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Approximation Errors and Model Reduction in Optical Tomography
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Abstract— Model reduction is often required in optical
diffusion tomography (ODT), typically due to limited available
computation time or computer memory. In practice, this often
means that we are bound to use sparse meshes in the model
for the forward problem. Conversely, if we are given more and
more accurate measurements, we have to employ increasingly
accurate forward problem solvers in order to exploit the
information in the measurements. In this paper we apply
the approximation error theory to ODT. We show that if
the approximation errors are estimated and employed, it is
possible to use mesh densities that would be unacceptable with
a conventional measurement model.

I. INTRODUCTION

In optical diffusion tomography (ODT), a body 2 € R¢
(d = 2,3) with unknown optical properties is illuminated
with known near-infrared sources and a vector y € R™
of measurements of the scattered and transmitted light is
collected on the body’s surface 9€2. The inverse problem is
to estimate the pair of functions @ = (ua, us) representing
the optical absorption and scattering coefficients of the body
based on the data y, given the measurement model

y=A(x) +e, 6))

where e denotes the measurement noise and A is a known
non-linear mapping, representing the solution of the diffusion
(or transport) equation.

Since in general, no analytic solutions can be found, the
forward model (1) is approximated by a discrete numerical
scheme, e.g., finite element (FEM) approximation. Typically,
the distributed parameter z is approximated by a represen-
tation in finite dimensional basis and the continuous model
(1) is then replaced by an approximate equation,

y = Ap(zn) + e, 2)

where x;, € R™ is a vector containing the degrees of freedom
of the finite dimensional approximation of z, and h > 0 is
a mesh parameter controlling the level of discretization. The
theory of finite element method guarantees that for standard
FEM discretizations, Ap(xp) — A(z) as h — 0+, i.e., the
approximation (2) becomes exact within the measurement
accuracy.
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From the point of view of inverse problems, the con-
vergence of the forward model alone is not necessarily suffi-
cient. As h — 0+, the dimensionality of the approximation
x, usually increases, i.e., n — co. This means that the com-
plexity of the inverse problem of estimating z; increases as
the approximation improves. Hence, when the forward model
is accurate, the inverse problem may be prohibitively large
to be tackled by any computational scheme. On the other
hand, if the forward model is inaccurate, the discretization
error may become significant compared to the measurement
error. Together with the fact that the inverse problem is ill-
posed, the approximation error may destroy the quality of
the estimate of x;. This dichotomy is one of the bottlenecks
of diffuse tomographic methods, in particular in three spatial
dimensions, where the computational complexity is an issue
even when relatively coarse meshes are used.

To overcome this dichotomy, we employ the Bayesian
statistical inversion theory The key idea in this paper is to
represent not just the measurement noise, but also computa-
tional model inaccuracy as a random variable. Hence, instead
of the model (2), we write an accurate model,

y = Ap(xn) + [A(z) — Ap(zh)] + e = Ap(zn) +e(x) +e,

3)
where the term e(x) is the modelling error. Since in the
Bayesian paradigm, all variables, x included, are random
variables, we can determine the probability distribution of
the modelling error and thus treat it as noise.

The paper is organized as follows: Section II summa-
rizes the Bayesian framework of inverse problems and the
statistical approximation error theory. Section III contains
computed examples where the theory is applied to the ODT
inverse problem.

II. METHODS
A. Inverse problems in Bayesian framework.

In the Bayesian approach, the inverse problems are
viewed as problems of statistical inference. Hence, all vari-
ables are modelled as random variables, and measurements
are used to infer on the probability distribution of the
parameter of primary interest. We assume that the estimated
parameter x; and data y are random variables in finite
dimensional spaces R™ and R™, respectively. In the Bayesian
framework, the solution of the inverse problem is the poste-
rior probability density 7(zy, | y):

y Y = Ymeasured, €]
m(y)

m(zn | y) =
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where 7(xp,) the prior probability density and 7 (y | ) the
likelihood density. In particular, if the noise is additive and
the noise e and the unknown x; are mutually independent,
formula (2) leads to the likelihood density

7T(y | xh) = Thoise(Y — Ah(xh))7

where Tyise 1S the probability distribution of the noise e.
Further, if x5, and e are mutually independent and Gaussian,
xp ~ N(xhe, s, ), € ~ N(ex, ), the posterior density (4)
becomes

1
wanly) x xp (3 on = 00 T2 o — )
Lo A —e )Ty — A - 5
2(y h(xh) 6*) e (y h(xh) 6*) ) ( )
where x,, € R™ and e, € R™ are the means and the
symmetric positive definite matrices I';, € R"*™ and T, €
R™*™ are the covariance matrices, respectively.

