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Abstract— In this work, we propose a method to reconstruct
spatially resolved pharmacokinetic rate images of fluorescence
agents directly from the boundary photon flux measurements.
We use a compartmental modeling scheme to model the phar-
macokinetics of fluorescence agents. We coupled this model with
the fluorescence diffuse optical tomography (FDOT) forward
model to form a state space model which is then iteratively
solved by extended Kalman filtering (EKF) algorithm. As an
example, we used a two-compartment model for indocyanine
green (ICG) pharmacokinetics. To validate the proposed method,
we tested our approach using a simulation study. Reconstructed
pharmacokinetic rate images with correct localization of het-
erogeneities and high reconstruction accuracy show that the
proposed algorithm can be used for tumor detection, tumor
diagnosis, drug delivery and feasibility studies.

I. INTRODUCTION

Development of fluorescence agents that emit light upon
excitation lead to a new imaging technique, called fluorescence
diffuse optical tomography (FDOT), whose theory is a straight-
forward extension of diffuse optical tomography. In FDOT,
near infrared (NIR) excitable exogenous fluorescence agents,
which are externally injected into the tissue are investigated
in terms of their optical parameters [1]. These agents enhance
the sensitivity of detection hence increase the optical contrast.
FDOT has the ability to characterize functional parameters of
tissue such as scattering and absorption, which can be used to
derive pharmacokinetics of fluorescence agents.

The analysis of pharmacokinetics of fluorescence agents
is a potential means for tumor detection, diagnosis, drug
delivery and feasibility studies [2]. One approach to phar-
macokinetic analysis is the compartmental modeling [6]. In
this method, a region of interest consists of a number of
compartments, generally representing a volume of similar
tissues into which the fluorescence agent is distributed. The
concentration changes in a specific compartment are modeled
as a result of the exchange of fluorescence agents between
connected compartments. These changes are modeled by a
collection of coupled ordinary differential equations (ODE);
each equation describing the time change dictated by the bio-
logical laws that govern the concentration exchanges between
the interacting compartments. Coefficients of the ODE’s are

the pharmacokinetic rates that represent rates of exchange
between different compartments.

A number of research groups reported compartmental mod-
eling of fluorescence agents for tumor diagnosis in animal
and human subjects [3]–[5]. In these studies, bulk values
that represent pharmacokinetic rates either over the entire
imaging domain or a large volume is used for tumor de-
tection/diagnosis. In such cases, spatially resolved represen-
tation of pharmacokinetic rates may increase specificity and
sensitivity compared to average bulk rates. Moreover, there
are studies in literature showing that the spatially varying
pharmacokinetics rates are quantitatively different inside and
outside the tumor region [7]–[9].

In this paper, we proposed a compartmental modeling
scheme for fluorescence agent pharmacokinetics, and recon-
structed spatially resolved pharmacokinetic rate images di-
rectly from the boundary photon flux measurements. We
also reconstructed the spatially resolved fluorescence agent
concentration images inside different compartments. In our
algorithm, we used a finite element method (FEM) [10] as a
forward solver and an extended Kalman filter (EKF) algorithm
[3] as an inverse solver. We tested our approach using a
simulated data set based on a two-compartment model for ICG
pharmacokinetics. For the simulation studies, we generated
a set of time series data from a domain with tissue-like
characteristics using FEM algorithm to solve the coupled
diffusion equations with Robin type boundary conditions. Re-
constructed pharmacokinetic images with correct localization
of heterogeneities and high reconstruction accuracy show that
the proposed algorithm can be useful for tumor diagnosis, drug
delivery and feasibility studies.

The rest of the paper is organized as follows: In Section
II, we present pharmacokinetic analysis and compartmental
modeling for fluorescence agents. In Section III, we present
FDOT forward problem. Section IV describes the inverse
problem and the EKF algorithm for direct reconstruction of
pharmacokinetic parameters. In Section V, we present the
simulation results. Section VI summarizes our results and
conclusion.
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II. PHARMACOKINETIC MODELING AND

COMPARTMENTAL MODEL ANALYSIS

In general, the continuous time state-space representation
for an n-compartment model is given by

Ċ(t) = K(αn)C(t) (1)

m(t) = V(αn)C(t) (2)

where C(t) denotes the concentration vector whose elements
are the concentrations of the fluorescence agents in different
compartments, and Ċ(t) denotes its time derivative. m(t) is
the bulk fluorescence concentration, n is the number of com-
partments, αn is the parameter vector whose elements are the
pharmacokinetic rate constants and volume fractions. K(αn)
is the system matrix with entries being the pharmacokinetic
rates, and V(αn) is the vector containing the volume fractions
[6].

