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ABSTRACT

Computational solutions to the high-dimensional Kalman Fil-
tering problem are described in the setting of the MEG in-
verse problem. The overall objective of the described work
is to localize and estimate dynamic brain activity from ob-
served extraneous magnetic fields recorded at an array of sen-
sor positions on the scalp and to do so in a manner that takes
advantage of the true underlying statistical continuity in the
current sources. To this end, we outline inverse mapping pro-
cedures that combine models of current dipoles with dynamic
state-space estimation algorithms. While these algorithms are
eminently well-suited to this class of dynamic inverse prob-
lems, they possess computational limitations that need to be
addressed either by approximation or through the use of high
performance computational resources. In this work we de-
scribe such a High Performance Computing (HPC) solution
to the Kalman filter and demonstrate its applicability to the
Magnetoencephalography (MEG) inverse problem.

1. INTRODUCTION

Even in the context of large-scale data intensive applications,
the Kalman filter has been historically proven as an effec-
tive means of minimising modelling and prediction error in
fields such as weather forecasting [1] and oceanography [2],
[3]. Kalman filtering (KF) and fixed-interval smoothing (FIS)
approaches are in principle useful for these problems since
under the appropriate assumptions of linearity and normal-
ity, they provide optimal recursive state estimates that extract
the maximum amount of information from the observed data.
In addition, these desirable properties hold across a wide va-
riety of time-varying linear (and non-linear) potential candi-
date models. However, in its standard form the Kalman filter
can be computationally prohibitive for such large-scale prob-
lems. In the case of the example applications listed above,
the numerical calculations are often on systems of state di-
mensionN = O(107) with covariance matrices of sizeN2 =
O(1014) [1]. The computationally intensive aspects of the
Kalman algorithm stem from the prediction update on large

time-dependent covariance matrices that require costly multi-
plications at each timestep. Since the dynamical error struc-
ture of these systems is often well-understood, many numeri-
cal solutions to these kinds of paradigm [3], [1] employ model
reduction techniques to overcome the computational complex-
ity inherent in such problems.

In MEG/EEG inverse problems, the motivation for ex-
ploring the use of (high-dimensional) Kalman filtering ap-
proaches is primarily a result of the limitation that most state-
of the art EEG/MEG source localization techniques do not
employ temporal continuity in their statistical formulations.
That is, source estimates computed at time intervals sepa-
rated by as little as a few milliseconds are not treated as re-
lated by rather as unrelated, independent estimation problems.
The first approach which used multiple time points simulta-
neously in the estimation process was the time-varying mul-
tidipole approach first introduced to EEG analysis [4]. The
same model is inherent in the MUSIC and RAP-MUSIC es-
timates [5], [6]. However, these methods still do not make
use of the temporal sequence of the signals, i.e., if the origi-
nal data points are first permuted and an inverse permutation
is applied to the source estimates, the results are the same
as without permutation. Recent studies by Galka, et al. [7]
have used a random-walk dynamical model with Laplacian
spatial relationships to represent the dynamics of EEG source
currents, facilitating reduced-dimension Kalman filtering and
recursive least-squares source localization computations. In-
clusion of this temporal constraint improved not only the es-
timation of source time-series, but also resulted in a signif-
icant improvement in spatial localization. More generally,
the transition matrix in the state-space dynamical model de-
scribes spatio-temporal relationships between different brain
regions that preclude use of model reduction techniques, such
as those devised for problems in the environmental sciences.

In the case of the MEG/EEG source localization prob-
lem, the source space normally contains approximately N =
O(103) potential sources leading to error covariances of di-
mension N2 = O(106). When performing Kalman filter-
ing, the computations required at each time step involve three
high dimension matrix multiplications leading to a total ap-
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proximate computational cost of 3×N3 as the system is full
rank. When taking into account ancillary variables, required
memory amounts to at least 24+ Gigabytes. In addition, the
FIS requires one such multiply at each timestep followed by
a large-scale matrix inversion. Furthermore, the FIS addition-
ally requires approximately three Gigabytes of storage space
would be required to accommodate both covariances in 32-bit
precision storage format at each time step. The scale of these
computations makes their calculation unfeasible on virtually
any state-of the-art standalone computing resource. In order
to address this limitation, we arranged the Kalman filtering
computations such that the data-intensive aspects of the algo-
rithm could be run in parallel on a distributed HPC system.
We utilized the NSF Teragrid resource at the TACC (Texas
Advanced Computing Center). This resource comprised 1024
CRAY-DELL nodes a 1024-processor Cray/Dell Xeon-based
Linux cluster with 6.4 Teraflops of computing capacity.
In the sequel, we briefly review the Kalman and fixed

