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Abstract— A novel electrical impedance tomography method
is introduced for reconstruction of layered biological tissues
with continuous plane-stratification. The algorithm implements
the recently proposed reconstruction scheme for piecewise con-
stant conductivity profiles, based on an improved Prony method
in conjunction with Legendre polynomial expansion (LPE). It
is shown that the proposed algorithm is capable of successfully
reconstructing continuous conductivity profiles with moderate
(WKB) slop. Features of the presented reconstruction scheme
include, an inherent linearity, achieved by the linear LPE
transform, a locality feature, assigning analytically to each
spectral component a local electrical impedance associated
with a unique location, and effective performance even in the
presence of noisy measurements.

I. INTRODUCTION

Electrical Impedance Tomography (EIT) emerged at last

decades as a promising diagnostic tool [1]-[8]. In EIT, the

tissue conductivity of the interior of a biological object

is reconstructed via quasistatic measurements of electric

currents and voltages captured on its boundaries.

The impedance imaging problem is, in general, nonlinear

and ill-posed [2]. While unique reconstructions are guar-

antied under a variety of assumptions [3]-[4], even for the

layered structures [5] studied in this paper, reconstruction

algorithms [6]-[7] for arbitrary conductivity profiles (e.g.,

piecewise constant, etc.) may, in general, lead to unaccept-

able results, particularly when finite and noisy measurements

are involved.

Herein, we propose a two-step linear algorithm for re-

construction of biological tissues with continuous plane-

stratification. In the first step, the measured potential un-

dergoes a linear transformation, namely, Legendre polyno-

mial expansion (LPE). Then, the spectral components are

estimated through Prony method (PM). The algorithm is

based on the recently emerged reconstruction method [9],

[10] for piecewise constant conductivity profiles with planar

stratification. Assuming that arbitrary continuous profile can

be piece by piece approximated by a constant value, the

above algorithm is applied to obtain a piecewise constant

approximation of the continuous profile. The algorithms’

features are: (i) analytic closed-form expressions for both

the direct problem Green’s function and its spectral LPE

content, (ii) a locality feature, assigning analytically to each

spectral component a local electrical impedance associated

with a unique location, and (iii) improved PM for estimation
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of spectral components, leading to reconstruction of the con-

ductivity profile even in the presence of noisy measurements.

II. PROBLEM DEFINITION

The electromagentic fields, induced by a current source

i(r), are governed by Maxwell’s equations. At low frequen-

cies and small field strengths the electromagnetic properties

of living tissue allow these to be simplified to the potential

equation [11],[12]

∇2Φ(r) + ∇Φ(r) · ∇ln(σ) = − i(r)
σ

. (1)

where Φ(r) is the electric potential at the point r = (ρ, θ, z).
Considering continuous plane stratified media,

σ =
{ σ(z) z ≥ z1 = 0

0 z < 0 , (2)

and a current point-source S (Fig. 1)

i(r) = I0δ(r − r′) , (3)

located at the origin r′, we aim to reconstruct σ(z) in Eq. (2)

for z > 0 using a noninvasive measurements of the potential

Φ(r) at the plane z = 0.

III. RECONSTRUCTION ALGORITHM

Let’s assume that we approximate the continuous profile

by piecewise constant profile, as depicted in Fig. 2. Math-

ematically, we denote the approximated piecewise constant

conductivity by σi

σi = σ(ẑi) , (4)

corresponding to the i-th layer via

zi−1 < ẑi < zi, i = 1, 2, ..., n + 1, z0 = −∞, zn+1 = ∞ .
(5)

Fig. 1. Physical configuration and reconstruction setup
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Fig. 2. Continuous profile discretization

A reconstruction procedure can now be performed by

utilizing our perviously introduced [9], [10] reconstruction

method, which is most effective for WKB-based [13] piece-

wise constant conductivity profiles. For the sake of clarity

and completeness, our reconstruction method and its rele-

vance for the reconstruction of continuous profiles are briefly

outlined.

A. WKB image series

The image series expansion of the solution of (1),(3) and

(4) is given by [11],

Φ(r, r′) =
I

4πσ1

[ 1
|r − r′|+

+
1∑

l1=0

∞∑
m1=0

...

sn−2∑
ln−1=0

∞∑
mn−1=0

{ n−1∏
k=1

(
sk−1 + 1

lk

)(
sk

mk

)