Although the formulation for the direct reconstruction
of pharmacokinetic rate images can be applicable for n-
compartment models, here the two-compartment model for
ICG pharmacokinetics will be our running example [3], [4].
Based on a two-compartment model for ICG kinetics, as
shown in Figure 1, the ICG transition between two compart-
ments can be modeled by two coupled differential equations:

dCe(t)
dt

= −koutCe(t) + kinCp(t), (3)

dCp(t)
dt

= −(kin + kelm)Cp(t) + koutCe(t). (4)

Here, C(t) in (1) and (2) includes, Cp(t) and Ce(t), repre-
senting the ICG concentrations in the plasma and extracellular
extravascular space (EES), respectively. The parameter vector,
α2, includes, kin, kout, kelm, vp, and ve,;

α2 = [kin kout kelm vp ve]T , (5)

where kin and kout are the pharmacokinetic rates that govern
the leakage into and the drainage out of the EES, kelm

describes the ICG elimination from the body through kidneys
and livers, and vp and ve are the plasma and EES volume
fractions, respectively.

Capillary
Cp, vp kelm

kin kout
�

�

�

EES
Ce, ve

Fig. 1. Block diagram of the two-compartment model for ICG pharmacoki-
netics.

Here, to obtain 2-D images of pharmacokinetic rates and
fluorescence agent concentrations in different compartments,

we extend the compartmental model equations (1) and (2) to
spatially resolved model as follows:⎡
⎢⎣

Ċ(r1, t)
...

Ċ(rN , t)

⎤
⎥⎦=

⎡
⎢⎣

K(αn(r1)) 0 0

0
. . . 0

0 0 K(αn(rN ))

⎤
⎥⎦
⎡
⎢⎣

C(r1, t)
...

C(rN , t)

⎤
⎥⎦

+ ω(r, t) (6)

where ω(r, t) is uncorrelated zero mean Gaussian processes
with covariance matrix Q, representing the small deviations
resulting from model mismatch. r = [r1 r2....rN ], and rj is
the location of the jth voxel for j = 1, 2, 3...N , N being the
number of total voxels in the discritized domain.⎡
⎢⎣

m(r1, t)
...

m(rN , t)

⎤
⎥⎦=

⎡
⎢⎣

V(αn(r1)) 0 0

0
. . . 0

0 0 V(αn(rN ))

⎤
⎥⎦
⎡
⎢⎣

C(r1, t)
...

C(rN , t)

⎤
⎥⎦

+ η(r, t) (7)

where η(r, t) is a zero mean Gaussian process with covariance
matrix R presenting the noise in the measurements.

The implicit form of (6) and (7) are given by:

Ċ(r, t) = K(αn(r))C(r, t) + ω(r, t) (8)

m(r, t) = V(αn(r))C(r, t) + η(r, t) (9)

The quantity we wish to reconstruct is the spatially varying
pharmacokinetic rate parameters instead of the absorption
coefficient of the florescence agents as commonly the case in
FDOT [1]. To do this, we first need to develop a mapping
which relates the boundary flux measurements to the bulk
florescence agent concentrations in tissue. This mapping can
be obtained by using FDOT forward model which will be
explained in the next section.

III. FLUORESCENCE DIFFUSE OPTICAL TOMOGRAPHY

We used a coupled system of diffusion equations to model
fluorescence light propagation in tissue [1]. Based on the
coupled diffusion equations, the forward model for FDOT can
be expressed as:

Ψ(r, t) = f(μaf (r, t)), (10)

where μaf (r, t) = [μaf (r1, t), · · · , μaf (rN , t)] is the time
dependent absorption coefficient of the fluorescence agent,
Ψ(r, t) = [Ψ(r1, t), · · · ,Ψ(rN , t)] is the time-dependent
boundary flux measurements, and f is a nonlinear function
defined by the coupled diffusion equation. Under the assump-
tion that the exogenous optical properties has no effect on
endogenous optical properties, (10) can be linearized to obtain

Ψ(r, t) = Wμaf (r, t), (11)

where W is the weight matrix which maps the absorption
coefficients to the boundary measurements obtained using the
FEM algorithm [10].