interval smoother, its parallel implementation and culminate
with a case study application to a dense MEG source locali-
sation problem.

2. METHODS

2.1. A Dynamic Model for EEG/MEG

Assume that a MEG experiment is conducted in which a stim-
ulus is applied at time zero and MEG activity is recorded
in the interval (0, T ). For K large, assume that the mea-
surements are recorded at times k for k = 1, . . . ,K and
= KT 1. We assume that there are S recording sites

and that the stimulus is repeated R times. Let ys,r(k ) de-
note the measurement at time k at location s, on repeti-
tion r where s = 1, . . . , S and r = 1, . . . , R. We take
ys(k ) = R 1

PR
r=1 ys,r(k ), and we define yk(k ) =

(y1(k ), . . . , yS(k )) to be the S × 1 vector of measure-
ments recorded at time k. We assume that there are P sources
and that the relation between the observations and the sources
is defined by the observation model

yk = Hxk + k (1)

where xk = (xk,1, . . . , xk,p) is the 3P × 1 vector of
source activities at time k, each xk,· is a 3×1 vector,H is the
3×3P lead field matrix defined as the quasi-static solution to
Maxwell’s equations, [8] and k is zero mean Gaussian noise
with covariance matrix which is defined by the background
machine noise. We assume that because of the neural dynam-
ics, the xk obey the following spatio-temporal model [7],

xk = xk 1 + n
1

k

X
k N(k)

xk 1 +wk (2)

where N(k) is the neighborhood of source k, nk is the
number of sources in the neighborhood N(k) and wk is a

3P × 1 vector of zero mean Gaussian noise with covariance
matrix w. We can write Eq.(2) more compactly as a linear
state-equation i.e.

xk = Fxk 1 +wk (3)

where the elements of F encompass the neighborhood rela-
tion between all the sources at time k in terms of the sources
at time k 1. Because the neighborhood of each source is as-
sumed to be small, i.e. not more than 6 or 9 voxels, F is pri-
marily a sparse matrix with zero elements everywhere except
on the diagonal and the immediately adjacent off-diagonal
rows. Equations (1) and (3) define a state-space model for
MEG.

2.2. A Dynamic Solution to theMEG Source Localization
Problem.

The state-space formulation of the MEG problem suggests
two approaches to computing solutions to the inverse prob-
lem. The first is the well known Kalman filter (KF) estimate
for each time k, xk|k defined for this problem by the recursion
[9],

xk|k 1 = Fxk 1|k 1 (4)

k|k 1 = F k 1|k 1F
0
+ w

Gk = k|k 1H
0 h
H k|k 1H

0
+

i 1

xk|k = xk|k 1 +Gk
£
yk Hxk|k 1

¤
k|k = [I GkH] k|k 1

for k = 2, . . . ,K given the initial estimate, bxstatic,1 com-
puted by the MNE method using y1 and 0 (the covariance
estimate for the MEG background noise k). The notation
xk|j means the estimate at time k given the data up through
time j. At each time k, the KF algorithm computes the esti-
mate of the state given y1, . . . , yk - that is, all the data up to,
and including timepoint k. A second source estimate that can
be derived from the associated fixed interval smoothing (FIS)
algorithm, defined as xk|K and computed with the following
recursion from the KF algorithm as [9]

Ak = k|kF 1
k+1|k (5)

xk|K = xk|k +Ak
£
xk+1|K xk+1|k

¤
k|K = k|k +Ak

£
k+1|K k+1|k

¤
A0k

for k = K 1, . . . , 1 given the initial conditions xK|K
and K|K . The FIS algorithm computes at each time k the
estimate of the source given y1, . . . , yK - all the data in the ex-
periment. The fixed interval smoothing algorithm computes
the source estimates using all the data, whereas the Kalman
filter uses less data from the MEG experiment as it computes
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the estimate of the source at each time k using only the data
up through time k.

