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Abstract— A model is developed for the investigation of an
enzymatic diffusion-reaction system. The aim is to analyze the
dynamic behavior of three different species, the modification
of their enzymatic kinetic properties and the existence of
complex behaviors resulting of the catalytic activity induced
by immobilization of Acetylcholinesterase into artificial mem-
brane enzymatically inactive. We report results that make pos-
sible the characterization and prediction of complex behaviors
as well as a qualitative/quantitative analysis of the system
stability via bifurcation diagram which allows to study: i) the
effect of the initial substrate concentration in the reservoir and
ii) the effect of reaction-permeation modulus of the membrane
as bifurcation parameters.

I. INTRODUCTION

The necessity of understanding the behavior of biological

systems requires more than ever considerable efforts of the

scientific community. Aware of that, researchers of different

specialities have formed workgroups in order to develop

strategies to quantify changes at the molecular level. A

complete understanding of the enzymes’ nature requires the

use of an interdisciplinary approach based on fundamental

physical and chemical principles. In our research we take

advantage of concepts of nonlinear dynamics and control

for modelling and predicting the biochemical behavior

of the Acetylcholinesterase (AChE) enzyme immobilized

into an artificial membrane.

When the enzymes are in solution with the reactants

and/or products it is difficult and expensive to recover them

from reactor effluents at the end of the catalytic process.

Therefore, if they can be physically attached to the reactor

by artificial membranes, they can be re-used for many

reaction cycles, lowering the total production cost. This

process is called enzyme immobilization [1] [2] and it

provides many other advantages, for instance the ability

to stop the reaction rapidly by removing the enzyme from

the reaction solution (or vice versa), and the fact that the

product is not contaminated with the enzyme (especially

useful in the food and pharmaceutical industries).

A. The Neurotransmitters

Every time we move a muscle or even when we are

thinking, our nerve cells are in activity. They are processing

information: receiving signals, deciding what to do with

them and dispatching new messages off to their neighbors.

Some nerve cells communicate directly with muscle cells,
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sending them the signal to contract. Other nerve cells are

involved solely in the central administration of information,

communicating only with other nerve cells.

The nerves communicate with one another and with

muscle cells by using neurotransmitters. These are small

molecules that are released from the nerve cell and rapidly

diffuse to neighboring cells, stimulating a response once

they arrive. In spite of many different neurotransmitters

are used for different functions, in our research work

we are particularly interested in Acetylcholine (ACh), a

neurotransmitter considered important in the transmission

of nerve impulses in the body. After stimulation, acetyl-

choline, CH3COOCH2CH2N+(CH3)3 degrades to acetate

(Ac) and choline (Ch) which are absorbed back into

the first neuron to form another ACh molecule [3]. The

main function of ACh is to carry the signal from nerve

cells to muscle cells. When a motor nerve cell gets the

proper signal from the nervous system, it releases ACh
into its synapses with muscle cells. There, the ACh opens

receptors on the muscle cells, triggering the process of

contraction. The decomposition of old ACh is carried out

by AChE enzyme.

B. The cholinesterase

The cholinesterase enzyme, also called

acetylcholinesterase has drawn the attention of scientists

as it could play a striking role in Alzheimer’s disease,

cardiac diseases and other diseases [4]. The AChE is

found in the synapse between nerve cells and muscle cells.

It starts its action soon after a signal is passed, breaking

down the ACh molecule into its two component parts, Ac
and Ch.

Our study is focussed on the results of experimental

works on immobilized AChE membranes in [5] in which

it was observed the evidence of memory and oscillations

when the ACh was injected on one side of an artificial

proteinic membrane bearing AChE. Also, a potential

difference was recorded as a function of time. The au-

thors observed that the steady-state potential due to the

enzyme activity for increasing and decreasing substrate

concentration exhibited a hysteresis loop, and that the non-

linearity of the enzyme reaction coupled with diffusion

constraints caused some instabilities (oscillations of the

potential membrane). These phenomena are the main mo-

tivation of our work in which the following questions are

addressed: Why does immobilization of AChE leads to a

complex behavior ? How can we determine their causes

? Is it possible to predict these phenomena ? We can

answer these questions if we show that the results of [5]
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Fig. 1. kinetic mechanism for hydrolysis of ACh by AChE.

can be interpreted in terms of a coupling between the

enzyme reaction and diffusion process. See figure 1]. In

order to achieve this objective we develop in section II a

model for the hydrolysis of ACh to obtain the reaction

velocity of the enzymatic reaction. Then, in section III the

reaction is coupled with the diffusion giving thus rise to a

set of Ordinary Differential Equations (ODEs) that govern

the enzymatic process. The main results are discussed in

sections IV and V. Concluding remarks are given in section

VI.

