am and phase φm. 
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filtered out completely by the averaging filter.  This is 
evident in Fig. 3 where signals from two modulation 
frequencies are shown along with how there corresponding 
Im[n] signals overlap with the frequency response of the 
averaging filter.  Notice that after modulation all of the AC 
terms are shifter to frequencies where the frequency response 
is zero.  For these unwanted frequencies to be filtered out 
completely, it is important that there is no error in 
modulation frequency relative to the sampling frequency.  
This can be assured, by running both the digital controller 
that triggers the ADC to sample and the circuitry that 
modulates the source, off of the same clock.  A constraint 
now arises between the modulation frequency and the 
number of clock cycles between sampling triggers: 
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D. Computation Issues 

Computation time for real-time digital lock-in detection of 
numerous channels at multiple modulation frequencies can 
become an issue. At first, it might appear computationally 
intensive.  However, the whole process of multiplying an Ns

point measurement with the Ns point reference signals and 
taking the average can be performed by the following simple 
matrix multiplications which can of implemented very 
efficiently. 
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Interestingly enough, the rows of the matrices correspond 
to rows of the real and imaginary parts of the DFT matrix 
that are needed to compute the DFT at that particular 
modulation frequency.  For computational units that allow 
efficient computation of complex numbers, the rows of the 
DFT matrix can be used directly. 

( )

( )

( )

[ ]
[ ]

[ ]
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

×

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

−

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −−

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −

s

f

Nfj

f

fj

f

Nfj

f

fj

f

Nfj

f

fj

s

N NM

M

M

ee

ee

ee

N
jYX

jYX

jYX

s

smN

s

mN

s

s

s

s

s

s

m

M

L

OMM

K

K

M

2

1

1

1

1

1

122

122

122

3

22

11
22

11

ππ

ππ

ππ

   (17) 

The amplitude and phase are then calculated as magnitude 
and angle of a complex number, resulting in the same 
equations as in (11) and (12).  

III. RESULTS

To test the algorithm, 2 light emitting diodes (LEDs) were 
amplitude modulated at frequencies of 5 kHz and 7 kHz to 
produce an amplitude of approximately 1.  The signal was 
measured by a photodetector with a transimpedance 
amplifier and the signal was sampled by an oscilloscope and 
saved into memory.  The sampling frequency fs was set to 50 
kHz and Ns = 100 samples were taken.  The digital lock-in 
algorithm was implemented in MATLAB on a PC with an 
AMD Athlon™ XP processor.  Fig. 4 shows measured 
signals (black) and signals that are reconstructed from 
calculated amplitude and phase (blue).  The lock-in 
algorithm was run on single and multiple modulation 
frequency data.  Fig. 4a shows a 5 kHz signal with an SNR 
of 11 and a calculated amplitude of 1.0016.   Fig. 4b shows a 
7 kHz signal with an SNR or 7.9 and a calculated amplitude 
of 1..  Fig. 4c shows the effectiveness of the algorithm with 
multiple frequencies at once.  The signals from Fig. 4a and 
Fig. 4b were added together with a resulting SNR is 6.5.  
The calculated amplitude 5 kHz signal is 1.00526 while the 
calculated amplitude and phase for the 7 kHz signal is 
0.9975.  These showed a variation with the single 
modulation data of only 0.37% and 0.3% which well below 
the noise level.   Also, the algorithm was tested in both the 
conventional multiply-and-take-the-mean form and the 
matrix multiplication form in (17) and (18).  The matrix 
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Figure 3: Frequency domain representation of DC (red), first 
frequency (f1) (blue) and second frequency (f2) (green) 
components before and after they have been multiplied by the 
reference to produce Im[n] signals.  Fig. 3a: Components of 
the original signal.  Fig. 3b: Components of the I1[n] signal 
due to multiplication with the first reference signal overlaid 
on the averaging filter frequency response.  Fig. 3c: 
Components of the I2[n] signal due to multiplication with the 
second reference signal overlaid on the averaging filter 
frequency response.  
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multiplication-method performed 200 times faster than the 
conventional method even though both yielded the exact 
same amplitude and phase results.  

IV. CONCLUSION

We presented a digital lock-in amplification detection 
scheme that is optimal for many applications, particularly 
biomedical spectroscopy and imaging.  The digital lock-in 
detection scheme utilizes sampling and modulation 
constraints and the unique frequency response of the 
averaging filter to provide excellent white-noise cancellation 
and source discrimination.  It was shown that the digital 
lock-in technique can measure the amplitude and phase at 
multiple frequencies without them distorting each other.  It 
was also shown that implementing the technique as a matrix 
multiplication yields a substantial increase in speed. 
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Figure 4: Shows measured signals (black) and signals that are 
synthesized from calculated amplitude and phase (blue).  Fig. 
4a shows the measured 5 kHz signal with the signal 
reconstructed from its amplitude and phase.  Fig. 4b shows 
the measured 7 kHz signal with the signal reconstructed from 
its amplitude and phase.  Fig. 4c shows the measured signal 
consisting of both a 5 kHz and 7 kHz signal along with the 
signal reconstructed from there respective calculated 
amplitudes and phase.
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