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ABSTRACT 
Relying on a rank-2 tensor model for diffusion within a 
voxel, conventional streamline tractography utilizes 
principal component analysis (PCA) to detect the 
orientation of a single fiber within a voxel. When more 
than one fibers or tracts intersect within a voxel, the PCA 
estimated orientation lies somewhere in-between the 
multiple fiber directions and is obviously an incomplete 
and incorrect representation of the underlying fibers in the 
voxel. This paper investigates the applicability of 
Independent Component Analysis (ICA) to estimate 
individual tensors when multiple tensors corresponding to 
multiple intersecting fibers are present within a voxel. 
After establishing non-gaussianity of the Diffusion Tensor 
Imaging (DTI) signals, which is a pre-requisite for ICA, a 
Monte Carlo simulation study is conducted to show the 
accuracy of recovering the orientations of two or three 
tensors (fibers) mixed within a voxel. It is concluded that 
the principal eigen vectors but not the eigen values of 
multiple fibers are recoverable by conventional fast ICA.  

1. INTRODUCTION 
Detection of multiple fibers or tracts within a voxel 
remains a challenging problem in DTI tractography [1]. A 
rank-2 tensor (3 x 3 components) is commonly used to 
model the diffusion profile of a fiber and its eigen-values 
and eigen-vectors estimated through a PCA based 
approach are incorporated in tractography. When multiple 
fibers are located inside a voxel, a single tensor is an 
inadequate description of the mixture.  

Several strategies have been reported in the literature 
to resolve individual fiber directions inside a voxel in 
tractography. This problem has also been called the “fiber 
crossing” problem and some of the key approaches used to 
address this problem previously are: 1) gaussian mixture 
model decomposition [2], including spatial regularization 
[3], where multiple diffusion tensors and their volume 
fractions are estimated under the assumption that the 
normalized diffusion signal magnitude is a mixture of 
gaussian diffusion distributions or known basis functions, 
2) Probabilistic approaches [4,5] where a probability 
density function (PDF) is used to characterize different 
directions of diffusion within a voxel and Monte Carlo 
studies are conducted to obtain tracts including multiple 
tracts per voxel, and 3) HARDI (high angular resolution 
diffusion imaging) where high density samples of the 
diffusion field are acquired upon a spherical shell 

followed by model-based or preferably a model-free 
reconstruction [6]. HARDI approaches, however, require 
large number of gradient directions, usually > 100, and a 
relatively long acquisition time (on the order of one hour), 
which have limited its practical application. Our 
motivation in this paper is to develop a methodology that 
could be used in routine clinical tractography where 
usually 6 - 25 gradient directions are used to acquire data 
in less than 10 minutes.  

In a previous study [7], we proposed a novel ICA 
approach, called “modified mixture density ICA” which 
tuned its nonlinearity functions to minimize errors 
between the prefixed nonlinearity functions and the PDFs 
of intermediate sources. Even though this ICA was tested 
successfully with preliminary human data obtained from 
six gradient directions and four nonzero b-values, its 
application has been limited due to its computational 
complexity and slow convergence. Also, the previous ICA 
was designed to detect only two components inside a 
voxel without recovering their eigen-values and eigen-
vectors, and it was not clear whether our previous ICA 
formulation would be applicable to the situation where 
more than two fibers were present in a voxel. We have 
now developed an approach based on a fast fixed-point 
ICA algorithm that is much faster and also obtained 
results with three fibers crossing within a voxel.  

In addition, we present new work to answer the 
following key question: Is ICA applicable to the fiber-
crossing problem?   

ICA requires that the sources mixed within the 
detector be independent and non-gaussian. The sources in 
DTI correspond to the diffusion profiles of individual 
fibers that are mixed within a voxel. Thus the voxel 
becomes the sensor in the ICA framework and ICA would 
require that the diffusion profiles corresponding to 
individual fibers be independent and their PDFs be non-
gaussian. 

The diffusion of water molecules in the vicinity of 
one tract is not likely to be affected significantly by the 
diffusion of water molecules near another fiber. Thus it is 
reasonable to assume that the sources are independent. 
However, there is no apriori justification to assume that 
the sources are non-gaussian. 