II. THE RATE EQUATION FOR HYDROLYSIS OF ACh

In this section we present the model based on the

scheme of hydrolysis regulation for AChE depicted in

Figure 1. The model takes into account the inhibition

of the enzyme-catalyzed reaction by excess of substrate

concentration because for a given enzyme concentration

the initial reaction velocity increases with the initial sub-

strate concentration to a limiting value Vm. The model

also takes into account the inhibition by Ch (subsection

II − .1), because the Ch in high concentrations becomes

a competitive inhibitor of the AChE. Finally the model

considers the effect of the pH (subsection II-.2), i.e., the

changes in ionic charges of pH affect the activity, the

structural stability and solubility of the enzyme [2]. The

kinetic mechanism for hydrolysis of ACh by AChE with

the formation of an intermediary acetyl-enzyme complex

and the reaction being inhibited by excess of substrate

[6] is illustrated in Figure 1. The ACh molecule and the

free E are combined in (E + ACh) to form substrate-

enzyme intermediary complex (E.ACh) and the formation

of an intermediary acetyl-enzyme complex (E.Ac) with

concomitant elimination of Ch. The inhibition by excess

of substrate (ACh+) is explained by the binding of an

additional substrate molecule to the intermediary complex

to form the dead-end ternary complex (E.Ac.ACh). Also,

high concentrations of Ch may appear during the reaction

and exert a feedback control by inhibiting the free enzyme

E and the acetyl-enzyme intermediary (EAc).

The compartment contains enzyme molecules that cat-

alyze the transformation of the substrate whose rate ex-

pression is given by

R(S) =
Vm + VSS

[S]
KSS

1 + Km

[S] + [S]
KSS

(1)

Fig. 2. HBs in points B and C

where Vm = [E]tk2k3
(K2+k3)

= kcat[E]t, VSS = [E]tk2k5
(K2+k5)

,

Km = k3(k−1+k2)
k1((k2+k3))

and Kss = (k2+k3)(k4+k5)
k4(k2+k5)

In (1), the [S] denotes the substrate ACh. The kcat is the

catalytic rate constant, [E]t corresponds to the total enzyme

concentration. Vm denotes the maximum velocity of the

enzyme reaction, Km is the Michaelis-Menten constant,

VSS is the maximum theoretical velocity in a given enzyme

concentration, KSS is the inhibition constant by substrate.

k1, k−1, k2, k3, k4 and k5 are the kinetic constants that

determine the reaction rates. [E]t, Vm, VSS and KSS

were obtained from the kinetic scheme for the reversible

enzyme-catalyzed reaction in Figure 2. See [1] [7] and [8]

for details.

1) AChE inhibition by high concentration of Ch:

The fact that AChE is inhibited by high concentrations

of Ch is a property generally not considered when the

hydrolytic reaction is studied in solution. However, in

an immobilized enzymatic system high concentrations of

product may appear during the reaction and exert a negative

feedback control by inhibiting the enzyme. In this sense the

equation (1) for hydrolysis of ACh becomes a function of

the substrate and the product, and it may thus be rewritten

as

R(S, P ) =
1 + a.k.s2

(1 + [P ]

K
′
P

+ Km

[S] )(1 + [P ]
KP

) + [S]
Kss

)
(2)

[P ] and [S] indicate the concentration for product a
(acetate) and substrate s respectively. By substituting

p = [P ]
Km

, kp = KP

Km
and k

′
p = KP

Km
into (2) we get

the following non dimensional rate expression

R(s, p) =
s + aks2

1 + p
kp + s(1 + p

k′p
+ ks)

(3)

After verify experimentally that the term corresponding to

ternary complex E.Ac.ACh does not affect the system’s

behavior we have decided to omit it. As a consequence the

equation (3) can be rewritten as follows

R(s, p) =
s

1 + p
kp + s(1 + p

k′p
+ ks)

(4)