B. Approximation errors

In this section we develop the central technique to
treat the approximation errors. The starting point is the
accurate model (1), where x is a distributed parameter. To
avoid theoretical difficulties related to non-linear infinite
dimensional problems, we assume that the model = — A(x)
can be approximated in a satisfactory manner by a densely
discretized finite dimensional model

RY — R™, x5+ As(zs), 6> 0 small

Hence, the discretized model that is exact within the mea-
surement accuracy is

y=As(zs)+e, x5€RYN, N =N (6)

Consider now a model reduction: choose a discretization
parameter h > 4, and let x;, € R™, n = n; < N, denote
the representation of the distributed parameter in this coarse
mesh. Assume further that there is a linear model reduction
map,

P:RYN SR, 25— xp.

Further, let A, : R™ — R™ denote the discretized forward
map in the coarse mesh. We write the exact reduced model
as

y = Ap(zn)+ [As(xs) — An(zn)] +e = Ap(zp) +e(z5) +e.

(N
Within the deterministic inversion paradigm there are few
means to estimate the approximation error e(xs), except
possibly for the upper bound of its norm. The same applies
to the frequentist statistical paradigm as well. However, in
the Bayesian paradigm, where x5 is modelled as a random
variable with the prior probability distribution, techniques
for estimating the modelling error distribution are readily
available.

We can define the approximation error problem as
follows: given the probability density of (xs,¢€), the model
reduction operator P and the forward models As and
Ay, derive a computational model for the posterior density

m(zn | y).

C. Implementation

In the Gaussian linear case the approximation error
problem can be solved exactly by using the results in
[1]. Nonlinear forward models or non-Gaussian distributions
usually require stochastic simulations.

Let 7(xs) be the prior probability density in R corre-
sponding to the accurate discrete model (6). We can generate
a sample of vectors in RY,

S = {x(l)

such that these vectors are distributed according to the
prior density. If the prior is Gaussian or other standard
parametric distribution, efficient random vector generators
can be used. More generally, the sample can be generated by
using Markov chain Monte Carlo (MCMC) techniques. Let
Thoise(€) denote the probability distribution of the additive
noise vector e € R™. The probability density of the random
vector

)

)

n=e(x;) +e= [As(zs) — Ap(Pxs)] + e

can be written as
m(n) = /N Tnoise (N — [As(x5) — An(Pxs)])m(xs)das,
R

where we have used the relation 7(n) Jen (0|
xs)m(xs)des. Using the set S of samples, we have the
approximation as a sample average,

Z 7Tnmse 6(

With a similar reasoning, one can find an expression for
the sample based approximation for the joint probability
distribution of (xp, y) and thus for the posterior distribution.

The above expression is not very useful except for
generating samples of the noise vector n. In practical cal-
culations, we use a Gaussian prior and a Gaussian approxi-
mation for 7(n). The Gaussian approximation is both easy
to construct and easy to exploit when compared to more
complicated models. In most cases this is what we would first
try since this model often leads to efficient computational
implementation for the inverse solver and efficiency is what
we are after in the first place.

To this end, we calculate first the sample based approx-
imations for the mean and covariance of the noise vector
n =€+ e. We have

) — An(P$))).