The absorption coefficient of the fluorescence agents is
related to the bulk fluorescence agent concentration as follows:

μaf (r, t) = εm(r, t) (12)
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where ε is the extinction coefficient of the fluorescence agent
at the excitation wavelength.

A. Pharmacokinetic Rate to Measurement Map for Fluores-
cence Agents

To derive a complete formulation to reconstruct the phar-
macokinetic parameters and concentrations in different com-
partments using the photon flux measurements, we combined
the FDOT forward problem equations, (10) or (11) with the
compartmental model equations.

Combining (9) and (10), with the knowledge of the linear
relationship between the absorption coefficient and the bulk
fluorescence concentration, (12), nonlinear FDOT forward
problem is related to the bulk fluorescence agent concentration
as:

Ψ(r, t) = g(m(r, t)) ∼ g(V(αn(r))C(r, t)) (13)

where g is the non-linear function which relates the bulk
fluorescence agent concentrations to the boundary flux mea-
surements.

The linearized version of (11) is given as:

Ψ(r, t) = εWm(r, t)
= εWV(αn(r))C(r, t) + εWη(r, t)
= ΓC(r, t) + εWη(r, t), (14)

where W, V and η(r, t) are defined as above and Γ =
εWV(αn(r)).

The equations (8) and (13), which combine the FDOT
forward problem with the compartment model equations con-
stitute the set of equations which will be used for the direct
reconstruction of pharmacokinetic rates, volume fractions, and
fluorescence concentrations in different compartments.

IV. DIRECT RECONSTRUCTION OF PHARMACOKINETIC

RATE AND CONCENTRATION IMAGES FROM OPTICAL

FLUX MEASUREMENTS

The source detector measurements in (9) are collected at
discrete time instances, t = kT , k = 0, 1, ..., where T is the
sampling period. Therefore, the continuous model described
in (8) and (14) has to be discretized. To simplify our notation,
we shall use C(r, k) = C(r, kT ) and Ψ(r, k) = Ψ(r, kT ).

Let θn denote the discrete-time parameter vector of the
pharmacokinetic rates and volume fractions. The parameter
vector θn(r) can be either time dependent or time independent.
The formulation given in this work can be used for both
cases. In our case, the pharmacokinetic rates and the volume
fractions are time independent. However, in order to estimate
θn within the EKF framework, the following dynamic model
is introduced:

θn(r, k + 1) = θn(r, k) + ς(r, k), (15)

where ς(r, k) is a zero mean white noise process with covari-
ance matrix S. The details of the dynamic model introduced
for the joint estimation of the system parameters and the states
can be found in [3].

1) A priori information for Pharmacokinetic Rates and
Volume Fractions: To improve the robustness of estimates of
the parameters, we impose a priori information on pharma-
cokinetic parameters and volume fractions. Here, we assume
that there is no information about the tumor structure and used
a 4-pixel neighborhood model.

Using the 4-pixel neighbor model with equal weights β, the
random process, θn(r, k), can be modeled as:

θn(rj , k+1) = βθn(rj , k)+β
4∑

i=1

θn(rji, k)+ς(r, k). (16)

2) Extended Kalman Filter (EKF) Formulation: In our
state-space model, (8) and (9), both the states (concentrations)
and system parameters (pharmacokinetic rates and volume
fractions) are unknown. In this case, the state-space model can
be regarded as a non-linear model in which system parameters
and states are combined to form the new states of the non-
linear model. This system is then linearized and solved for
the unknown states using EKF framework [3]. To solve for
the concentrations and the unknown parameters, the parameter
vector θn(r, k) is inserted into the concentration vector C(r, k)
as:[

C(r, k + 1)
θn(rj , k + 1)

]
=

[
K(θn(r, k))C(r, k)

βθn(rj , k) + β
∑4

i=1 θn(rji, k)

]
+
[

ω(r, k)
ς(r, k)

]
.

(17)
The measurement equation for the non-linear case is given

as:

Ψ(r, k) =
[

g(V(αn(r))C(r, k)) 0
] [

C(r, k)
θn(r, k)

]
+η(r, k).