× Klk
k [1 − K2

k ]sk−1−lk+1[−Kk]mkKmk−lk
n

} Kn

|r − r̃′
k|

]
,

(6)

where r and r̃′
k, denoting the observation and the image

points, are given via r = (x, y, z) and r̃′
k = (0, 0, z̃′k) ,

respectively, and z̃′k = 2
∑n−1

k=1(sk + 1)(zk+1 − zk) − z′ ,
sn =

∑n
k=1(mk − lk), s0 = 0 . In the WKB limit

[13], which is reasonable in the moderately varying continu-

ous conductivity profiles, the intrinsic reflection coefficients

Ki, i = 2, 3, . . . , n, given by

Ki =
σi − σi+1

σi + σi+1
, K0 = 0, σ0 = σ1 , (7)

are assumed to be sufficiently small, i.e.,

|Ki| � 1 . (8)

Hence, maintaining image terms of O(|Ki|), taking the limit

of (1 + K1)/σ1|σ1→0 for penetration from air and notifying

that both the excitation current source I and the measured

potential V (ρ) are confined to the plane z = z′ = 0, where

ρ =
√

x2 + y2 denotes the radial distance and V (ρ) is

expressed, via (6), as

V (ρ) = ΦWKB(r, r′)|z=z′=0,σ1=0 =

=
I

πσ2

[
1
2ρ

+
n∑

i=2

Ki

[ρ2 + (2zi)2]1/2

]
. (9)

B. Linear transformation - Legendre expansion

Evidently, Eq. (9) contains all the information required

for reconstruction of the layered media. Evaluation of an

individual ith image term in (9) leads to reconstruction of

Ki and zi and, consequently, the electrical impedance σ(z)
of the entire medium (via (4) and (7)). While a standard

Least Squares (LS) optimization procedure seems capable

of obtaining the desired information regarding the unknown

image terms, its execution for large number of images

usually results in cumbersome estimations in conjunction

with unacceptable computation time. Herein, we seek for an

alternative procedure, which has the potential of accurately

reconstructing relatively large number of layers (i.e., distinct

image terms) and significantly reducing the execution time

(relative to the LS procedure).

We use shifted Legendre polynomial [14] Ll(1 − 2ρ2),
defined on a unit window width 0 ≤ ρ ≤ w, w = 1 [unit

length], to expand the scaled potential V (sρ) (with respect

to the Legendre’s unit window width 0 ≤ ρ ≤ 1), leading to

V (sρ) =
∞∑

l=0

bl(s)Ll(1 − 2ρ2) , (10)

where [16]

bl(s) = 2(2l + 1)

1∫
0

ρV (sρ)Ln(1 − 2ρ2)dρ

=
2(2l + 1)

s2

s∫
0

ρV (ρ)Ln

(
1 − 2(ρ/s)2

)
dρ

=
2I

πsσ2

n∑
i=1

Ki

(
2zi/s +

√
1 + (2zi/s)2

)−(2l+1)

, (11)

and s is a positive real scaling factor. Note that s can also

be regarded, via the second equality in Eq. (11), as scaling

factor for Legendre’s unit window width w = 1 (with respect

to a non-scaled potential V (ρ)). Furthermore, while for i >
1 , Ki = Ki, for i = 1, K1 = 1/2, and the unknown

parameter is σ2 .

C. Prony method

It is readily recognized that the individual n terms

contained in the right hand-side summation of Eq.

(11) may be regarded as n distinct exponentials(
2zi/s +

√
1 + (2zi/s)2

)−2

of power l, weighted by

2IKi

(
2zi/s +

√
1 + (2zi/s)2

)−1

/(πsσ2). Hence, The

PM procedure [15] exploiting 2n data points, i.e.,

bl(s), 0 ≤ l ≤ 2n − 1 or, equivalently, 2n inner products,
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can be utilized to reconstruct n distinct exponentials and

weights characterizing the stratification geometry and

electrical parameters, respectively. Also, to avoid dominance

of any one of the exponentials contained in the right

hand-side of eq. (11) the scaling factor s should be large

enough as to support the entire reconstruction range, i.e.

s ≥ 2zi , (12)

leading to the inclusion of V (ρ) well within the window

0 ≤ ρ ≤ s. Note, however, that the selection s � 2zn,

results in almost linearly dependant exponentials and, thus,

should be avoided.

Following the basic PM procedure, the n unknown ex-

ponentials
(
2zi/s +

√
1 + (2zi/s)2

)−2

are roots of the n

order polynomial equation

n∑
p=0

cp(μ2)p = 0 , (13)

where cn = 1. Let μ2
i denote the ith root of (13), then,

μi =
(
2zi/s +

√
1 + (2zi/s)2

)−1

, (14)

leading to

zi =
μ2

i − 1
4μi

s . (15)

The polynomial coefficients denoted by the vector C =
[c0, c1, . . . , cn−1]

T
are solution of the linear system,

AC = B , C = A−1B , (16)

where Aj,k = bj+k−1 , j, k = 0, 1, . . . , n − 1,

B = −[bn, bn+1, . . . , b2n−1]T and T denotes transpose

operation. Finally, the weight coefficients, denoted by the

vector K = 2I[μ1K1, μ2K2, . . . , μnKn)]T /(πsσ2), are also

solution of the linear system

MK = D ,K = M−1D (17)

where Mi,j = (μ2
j )

i and D = [b0, b1, . . . , bn−1]T .