3. RESULTS AND DISCUSSION

3.1. Real Data Study Using High Dimensional Dynamic
Solutions for MEG

To examine the effects of dynamic modeling solutions in the
MEG inverse problem, data were acquired from a single sub-
ject using the 306 channel dc-squid Neuromag Vectorview
MEG system at Massachusetts General Hospital [8]. The
magnetic fields were recorded at 102 locations, each with 2
planar gradiometers and 1 magnetometer. The signals were
recorded continuously with 601Hz sampling rate and band-
pass filtered (0.1-200Hz). The position of the electrodes and
fiduciary points, e.g. the nose, nasion and preauricular loca-
tions, were digitized with the 3Space Isotrak II system to fa-
cilitate precise co-registration with MRI images. In a similar
manner, the position of the head in the dewar was determined
by digitizing the positions of four coils that are attached to the
head and are subsequently recorded by the MEG sensors for
co-registration. Ongoing magnetic activity was recorded in a
single subject while 1) at rest with eyes closed, 2) at rest with
eyes open, and 3) during sustained fingers movement with
eyes open.

Fig. 1. Showing some representative MEG timecourses mea-
sured from SQUIDS in the proximity of the left parietal area.

This experiment was designed with the intent of studying
alpha and mu rhythms in the occipital and somatosensory ar-
eas. We expect the current generators in these regions to pro-
duce synchronous oscillations approximately in the 10-20Hz
range as shown in Figure 1.

Fig. 2. (A) Example MEG timecourse taken from the left
parietal region. (B) & (C) The MNE and Kalman inverse so-
lutions for this task respectively. The maps shown represent
the instantaneous timepoint activity at the peak timecourse as
indicated in (A).

Collecting measurements from the MEG scanner in the
absence of a subject yields an approximation to the obser-
vation noise structure, while the state covariance matrix was
estimated by generating a static inverse MEG solution em-
ploying unregularized least-squares and carrying out a subse-
quent first-order differencing on the state-space realizations
(Eq.(3)). We then computed dynamic inverse solution esti-
mates to the current dipole components using the KF update
equations given in Eq.(4).

To examine the initial hypothesis that the high dimen-
sional Kalman filter can provide significant benefit over state-
of -the-art MEG/EEG inverse procedures, we developed and
ran a parallel HPC Kalman filtering program on a short win-
dow (~2s) of MEG data to simultaneously estimate the dipole
strength from a dense source space that covered the entire cor-
tex. To simplify the computations, we assumed that all dipole
sources were oriented normal to the cortical surface. This re-
sulted in a filtering problem of dimension N = 6e3. While
not worst case, this problem still represents a considerable-
sized computing challenge. When applied to the window of
MEG data, this task took an average of approximately six
hours for each forward Kalman sweep when using 16 CRAY-
DELL nodes applied to the MEG data. Invocation of the
Fixed-Interval Smoother (not shown) took approximately 20
hours on 24 processors and required about 110 Gigabytes of
storage space. As expected from this mu-rhythm task, we ob-
serve strong current amplitudes in Figure(2) in an area close
to the central sulcus. On first inspection, comparing the MNE
and Kalman solutions, these results suggest that the dynamic
approach improves localization of the inverse solution. A sta-
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tistical interpretation of the apparently better localisation of
the Kalman solution relates to the fact that its estimates ap-
pear heavy-tailed. That is to say, at each time instant there are
many insignificant values compared to just a few large signif-
icant components. This apparent improvement may be a con-
sequence of the KF’s ability to track slow trends in the data
and also the fact that the temporal continuity constraint of the
state-space model allows more data to be used in estimating
the sources at each time point.

4. CONCLUSIONS AND FUTUREWORK

Our findings indicate that state-space filtering methods are
computationally feasible for solving source localization inMEG
/ EEG localization problems. These results also support our
hypothesis that the dynamic source localization methods offer
a more informative method of tracking brain activity than the
static methods.
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