L
1
E{n}~ I > [As(zf?) — An(Pz{)] +en = s + e,

and cov(n) =T, =T, + I';, where T'. is estimated as

L
1 00T ¢
Loa L Soe0go”, g0 (4
=1
The Gaussian approximation for the noise covariance is thus

o) xexp (50— o0 e T -2 ). ®)

528 — An(Pal) —¢.]
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To simplify the analysis further, we write an approximation
where the mutual dependence of z; and the approximation
error is ignored. By (5), this leads to an approximation that
is referred to as enhanced error model ([1]),

1 _
m(xp | y) o exp <_§(-Th — ) "D @) — )

5= Al 6. )T - Alen) — 2. - c0)).

where x5, = PE{zs} € R", I',, = PI',,PT € R™".
If we write the Cholesky factorizations L;FhLmh = I‘;hl
and LY, _L.;. = I';;!, the computation of the Maximum
A Posteriori (MAP) estimate, within the validity of the
approximations above, amounts to minimizing the functional

F(an) = || Lese(y—An(en) —ex—e) P+ La, (2 —2n2) |

€))
This computational problem is superficially of the same form
as the computation of a MAP estimate with the conventional
likelihood (measurement) model or a Tikhonov regularized
solution (The MAP estimation problem with conventional
likelihood model is obtained from (9) by replacing L. . by
L, and setting €, = 0). Thus the enhanced error model (9)
is appealing because we incorporate the model inaccuracy
into the same framework as our general machinery for MAP
estimation.

III. NUMERICAL RESULTS

We evaluate the enhanced error model in the case €2 C
R?. The object domain is a circle with radius of 25mm.
The measurement setup in the simulations consists of 16
equivspaced suorces and detectors on the boundary 02. With
this setup, the vector of frequency domain ODT data is y €
R5!2, where the complex valued data has been splitted to the
amplitude and phase parts.

In this study, the forward map Aj is based on FEM-
solution of the diffusion equation. For the finite element
discretization, we create three different meshes with trian-
gular elements. The mesh h° (number of nodes N,, = 5625,
number of elements N, = 10736) is used for the simulation
of the measurement data, h' (N,, = 4217, N. = 7920) is
the mesh for the accurate forward model (i.e., Ap1(zp) =
As(zs)) and h? (N,, = 713, N, = 1296) is the mesh for
the target model. For the representation of the functions
(tta, pts) we divide the domain  into nm, = 524 pixels,
leading to x5 € R'%4®_ In this study, we use the same 524-
pixel representation in both, the accurate and target models,
and therefore we have the projection operator P = I. The
MAP estimation problem (9) is solved by a Gauss-Newton
algorithm with an explicit line search algorithm.

As the prior model in the simulations we use a proper
Gaussian smoothness prior

1
m(xs) ocexp{—iﬂLIé(x(g—x(;*)HQ}. (10)

The details on the construction and tuning of the prior
model can be found in [2]. Figure 1 shows one random
draw (absorption left, scatter right) from the prior model
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Fig. 1. One random draw from the proper smoothness prior model (10).
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Fig. 2. Example of the approximation error. The absolute value of the mean
of the approximation errors |e.| between the accurate model A1 (N, =
4217, Ne = 7920) and the target model A2 (N, = 713, N = 1296)
is shown with thick line. The thin line shows the standard deviations o ;
of the random noise e corresponding to the relative noise level . = 0.5%.
Left image shows the amplitude part and right image phase shift part of the
vector |ex|.

m(xs). The mean and covariance of the approximation error
¢ between the meshes h' and h? are estimated as sample
averages over a ensemble of 2500 random draws from the
prior (10) using the implementation explained in section II-
C. Figure 2 shows the abolute value of the mean ¢, of the
approximation errors. The thick lines in the figure show the
le«| which was computed using the accurate forward model
Apr and the target model A2 (amplitude on left, phase shift
on right). The thin line shows the standard deviations of the
random noise e with the relative noise level 6, = 0.5%.
As can be seen, the mean of the channelwise approximation
errors exceed clearly the typical levels of random noise for
ODT. Based on the figure, we would expect to get poor
reconstructions if we were to use target model A2 with
the conventional likelihood model.
Next, we consider the estimation errors

o(@n) = B{flan — n|*}(tr Do, + [lon) ™"

