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Abstract—Time-varying autoregressive modeling may
consider the driving noise variance as a constant. In this work,
the properties of the autoregressive driving noise variance of 
heart rate variability, with different stationary physiological
conditions (resting in supine and sitting; exercise) are obtained.
The effect of constant variance consideration for ramp exercise
and recovery (a nonstationary condition) is also evaluated by
the comparison of the time-varying absolute spectral 
parameters obtained by parametric estimation, allowing or not 
the modeling of time-varying noise variance, and a non-
parametric time-frequency analysis. The driving noise variance 
presented a direct non-linear relationship with the heart period
for the stationary maneuvers (r=0.91), while for the
nonsationary condition, the use of a constant driving noise
resulted in bias for the estimation of heart rate variability 
spectral parameters. A time-varying driving noise variance
should be considered.

I. INTRODUCTION

The stationarity assumption is common in the assessment
of heart rate variability under different physiological

conditions [1]. The spectral analysis of stationary signals is
done using either non-parametric or parametric estimators.
In the parametric case, the use of autoregressive models is
common. Several approaches are used to determine the 
model parameters, the autoregressive coefficients and the 
driving noise variance. Each time a heart period time series
is modeled, the corresponding noise variance is estimated.
Thus, if for the same individual several records are
processed at different physiological conditions, each series 
would have its own estimated noise variance that may
change on a record-by-record basis. 

Several physiological conditions may produce 
nonstationary heart period time series, for example in

maneuvers that do not reach a steady state, like the 
incremental exercise and early recovery. The evaluation of 
the autonomic nervous system out of steady state conditions 
is of interest [2-9]. These conditions require a different
analytic approach. As in the stationary case, the tool may be 
nonparametric, using time-frequency representations as 
those from the Cohen class or time-scale as wavelets, or 
parametric, using a time-varying autoregressive model. In
the latter, the autoregressive coefficients are allowed to 
change in time, while the driving noise variance is
considered as a constant [2], 
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where ak[n] is the k-th autoregressive coefficient at time n, P 
is the model order, and is the constant variance of the 
driving noise (

2

).
Using this model, the temporal changes in the power

spectral density are regarded to be only caused by varying
pole positions with respect to the unit circle. In other words,
under this approach for a dynamic maneuver, the changing
autonomic modulation would be modeled based on the same
driving noise input variance and only the autoregressive
filter is considered to change, as can be observed in equation
(2):
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This condition differs from the stationary approach where

the driving noise variance is estimated for each particular 
signal, modeling the autonomic differences not only with
different filters but also with different inputs to those filters. 
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II. METHODOLOGY

A. Subjects 
Ten subjects, four women and six men, life-long residents of 
Mexico City participated in the study. Their anthropometric 
measurements expressed as mean ± standard deviation were: 
height 163.7  8.3 cm and weight 61.3  10.5 Kg. Subjects 
were healthy as established by clinical examination and 
electrocardiogram at rest, young (23.2 ± 1.8 years old), non-
smokers, and sedentary. Their written informed consent was 
requested to participate. None of the subjects took any food, 
alcoholic or stimulant beverages, nor performed intense 
exercise 12 hours prior to the study.  

B. Protocol 
To establish the autoregressive driving noise variance 

dependence with the physiological condition, three five-
minute stationary maneuvers were used: resting in supine 
and sitting positions, and exercise in a cycle ergometer 
(818E, Monark, Varberg, Sweden) at a load high enough to 
ensure a mean heart rate of 100 beats per minute. All 
recordings started once a steady state heart rate condition 
was achieved. 

The nonstationary maneuver was dynamic ramp exercise 
and it consisted on successive one minute workloads of 0, 
25, 50, 75 watt, followed by a three-minute recovery in 
sitting position (the subject remained seated on the 
ergometer) to complete a seven-minute maneuver. Between 
maneuvers, enough time was spent to allow the subject to 
recover.

In all cases, electrocardiogram was obtained using bipolar 
lead CM5 with a monitor (78330A Hewlett Packard, USA). 
The signal was digitized at a sampling frequency of 500Hz, 
using a 12 bit ADC converter and recorded for offline 
processing. None of the participants presented ectopic beats. 