The formulation of the ICA approach is described 
briefly in Section 2. An investigation of the statistics of 
individual sources through experimental measurements is 
described in Section 3. The applicability of ICA to detect 
individual tensors within a mixture is investigated by 
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Monte Carlo simulation studies where we assumed a 
mixture of two and three fibers inside a voxel. These 
studies are described in Section 4. Finally based on the 
results of the simulation, we discuss in Section 5 the 
applicability of the ICA approach to solve the multiple-
fiber crossing problem for incorporation in DTI 
tractography. The work reported here was based upon 25 
gradient orientations (b = 1000), and one b= 0  acquisition, 
but would be applicable to other acquisition schemes.  

2. THEORY 
2.1. Formulation of ICA 
In the statistical model of ICA, we obtain n measurements 

nxx ,...,1 that are modeled as linear combinations of n
sources [8]. In other words, 
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where aij  denotes the mixing fraction. In vector form 

AS=X
In the framework of ICA, S can be estimated from X

by maximizing the non-gaussianity of XbT [8], where 
1−= AbT . In this paper, a consistent metric, negentropy is 

used to determine non-gaussianity of the signal, where the 
approximate negentropy J (y) is defined as follows [8]: 
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G can be any non-quadratic function and v is a 
Gaussian variable with the same mean and variance as y.
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A fast fixed-point ICA algorithm based on 
negentropy was used in the work presented here. 
Symmetric orthogonalization was used under the 
assumption that all tensors carry equal weight and are 
estimated at the same time. 

2.2. DTI Tractography 
In diffusion tensor imaging, the signal M at a given value 
of b, where b is the gradient vector [1], can be written as 
follows: 

M

M0

= exp(−Db) = m(g,b)

m(b = 0)
= xi

where M0  is the signal at b=0 and D is a 1 x 6  vector 
derived from the tensor matrix. If g gradient directions are 
used, the b matrix would be g x 6 .  Hence, for one voxel, 
we obtain a measurement xi which is a 1 x 25 vector. 

3. NON-GAUSSIANITY OF DTI SIGNAL 
One requirement of ICA is that the source signals must be 
non-gaussian. In this section, clinical data from a 1.5 T 
MRI scanner with 55 gradient directions were used to 
investigate the statistics of the DTI signal. We used 55, 
instead of the typical 25 gradient directions used in 
clinical imaging, to improve the statistical power per 
voxel. Application of ICA was still evaluated with 25 
gradient directions. Using conventional streamline 
tractography we extracted two fiber bundles, the genu and 
splenium of the corpus callosum to evaluate the non-
gaussianity of individuals sources. These tracts, shown in 
Figure 1 as bold red lines, are likely to have only one fiber 
direction per voxel, and are thus a good representation of 
single sources in the ICA problem. 

Figure 1:  DTI Tractography results with Fractional Anisotropy 
(FA) > 0.5. The genu (top) and splenium (bottom) curved 
structures are clearly seen as thick red lines connecting the left 
and right brain. 

After extracting voxels from each of the two major 
tracts, bootstrapping was used to obtain the statistics of 
the signal within each tract. In each voxel, there are 
signals from 55 gradient directions. In one iteration, 40 
voxels were chosen at random and hence, 55 x 40= 2200 
data points were obtained. The negentropy and kurtosis 
were then computed for these points, and the process was 
repeated 100 times. Figure 2 show the statistics of one 
iteration for each of the tracts, and Table 1 shows a 
summary of the statistics of the bootstrapping experiment.  
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Figure 2:  Statistics of diffusion signal from genu (left) and 
splenium (right). The solid curve is the fitted gaussian 
distribution to visualize differences between the data and a 
Gaussian.  

736



Table 1:  Summary of statistics using bootstrapping 
 genu spleniu

m
Mean negentropy (zero for Gaussian) 2.7 2.6 
Variance of negentropy 8e-5 1.74e-4 
Mean kurtosis (zero for Gaussian) -0.7045 -0.804 
Variance of kurtosis 0.0046 0.0061 

These studies suggest that the statistics or PDF of a 
single fiber, i.e., when a single source is contained within 
a voxel, conform to a sub-gaussian distribution. It is 
therefore concluded that the non-gaussianity requirement 
of ICA for individual sources within a mixture of sources 
is fulfilled when multiple fibers are present within a voxel. 