2) Effect of pH on the reaction: As mentioned above,

the hydrolysis of ACh by AChE depends on pH . This

is an important feature which can not be neglected when

dealing with the immobilized AChE. In fact the reaction

produces Ac, which rapidly dissociates to give Ac plus
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protons at pH values higher than 5. This local production

of protons may thus be able to induce an important mod-

ification of pH in the vicinity of the enzymatic sites. The

effect of pH on the hydrolytic reaction leads to rewrite (2)

as follows

R(S, P,H) =
[S]F (H)

([S](1 + [P ]

K
′
P

) + Km(1 + [P ]
KP

) + [S]2

Kss
)
(5)

where

F (H) =
1

1 + [H+]
CH1

+ CH2
[H+]

(6)

The H+ depends on the pH value of the buffer solution,

therefore F (H) describes the pH-dependence of the cat-

alytic constant. The expression Kss = K∗
ss(1 + [H+]

CHss
)

describes the H+ influence on the excess substrate inhi-

bition. The equations KP = K∗
P (1 + [H+]

CHp
) and K

′
P =

K
′∗
P (1 + [H+]

CHp
) describe the effect of pH on Ch.

In order to rewrite equation (5) in a dimensionless form

we take Km as the natural unit of concentration

s = [S]
Km

; p = [P ]
Km

; h = [H+]
Km

;

kP = KP

Km
; k

′
P = K

′
P

Km
; ki = Km

Kss

which leads to the following expression

R(s, p, h) =
sF (h)

1 + p
KP

+ s(1 + p

K
′
P

) + kis2)
(7)

where F (h) is similarly described in nondimensional form

F (h) = 1/(1 +
h

CH1
+

CH2

h
), (8)

with ki = k∗
i

(1+ h
CHss

)
which denotes the inhibition by

ACh+, kP = k∗
P (1 + h

CHp
) and k

′
P = k

′∗
P (1 + h

CHp
)

correspond to the effect of pH on Ch, where CH1 = CH1
Km

,

CH2 = CH2
Km

, CHss = CHss

Km
, CHp = CHp

Km

In order to solve (8) we must calculate the local pH
resulting from Ac dissociation and buffer solution effect.

We assume that the different ionic equilibria, related to the

electroneutrality are rapid when compared to the diffusion

of hydronium ions. The local concentration of free H+

results from the dissociation of Ac and buffer solution(
[B−][Na+]

[BH]

)
by taking the considerations a) and b) in

the sequel.

a) Acid-base chemical equilibria: According to

Bronsted-Lowry (BL) theory the equilibrium expression

for the dissociation constant KA of a weak acid HA is

written as HA � H+ + A− where H+ is an acid and

A− is a base. For Ac dissociation KA at a particular

temperature is given by KA = [A−][H+]
[AH+] where [H+] is

the hydrogen ion concentration, [A−] is the concentration

of the conjugate base of the acid and [AH+] is the con-

centration of undissociated acid. Similarly, the equilibrium

expression for the base-dissociation constant KB of a weak

base HB is given by HB � H+ + B− where H+ is an

acid and B− is the hydroxide concentration. For the buffer

solution dissociation KB is given by KB = [B−][H+]
[BH+]

where, [B−] is the concentration of conjugate acid, and

[BH+] is the concentration of undissociated base. In pure

water a special unitless equilibrium constant KW can

be defined as KW = [OH−] [H+] where [H+] is the

molar concentration of hydrogen and [OH−] is the molar

concentration of hydroxide. By taking the principle of

“Mass Conservation” the acid-base reaction can be written

as [AH]+[A] = [A]T , [BH]+[B] = [B]T with x = [Na+]
[B]T

b) Electroneutrality condition: We assume that the

electroneutrality principle is verified, i.e., there exists a bal-

ance between cations (negative charge) and anions (positive

charge). This implies the equality of the total positive ionic

charges to the total negative ionic charges

[H+] + [Na+] = [OH−] + [B−] + [A−]
From conditions a) and b) we get the following expression

[A]T =(
[H+] + x [B]T − KB [B]T

KB+[H+] − KW

[H+]

) (
KA+[H+]

KA

)

(9)

By considering that in experimental conditions [H+] <<

x [B]T and KW

[H+] <<
KB [B]T

(KB+[H+]) , (9) may be simplified to

[A]T =
(

1 +
[H+]
KA

)(
x [B]T − KB [B]T

(KB + [H+]

)
. (10)

