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Abstract—Solution of the electroencephalogram (EEG)
forward problem in a realistic head model is necessary for
accurate source analysis. Realistic head models are usually
derived from volumetric magnetic resonance images that
provide a voxel resolution of about 1 mm’. The availability of
an electrical head model with this resolution would therefore be
extremely advantageous. Head models with resolution in the
millimeter range that incorporate the anisotropic properties of
their elements have been formulated with the finite element
method (FEM). However, these FEM models are fraught with
complications related to irregular grids and meshes, along with
the incumbent segmentation problems. Presented here is a
finite volume method (FVM) formulation of the realistic head
model in cubic elements that can ameliorate some of these
problems, can incorporate tissue anisotropy, and is both
physically intuitive and simple to implement.

1. INTRODUCTION

lectroencephalogram (EEG) source analysis is a

powerful tool for studying brain (dys)function. In
particular, it can be used to more accurately localize the
source of seizures in epilepsy patients. However, the utility
of EEG source analysis is ultimately determined by the
accuracy of the available head model. A high-resolution,
realistic, patient-specific head model is, therefore, a vital
component of EEG source analysis.

In this work, we present an approach to head modeling
that is based on the finite volume method (FVM). It utilizes
a grid of millimeter-level cubic volume elements (voxels)
that, in terms of tissue conductivities, can be individually
anisotropic. This suggests that, in theory at least, magnetic
resonance (MR) images could be mapped directly, voxel by
voxel, into the electrical head model. Anisotropy is an
essential inclusion in any realistic head model as it is well
known that tissues in the head, such as skull and brain white
matter, can be quite anisotropic electrically [1]. It is exciting
to note that estimates of tissue conductivity can now be
obtained directly using an MR imaging modality called
diffusion tensor imaging (DTI) [1]. Therefore, in addition to
providing patient-specific data, DTI could, with our model,
potentially eliminate the need for segmentation of MR
images into the different tissue compartments. This could
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also eliminate the gridding and meshing problems associated
with the finite element and boundary element methods.

With 1 mm’ resolution, our FVM head model would
consist of more than 4 million voxels for a normal adult
head. However, the domain-decomposition problem is fairly
simple and the resulting system (or stiffness) matrix is very
sparse. Also, due to the symmetric, positive definite nature
of the system matrix, fast iterative techniques can be used to
solve the forward EEG problem efficiently in terms of both
computer memory and computation time [2].

It should be noted that comparable numerical formulations
have been applied to oil reservoir simulations in the past [3-
7]. However, we believe this is the first time this particular
numerical formulation has been applied to a bioelectric
problem such as EEG source analysis. In our opinion, one of
the main attractions of our formulation is that it is very
straightforward and physically intuitive.

II. FINITE VOLUME METHOD FORMULATIONS

The relationship between electric potential and current at
each point in the head model for the EEG source analysis
problem is governed by Poisson’s equation
—Ve(aVo)=1y, (D

where ¢ is the conductivity tensor, ¢ is the electric

potential, and [, is the current source. The Neumann
boundary condition on the outer surface of the head requires
that

(6Vg)n=0, (2)

where 1 is the unit normal vector to the outer surface of the
head.

For the FVM, a regular grid of cubic voxels is used to
discretize the physical domain. Conductivity is defined at the
center of the voxels, and is assumed to be piecewise constant
over each voxel, whereas electric potentials are defined at
nodes on the voxel vertices. To discretize (1), it is first
integrated over a control volume at every node. The control
volumes are defined as cubic volumes the same size as the
grid voxels and are centered on each node. After applying
the divergence theorem, the governing equation is now

—cjsow-ds = jV Iydv, 3)

where ¥ is the control volume that surrounds the node of
interest and S is the surface of the control volume. It is
important to note that the boundary conditions are
automatically handled by the FVM, with no current flowing
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flux continuous, meaning that current continuity is satisfied
over the entire computational domain.

For clarity, the finite volume solution to (1) will be
derived in 2D. This can then be easily extended to the 3D
case.