However, it is well known [18] that Prony method is noise

prone and unstable when estimates exponentials from noisy

data. Number of modifications for the method were proposed

(e.g. [17],[18]), but unfortunately, in some cases, estimations

provided by these algorithms still remain insufficient. Herein,

to overcome noisy data, the PM procedure utilizes oversam-

pling of the input data (e.g., [18]). The resultant ”ghost”

layers, are then eliminated by identifying those characterized

by complex width or negligibly small intrinsic reflection

coefficient.

IV. RESULTS - RECONSTRUCTION EXAMPLE

Perhaps the most elementary continuous conductivity pro-

file σ(z) in (2) is the linear profile expressed as

σ(z) =
{ az + b 0 ≤ z ≤ z2

az2 + b z2 ≤ z
. (18)

The corresponding potential Φ(r) in (1)-(3) at the measure-

ments plane z = 0 given via Fourier-Bessel transform

V (ρ) = Φ(ρ, z)|z=0 =
I0

2πb

∞∫
0

dξJ0(ξρ)×

1 + (I0(ξ
b+az2

a )Y0(−jξb/a)−jI0(ξb/a)Y0(−jξ
b+az2

a ))σ3(z2)

(I1(ξ
b+az2

a )Y0(−jξb/a)−jI0(ξb/a)Y1(−jξ
b+az2

a ))σ2(z2)

1 + (I1(ξb/a)Y0(−jξ
b+az2

a )−jI0(ξ
b+az2

a )Y1(−jξb/a))σ3(z2)

(I1(ξ
b+az2

a )Y1(−jξb/a)−I1(ξb/a)Y1(−jξ
b+az2

a ))σ2(z2)

×

jI1(ξ b+az2
a )Y0(−jξb/a) + I0(ξb/a)Y1(−jξ b+az2

a )
I1(ξ b+az2

a )Y1(−jξb/a) − I1(ξb/a)Y1(−jξ b+az2
a )

, (19)

where, Y (x) and I(x) denote the Bessel function of the

second kind and the modified Bessel function of the first

kind, respectively. Eq. (11) provides the input data for the

reconstruction algorithm. In view of (4), the reconstruction

algorithm provides zi’s and the estimated value of the

conductivity σi corresponding to the ith layer, where the

depth ẑi is defined via

ẑi = 0.9(zi + zi+1)/2 . (20)

The reconstruction results, depicted in Figs. 3-4, reveals

that the proposed algorithm accurately reconstructs linear

profiles. Particularly, the first portion of them (with relative

error less than 1%. However, it permits considerable devia-

tion from the real conductivity as proceeding to the interior of

the body (4% for increasing conductivity and about 10% for

decreasing one). This effect is further noticeable for recon-

struction from noisy data, where the algorithm reconstructs

only first three layers, and can not ”penetrate” beyond it.

The input data bases include both noiseless data sets and

noisy sets [19] characterized by 60 dB signal to noise ratio

(SNR), with respect to the signal V (sρ) at the endpoint

of Legendre window w = 1 (11) and a specified scaling

factor s = 1. SNR level of 60 dB can be experimentally

maintained utilizing the readily available narrow-band low-

frequency active filters.
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Fig. 3. Reconstruction of linearly increasing profile (18), setting: a =
2[S/m2], b = 0.5[S/m], z2/w = 0.1, and w = 1 [unit length].
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Fig. 4. Reconstruction of linearly decreasing profile (18), setting: a =
−2[S/m2], b = 0.5[S/m], z2/w = 0.1, and w = 1 [unit length].

V. CONCLUSIONS

It has readily been demonstrated that the algorithm intro-

duced in this paper, is capable of reconstructing continuous

conductivity profiles, effectively and accurately, even for

noisy measurements. Although, the algorithm is based on

the WKB approximation it is shown that moderate varying

conductivity profiles, 0.15 < | (z2−z1)zσ′(z)
σ(z2)−σ(z1)

| < 0.3, can be

reconstructed as well. The finite extent window provided

by Legendre expansion allows filtering of the influence of

the interior layers on the measured potential, leading to

reconstruction via partial data only (no need to measure the

potential on the whole boundary), at the cost of shallow

reconstruction (of the first few layers only). As it is turns

out, this unique feature avoids the ill-possedness usually

associated with the EIT problem.
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