for the MAP-estimates with respect the level of random noise
in the data. The estimation errors are computed as sample
averages of 100 reconstructions computed from simulated
data from set X of 100 i.i.d. samples from the prior m(xs).
Note that the samples X were not included in the set S
used for estimation of the statistics of €. The simulated
measurements are computed in the mesh h® (N, = 5625)
and random noise is added to the simulated data vectors as
y = Apo(x) + e, where realisations of e are drawn from the
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Fig. 3.  The expected errors E{||pta,map — Hall?}(trace(Ty,) +
[lrax|I?) =1 (left) and E{||ps map — Hs“g}(trace(rua) + ||lps||?) 71
(right) in the reconstructed images with respect the noise level e (%). The
error with conventional likelihood model in the dense computation mesh h'
(Nyn, = 4217) is shown with (+), the error with the conventional likelihood
model in the sparse computation mesh h2 (N, = 713) is shown with
(%), and the error with the enhanced error model in the sparse mesh h?
(Ny, = 713) is shown with (o).

distribution A'(0,T.) with T, = diag(oZy,...,02,,) and
Oe,j = Oelys;1/100. (i.e, we assume that the channel wise
standard deviation of the noise is d. percent of the absolute
value of the computed data).

The estimation errors o(2,) are computed for three
different reconstructions: 1) MAP with the enhanced error
model (9) using target model Aj,2, 2) MAP with conventional
likelihood model using the accurate model A1 and 3) MAP
with conventional likelihood model using the target model
Apz2. The estimation errors o(u,) and o(us) with different
noise levels d. between 3% and 0.05% are shown in Fig. 3.
When the target model A2 (2;,) and conventional likelihood
model is used, the estimation errors increase although the
noise level decreases. On the other hand, the estimate errors
decrease monotonously with both the accurate forward model
Api(zp,) using the conventional likelihood model and the
target model A2 (xp,) with the enhanced error model.

As explained above and shown in Fig. 1, the prior
probability distribution is concentrated on coefficients with
smooth spatial distribution, and moreover, the absorbtion and
scattering coefficients are modelled as mutually independent
random variables. We expect that for such coefficients, the
prior model is reliable and the estimates are reasonable.
When the estimation algorithm is applied to simulated or real
data corresponding to coefficients that have a low probability
with respect to the prior distribution, the estimates can be
poor. This question is pronounced when the approximation
error model is employed since the statistics of the modelling
error is inferred from the prior distribution.

To avoid too optimistic results and to assess the robust-
ness of the approximation error theory, we compute the MAP
estimates when the actual spatial coefficient distributions are
discontinuous and thus in conflict with the belief expressed
by the prior density. The MAP estimates are again computed
with the accurate model Ay:i(xy) (N, = 4217) with con-
ventional likelihood model and the 713-node target model
Apz(xp,) with enhanced error model and the conventional
likelihood model. The actual spatial coefficient distribution

0.02 0.053 0.02 0.053
0.016 0.057 0.02 0.053
Fig. 4. Reconstructed absorption images . Top left: The target. Top

right: Reconstruction with conventional likelihood model using the accurate
forward model A1 (zp) (Nn = 4217). Bottom left: Reconstruction with
the conventional likelihood model using the target model A2 (zp) (Nn =
713). Bottom right: Reconstruction with the enhanced error model using
the target model A2 (xp) (N, = 713). The relative noise level was § =
0.5%.

and the estimates for the absorption coefficient are shown
in Fig. 4. The results with the accurate model (top right)
and the target model with enhanced error model (bottom
right) are essentially equivalent while the target model with
conventional likelihood model (bottom left) exhibits severe
annular estimation errors, especially near the boundary.

IV. CONCLUSIONS

We have shown that the accuracy of the computa-
tional model for the forward problem can be relaxed if
the approximation error model is used in optical diffusion
tomography. The setting up of the approximation error model
is a computationally intensive task while the use of the model
is as with the conventional error model. The approach is
especially attractive when the noise levels tend to be small,
in which cases the approach allows for the exploitation of the
actual accuracy of the measurements with computationally
efficient forward models. It was shown that at least in the
studied case, the approach is tolerant even to a qualitative
misspecification of the prior model.
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