4. SIMULATION FOR RESOLVING THREE 
FIBERS IN ONE VOXEL 

In this section we synthesize data using a mixture model 
to investigate the applicability of ICA. The mixture is 
expressed as follows: 

)exp(
1
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where ki is the weighting of each tensor.  
To implement ICA we need measurements 

corresponding to different mixtures of sources. To 
accomplish this, we consider neighbors of the “central” 
voxel under the assumption that fibers or sources would 
be mixed with different weights in these voxels. Figure 3 
shows an example of the mixing configuration of two and 
three crossing fibers. The mixing ratios are generated from 
the contribution of individual fibers to each voxel. For 
example, in the 3-fiber case, the mixing ratios among the 
8 neighbors shown are: [0.55 0.175 0.275;0.39 0.37 
0.24;0.17 0.57 0.26;0.35 0.24 0.41;0.33 0.33 0.34;0.29 
0.27 0.44;0.17 0.57 0.26;0.38 0.4 0.22;0.54 0.2 0.27]. 

Figure 3:  An example of two different configurations of 
crossing fibers.  

For each measurement xi, random complex noise was 
added with independent real and imaginary parts, each 
with distribution N (0, σ2) and σ = 1 / SNR. The SNR for 
this work was chosen to be 25, which is a representative 
value obtained in 25-gradient measurements [9]. 

For each tensor in the mixing model, the eigen-values 
in this simulation study were set to be λ1 = 1.7 e -9 m2s-1 

and λ2 = λ3= 0.2 e -9 m2s-1. The results obtained by a fixed 
point fast ICA to estimate the source tensors based on the 

above configuration are shown in Figure 4. It is observed 
that the error angles of the principle eigen-vectors 
between the original and estimated tensors are very small. 
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Figure 4:  Result of tensor estimation of simulated DTI signals. 
(a) Synthetic tensors with two crossing fibers. (b) Estimated 
tensors from mixture data generated from (a). (c) Synthetic 
tensors with three crossing fibers. (d) Estimated tensors from 
mixture data generated from (c).

Next, a Monte Carlo simulation was conducted to 
investigate the accuracy of the ICA approach for a mixture 
of randomly oriented tensors. Six and ten neighbor 
configurations were used as shown in Figure 5. The two or 
three fibers were oriented at random angles in three-
dimensions and ICA was applied to detect the individual 
fibers. The principle eigen vector was then computed for 
each tensor to estimate the angles between tensors. 

Figure 5:  Six (left) and ten (right) neighbor configurations.  

The absolute error angles between the principle eigen-
vectors of the original and estimated tensors were 
calculated to evaluate the accuracy of recovering 
individual tensor orientations with ICA. The results for the 
two and three fibers cases are shown in Figures 6 and 7 
respectively.  

In Figure 6, it is observed that there is very little 
difference between the two neighbor configurations (left 
vs. right). More than 60% of the trials have less than 10 
degrees error. In Figure 7, the 10-neighbor configuration 
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(right) shows some improvement over the 6-neighbor 
configuration (left). In the 10-neighbor case, 58% of the 
trials have error less than 20 degrees. Also, as expected, 
the performance with three fibers is worse than the two 
fiber-crossing case. Figure 8 shows a sample of the 
synthetic data and the estimated components. It is 
observed that ICA could recover the “shape” of the 
components but not the variance of the components. 
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Figure 6:  Results of the Monte Carlo simulation for 2 fibers. 
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Figure 7:  Results of the Monte Carlo simulation for 3 fibers. 
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Figure 8:  A sample of the original (left) and estimated (right) 
signals of individual tensors in the central voxel. 

5. DISCUSSION 
The simulation studies show that ICA could be used to 
detect orientations of individual fibers within voxels 
containing crossing fibers. The number of fibers per voxel 
that we have investigated in this paper is up to three.  

One limitation of ICA is that the variance of the 
individual signals could not be recovered. This means that 
the eigen-values and hence the Fractional Anisotropy (FA) 

could not be recovered. Thus, further investigation is 
needed to recover the complete tensor information. 
However, knowledge of the orientation of individual 
tensors within voxels known to contain multiple fibers 
would provide very significant information to improve 
DTI tractography.  

6. CONCLUSION 
Simulation and experimental studies suggest that ICA is 
applicable to the multiple-fiber crossing problem and that 
the orientations of individual fibers are recoverable for up 
to three fibers per voxel.  
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