A. 2D Formulation

For the 2D case, the voxels and control volumes are both
2D square elements with dimensions /4xh, as shown in Fig.
1. In 2D, the conductivity tensor for each voxel can be
represented by a symmetric 2X2 matrix

XX Xy
o o
6= . 4
o oW
(@ 7 8 9 (b) 7 8 9
c D nwf_ nf ne
4 5 6 4 W| 5 () 6
A B h sws| se
Y y
1 2 ;] 1 2 3
X h X

Fig. 1. (a) Grid used for the 2D FVM formulation, with voxels denoted by
letters A through D and nodes denoted by numbers 1 through 9. (b) 2D grid
with control volume indicated by the shaded area.

To discretize (3) for node 5, the surface integral can be
written as
—((cw-sx) —(GV¢-sx) +(GV¢-SJ’) —(GV¢-SJ’) )=1Vh2, (5)

where S* and S” are the normal vectors for the faces of .S
and are defined as 8* =[1 0]" and 8 =[0 A]" .

Evaluating (5), each of the terms on the left side can be
physically interpreted as the current flowing out through the
faces of the control volume, while the term on the right hand
side is the total source current originating in the control
volume. The terms in (5) can be further discretized by
calculating the current flowing through each face of V. As a
sample calculation, the current through face e will be
calculated. This current can first be split into a sum of two
currents, one in element B and one in element D, as shown

in Fig. 2, such that
S* S*
5 J+0'DV¢ED{ 5 ] (6)

where Jf and J£ are the currents through face e in

(aVes¥) =s8+sP =GBV¢EB{
e

elements B and D respectively, and V¢eB and V¢eD are the

electric potential gradients at point e in elements B and D
respectively. The gradients in (6) can be approximated as

| (Fs—95)/h
BN

Ge =0y )/ (12 7

(¢ —9s)/ h J’ ®)

Vol =

¢€ |:(¢ne_¢e)/(h/2
where ¢e:(¢5+¢6)/2’ ¢se:(¢2+¢3+¢5+¢6)/4’ and
Bre = (05 + @5 + & +¢y)/ 4. Substituting (7) and (8) into (6)

and simplifying the expression yields the following equation
for the total current through face e
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Fig. 2. Current through face e can be split into two components, one in
element B and one in element D.

Repeating this process for each face of the control volume
enables (5) to be simplified as

9
ZAi¢i :[tha (10)
i=1
where the coefficients, 4;, are given by
1
Al :_Eo.jy: (11)
ty===(a} +a} ), (12)
1 o
A3 :EO.B s (13)
4y =——(oF +og), (14)
Ag _——(0§x+0'j§x), (15)
1 o
A7 =—og, (16)
2
1
Ag :—E(O"();y +O")5y), (17)
1
Ag Z—EO'gy, (18)
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As=—> 4 |. (19)
i=1
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B. 3D Formulation

For the 3D case, the voxels and control volumes are both
cubic elements with dimensions AxAxh. Using the same
reasoning as employed in the 2D case, a discrete version of
(3) can be developed for node 10 in the 3D grid shown in
Fig. 3. In 3D, the conductivity tensor for each voxel can be
represented by a symmetric 3x3 matrix

o oV ¥

o=|c¥Y o 7| (20)

XZ

o O.yZ O.ZZ

The discrete version of (3) again results in an expression
for which the current through each face of the control
volume is calculated. However, in 3D this current is split
into the sum of four currents, since each control volume face
consists of parts of four voxels. Therefore, the resultant
equation for node 10 is

19 )
ZA,.¢,. =1y h*,

21)
i=l
where the coefficients, 4;, are given by:
1
4 = _Z(af +o) ), (22)
1
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1 ZZ ZZ ZZ ZZ
Ay :—Z(O'A +o0p +o¢ +0'D), (24)
1
Ay :Z(oﬁz +0';SZ), (25)
1
As :Z(O'éiz +0'1%Z), (26)
1
A :_Z(O'fly +0'Ey), (27)
1
4 = _Z(a;y +of +ai +o}), (28)
1
A :Z(agy +0'xy), (29)
1 XX XX XX XX
Ag:_Z(O-A +0¢c +0fp +0¢ ), (30)
Ay :——(0§x+a§x+aﬁx+aﬁ‘), (31)
1
A :Z(O.(xjy +0'xy), (32)
1
A5 :_Z(O%W +o) +of +0'W), (33)

Ay —__(O'}Sy +O'1x{y)’ )
1
A15 :Z(O'i; +O-;;Z)’ (35)
Xz =
- :_(GE +o5 ), (36)
A7 =——(O'fgz +o-;z+o_éz+o-ﬁ)’ :
Xz =
A3 =——(O'F +oy )’ :
1

oaled i) (39)

19
Ao=—| D 4| :

i=1

210

5
C 12 13 . ] |
G 19 H
2 3 4
g 10, :
16 7. i
A 1 : B
6 7 |

| v ' F

Fig. 3. Grid used for the 3D FVM formulation, with voxels denoted by
letters A through H and nodes denoted by numbers 1 through 19.