(18)
Without explicit proof, the extended Kalman filtering al-

gorithm for simultaneous estimation of concentrations and
parameters for the nonlinear case, (13), is given follows:[

Ĉ(r, 0)
θ̂n(r, 0)

]
=

[
E(C(r, 0))
θ̂n(r, 0)

]
. (19)

P0,0 =
[

V ar(C(r, 0)) 0
0 Sd

]
, (20)

where E denotes the expected value of C(r, 0), P is the error
covariance matrix, and Sd is the preassigned covariance matrix
of the unknown system parameters.

The following equations describe how the concentration
estimates and error covariance matrix are updated at the kth

time instant given all the measurements up to (k − 1)th time
instant. For k = 1, 2, ...,[

Ĉ(r, k|k − 1)
θ̂n(rj , k|k − 1)

]
=

[
K(θ̂n(r, k − 1))Ĉ(r, k − 1)

βθ̂n(rj , k − 1) + β
∑4

i=1 θ̂n(rji, k)

]
(21)

Pk|k−1 = J(k − 1)Pk−1,k−1JT (k − 1) +
[

Qd 0
0 Sd

]
, (22)

where J is the Jacobian matrix given by

J(k) =

[
K(θ̂n(r, k)) ∂

∂θ
[K(θ̂n(r, k))Ĉ(r, k)]

∂

∂C θ̂n(r, k) ∂

∂
ˆθ n

θ̂n(r, k)

]
. (23)

5629



Gk = Pk,k−1ΛT [ΛPk,k−1ΛT + R]−1, (24)

where Gk is the recursive Kalman gain, R is the covariance
matrix of the measurements and Λ is:

Λ =

⎡
⎢⎣

∂

∂Cg(V(θn(r, k|k − 1)C(r, k|k − 1))
.

∂

∂θ

(
∂

∂Cg(V(θn(r, k|k − 1)C(r, k|k − 1)
)

⎤
⎥⎦

T

, (25)

Pk,k = [I − GkΛ]Pk,k−1. (26)

where I is the identity matrix.[
Ĉ(r, k)

θ̂n(rj , k)

]
=
[

Ĉ(r, k|k − 1)
βθ̂n(rj , k|k − 1) + β

∑4
i=1 θ̂n(rji, k|k − 1)

]

+Gk(Ψ(r, k) − g(V(θn(r, k|k − 1)C(r, k|k − 1)).

V. SIMULATIONS AND RESULTS

To validate our approach, we performed a simulation study
based on the two-compartment model proposed for ICG. Using
physiologically correct values for pharmacokinetic rates, kin,
kout, kelm, and volume fractions, ve, vp, around the tumor
region, a set of time series data, Ψ(r, t), was generated
from a simulated domain with tissue-like characteristics. To
generate the synthetic measurements, the diffusion equation
was solved numerically using FEM algorithm with Robin type
boundary conditions [10]. The simulation used a modulation
frequency 300 MHz. The phantom is 6cm by 6cm in size, and
it is discretized into 24 by 24 voxels each of size 0.25cm
by 0.25cm. The 24 sources and 24 detectors are arranged
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Fig. 2. Pharmacokinetic rate images of kin : (a) true, and (b) reconstructed.
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Fig. 3. Pharmacokinetic rate images of kout : (a) true, and (b) reconstructed.

throughout the boundary sequentially. The maximum transition
rates of kin and kout are simulated at the center of the image
of size 1cm by 1cm and smoothly decreased towards the

boundaries. Figures 2a and 3a display the true images of
pharmacokinetic rates kin and kout. Figures 2b and 3b display
the corresponding reconstructed images. We observe that there
is a good agreement between the true and the estimated images
in terms of localization of the heterogeneities. We calculated
the percent error between the true images and the reconstructed
images by the ratio of the L2 norm of the error and the L2

norm of the true image. The percent error for kin and kout

are 11.95 % and 13.11 %, respectively.

VI. CONCLUSION

In this paper, we provided a formulation for the recon-
struction of spatially resolved pharmacokinetic rate images
of fluorescence agents directly from the boundary photon
flux measurements. We performed a simulation study using
a numerical phantom. Reconstructed images with small errors
show that the algorithm can be used for real data analysis. In
the near feature, we plan to apply the proposed algorithm to
the ICG concentration data acquired from breast tumors.
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