C. Preprocessing
The electrocardiogram was processed to detect the R 

wave peak occurrence; beat-by-beat heart period was 
obtained as the RR interval; it was interpolated and even 
sampled at 2.8 Hz by spline interpolation, and the trend was 
removed by means of the smoothness priors algorithm [10]. 

D. Signal processing 
In the stationary case, the autoregressive models were 

estimated using the Levinson-Durbin algorithm. The model 
order was fixed to 15 and the goodness of fit was assessed 
for each time series. The driving noise was estimated as the 
prediction error. The mean heart period was obtained for the 
entire record. 

For the nonstationary maneuver, the model was estimated 
using the recursive least squares algorithm for the same 
order as for the stationary case, and the noise variance was 
obtained from the whole prediction error (constant) and 
using a moving window of 25s (time-varying). Also, the 
Born-Jordan time-frequency distribution was computed. 

Time-varying low- and high-frequency heart rate variability 
components as well as the total power were computed by 
integration within the respective band for each time and each 
approach.

E. Statistical analysis 
For the stationary case, driving noise variance was 

compared among the maneuvers using ANOVA for repeated 
measures. To assess the relationship between the noise 
variance and the autonomic tone evaluated as the heart 
period, a log-log regression was obtained between the 
driving noise variance estimator and the heart rate. 

In order to evaluate the effect of using a constant noise 
variance, linear regression analysis was performed between 
the non-parametric and parametric cases for each spectral 
index and each subject. The correlation coefficients were 
compared by a paired t-test. In all cases, the significance 
level used was 0.05. 

III. RESULTS

From the stationary time-series, the mean heart period 
presented significant differences among the maneuver 
(p<0.01). The estimated driving noise variance changed 
significantly between exercise and rest in both positions 
(p<0.01) with the highest variance for the supine position, 
and the lowest for exercise (Table I). Figure 1 shows the 
driving noise variance vs. heart period plot. A significant 
log-log direct relationship was obtained (r = 0.91, p<0.01). 

TABLE I. MEAN ± STANDARD DEVIATION OF MEAN HEART 
PERIOD AND FINAL PREDICTION ERROR VARIANCE FOR THE 

STATIONARY MANEUVERS 
Supine 
position 

Sitting 
position 

Exercise

Heart period 
(ms) 

956 ± 136 806 ± 82 406 ± 24 

Noise variance 
(ms2) 42.8 ± 24.1* 30.8 ± 25.1* 3.6 ± 2.3 
All mean heart periods were different (p<0.01) 
* significant differences with exercise p<0.01

The results for the nonstationary maneuver are presented 
in Table II. Correlation coefficients computed using the 
time-varying noise variance were significantly higher 
(p<0.01) for all spectral indexes. Figure 2 displays a typical 
example of the relationship between the total power 
obtained from parametric and non-parametric power spectral 
estimators; in general, those relationships were better when 
the noise variance was allowed to change using a sliding 
window to estimate its variance.  

Bias was observed for the constant noise variance 
estimator, the low- and high-frequency components were 
higher than the non-parametric estimator for low-value 
components, while they were lower for high-amplitude 
components, as occurred with the total power (Figure 3).  
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Figure 1. Log-log relationship between final prediction error
variance and mean heart period for the stationary maneuvers.

TABLE II. CORRELATION COEFFICIENTS (MEAN ± STANDARD
DEVIATION) BETWEEN PARAMETRIC AND NON-PARAMETRIC 

ESTIMATORS OF POWER SPECTRAL INDEXES FOR BOTH NOISE 
VARIANCE APROACHES. 

Total Power Low-
frequency

High-
frequency

Time-varying
noise variance

0.80±0.06 0.75±0.08 0.74±0.11

Constant noise
variance

0.59±0.19 0.61±0.16 0.53±0.17 Figure 3. Example of the last two minutes of exercise and the first one 
of recovery a) heart period, b) final prediction error (FPE), c) Total
power (TP). Bold line is the smoothed non-parametric estimation;
dotted line, the parametric estimation allowing a time-varying noise 
variance; single line, the parametric estimation using a constant noise 
variance.
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A similar relationship between the heart period and the noise
variance for the stationary case for all subjects (Figure 1)
and for the variance computed using a moving window for 
the nonstationary situation was obtained, although in the
latest case hysteresis was observed (Figure 4). 