III. DISCUSSION

Decomposing an entire computational domain of N nodes
into N discrete equations results in a system of equations of
the form
Av=i, (41)
where A is an NxN system (or stiffness) matrix, v is an Nx1
vector containing the electric potentials, ¢; , at every node,

and i is an Nx1 column vector containing any nodal source
currents. The system matrix is symmetric and, after a
reference node is chosen, it is also positive definite.
Consequently, the system of equations can be solved using
fast iterative techniques such as the preconditioned
conjugate gradient (PCG) method or the algebraic multigrid
method.

Upon evaluating the coefficients for the 2D and 3D cases,
it can be seen that they are similar to those derived by the
finite difference method in [8]. In fact, with some
rearrangement of the equations, the coefficients here and in
[8] can be shown to be identical. The derivation presented in
this work, however, is physically intuitive and considerably
simpler.
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IV. SIMULATIONS

A. Analytic Spherical Head Model

To compare our FVM formulation to an analytic spherical
head model [9], a three-shell anisotropic spherical head
model was used in solving the EEG forward problem. As
usual, the shells in the head model represented the brain,
skull, and scalp, and had radii of 8.0, 8.6, and 9.2 cm
respectively. The current source was modeled as a dipole
located at a distance of 7.4 cm from the center and oriented
in the radial direction. The FVM head model consisted of
roughly 3.2 million 1 mm® voxels and the forward problem
was solved using the PCG method. Fig. 4 compares the
potentials on the scalp and shows that there is good
agreement between the numerically and analytically

calculated values.
5 1 ‘ ‘ ‘
= ===Analytic Head Model
[0 —FVM Head Model
5 08f 1
o
°
£ g6l J
Fos
2
w
- 0.4f 1
()
N
go2r 1
S
=z 1 L

-150 -100 -50 0 50 100 150
Angle (degrees)

Fig. 4. Comparison of scalp potentials from the analytic and FVM head
models. Electric potentials have been normalized to a value of 1.

B. Effect of Anisotropic Conductivity

To illustrate of the effects of anisotropic conductivity, the
EEG forward problem was solved using our FVM
formulation on the same three-shell spherical head model,
with a dipole placed at the center of the sphere. The tissue
compartments were first assigned isotropic conductivities
and then, for the anisotropic case, the brain compartment’s
conductivity was increased by a factor of two only in the
radial direction. The resulting electric potential distributions
are shown in Fig. 5. The contours marked by the arrows in
Fig. 5(a) and (b) indicate the same isopotential line relative
to the peak positive potential obtained in each solution.
These qualitative results are as expected, since the potentials
drop off more slowly in the direction of higher conductivity.
These results are also in agreement with [1], in that the
effects of anisotropy should not be neglected.

V. CONCLUSION

In this work, we have presented a high-resolution
anisotropic FVM head model for EEG source analysis. We
employ a regular grid of millimeter-level cubic voxels that,
in theory, could allow a direct mapping of MR images into
the electrical head model. In addition, compared to the finite
element and boundary element methods, our formulation of
the head model is physically intuitive, it is relatively simple
to set up, and could all but eliminate the very serious
problems in the other methods related to image

segmentation, grid generation, and meshing. The resultant
system matrix, in addition to being both symmetric and
positive definite, is more sparse than that resulting from the
other methods. These are extremely desirable properties as
methods are now available to solve very large systems of
this type [2]. In the future, we intend to apply our
formulation to human images obtained from both DTI and
structural MR data.

(a)

Fig. 5.
anisotropic spherical head. The arrows indicate the same isopotential
contour line for both distributions. The gray levels, from white to black,
represent the range from maximum positive to maximum negative
potentials with respect to the zero reference set between the source and sink
currents.

Electric potential distributions for the (a) isotropic and (b)
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