103
100

101

102

Heart period (ms)

E
rro

r v
ar

ia
nc

e 
(m

s2 )

r = 0.80

Figure 4. Relationship between the autoregressive final prediction
error variance and the heart period estimated using a sliding 
window, for the nonstationary maneuver of a subject.

IV. DISCUSSION

Whenever an autoregressive model is estimated for the
assessment of the power spectral density in different

Figure 2. Typical example of the total power spectral values obtained
by parametric (TPAR) and non-parametric estimators (TPBJ) for the
time-varying (top) and constant (bottom) noise variance approaches.
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physiological stable conditions, the noise variance is 
estimated for every record. In this sense, in time-varying 
phenomena, where the physiological conditions are 
changing over time, a single noise variance should not be 
considered.

In the stationary case, for the heart rate variability spectral 
analysis, differences in the final prediction error variances 
were found for the exercise case when they were compared 
with those obtained at rest condition, in supine and sitting 
positions. These variances are used as estimators of the 
driving noise variance [11], affecting the evaluation of the 
power spectral density in absolute units. Even more, a non 
linear relationship between the mean heart period and the 
noise variance was found, suggesting the dependency of the 
noise variance with the physiological condition. 

Incremental exercise and early recovery are conditions 
where a steady state is never reached; during the exercise 
stage the heart rate continuously changes over time, 
increasing in a linear fashion as a function of the workload, 
while for the recovery, the heart rate decreases tending to 
reach the rest values.

As the heart period changes from the rest values to 
exercise ones, the noise variance would be expected to 
change as it did for the stationary case. However, for a time-
varying autoregressive model approach if this is not allowed 
and the global noise variance is used for the power spectral 
density estimation, an overestimation is observed for those 
segments that would have low-value driving noise, as occurs 
during exercise. Even more, the noise variance will depend 
not only on the particular condition on a time-segment, but 
on the values of the whole maneuver, and if only a part of 
the maneuver is analyzed, the noise and thus the power 
spectral amplitude will change. In a recursive estimation of a 
time-varying autoregressive model, the prediction error 
variance is expected to change and this should be considered 
in the resulting spectral estimation. 

The prediction error variance from the RLS adaptive 
estimator [3] will be affected by outliers. Other time-varying 
approaches to estimate a time-varying driving noise variance 
are not described in cited references. Even more, in most of 
the simulations on those papers only the model coefficients 
are changed while the noise variance is kept as constant or 
its time-variation is not mentioned.   

As a simple way to estimate a time-varying noise 
variance, the final prediction error variance over a sliding 
window was used, and the spectral indexes were recomputed 
using the noise variance obtained at each time. 

In this work, a time-frequency representation where the 
frequency-marginal property is held [12] was used to 
compare the total power values and the spectral indexes 
obtained form both estimators at each time. A significantly 
higher linear correlation was obtained when the time-
varying noise variance was used to estimate the 
autoregressive power spectral density, not only for the total 
power but for all spectral indexes. 

The problem of considering the noise variance as a 
constant is related with the observed bias. For the exercise-
recovery condition, the time variations of the spectral 
parameters were buffered, since the exercise effect was the 
reduction of the spectral indexes and also of the noise 
variance; considering it as constant, this input decrement is 
not taken into account for the estimations as it is done for 
the stationary cases.

V. CONCLUSION

For stationary heart period time series, the driving noise 
of the autorregresive models used for power spectral 
estimation is related with the heart period and thus, it 
changes with the physiological condition. For non-stationary 
maneuvers, where the condition is dynamically changing, 
the assumption of a constant driving noise may produce a 
bias in the estimation of the time-varying power spectral 
density. Thus, a time-varying noise variance should be 
considered.
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