(10) can be rewritten in its equivalent dimensionless form

as

a =
(

1 +
h

ka

) (
xb +

bkb

(h + kb)

)
(11)

with a = [A]T
KM

, b = [B]T
KM

, kw = KW

KM2
, ka = KA

KM
, kb = KB

KM

From (11) the h value is computed as the positive root of

the following quadratic equation

h2(
bx

ka
) + h(bx + b(x− 1)

kb

ka
− a) + bkb(x− 1)− akb = 0

(12)

III. MODELLING THE ENZYMATIC

DIFFUSION-REACTION

It is generally possible to explain qualitatively the ex-

perimental results of diffusion-reaction (RD) systems as

two phenomena separately. We assume that the enzyme

is perfectly agitated and homogeneous into the reactor

separated of the reservoir by a passive membrane enzymat-

ically inactive, through which the ACh diffusion occurs.

This characterizes a zero dimensional system whose main

particularity is that RD occur into the membrane and

compartment respectively.

The reservoir contains the substrate at a fixed concen-

tration S0. The product concentrations are kept constants

and equal to zero into the reservoir during all the time.

The buffer solution is homogeneously distributed in the

reservoir, in the membrane and the compartment reactor.

S is the substrate concentration as a function of time in

the compartment reactor. The membrane transports ACh
from the reservoir to the compartment reactor with rate

Ds
A
L (S0 − S), where Ds is the diffusion coefficient for
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the substrate S, A is the contact surface area, and L is

the thickness of a passive membrane that separates the two

compartments. The mass balance for S in the reactor is

therefore expressed as

Vr
dS

dt
= (Ds

A

L
)S0 − S − V rR(S, P, H) (13)

where Vr is the reactor volume and R(S, P, H) is the

reaction term given by (5).

Let P be the mass transfer coefficient given by

P = Ds
A

(LVr)
=

(
Vm

Vr

)
Ds

L2
(14)

where Vm is the membrane volume.

Substituting (14) into (13) leads to

dS

dt
= P (S0 − S) − R(S, P, H) (15)

Let θ = 1
P be the characteristic time of the system (the

inverse of the mass transfer coefficient). By taking θ and

KS as natural units of time concentration we obtain (15)

in the dimensionless form

ds

dτ
= s0 − s − ρR(s, p, h) (16)

where s = S0
KS

; τ = t
θ ; s0 = S0

KS
.

ρ in (16) is given by ρ = ( Vm

Kss
)θ and represents the

reaction-permeation modulus with θ =
(

Vr

Vm

)
L2

Ds
. The

dimensionless rate expression is denoted by R(s, p, h) as

described (7). By applying the same procedure used to

determine (16) we can obtain the equations for the products

Ch and Ac and construct the set of ODEs that governs the

dynamic system as

ds
dτ = s0 − s − ρR(s, p, h)
dp
dτ = α(p0 − p) + ρR(s, p, h)
da
dτ = β(a0 − a) + ρR(s, p, h)

(17)

with α = Dp

Ds
, β = Da

Ds
, where Dp and Da are the diffusion

coefficients to the Ch and Ac respectively.

As the product concentrations are kept equal to zero into

the reservoir during all the time, it implies that p0 = 0,

a0 = 0. By taking the diffusion coefficient α = 1 to the

Ch the system (17) can be rewritten as

ds
dt = s0 − s − ρR(s, p, h)
dp
dt = −p + ρR(s, p, h)
da
dt = −βa + ρR(s, p, h)

(18)

where s(t), p(t) and a(t) correspond to the state variables:

substrate, Choline and Acetate respectively.

IV. THE ROLE OF THE REACTION-PERMEATION

MODULUS IN THE FORMATION OF CHOLINE

The model (18) represents the mathematical description

of a coupling between the enzyme diffusion and reaction

and it is the first step to help answering the questions

addressed in section I. Our objective in this section and

the next is therefore to verify if with (18) we can approxi-

mate the qualitative results experimentally observed in [5].

By paying close attention to (18) we can conclude that

only two parameters could eventually cause the system to

present behaviors not comprehensible at a glance. As s, p
and a are the state variables, and β is a constant parameter,

there is no doubt that the parameters s0 and ρ, the ones

that can be externally manipulated, correspond therefore to

the most probable sources of the complex behavior. This

conclusion leads us to analyze how the system’s dynamics

responds to external variation on the parameters s0 and

ρ. We proceed then to obtaining bifurcation diagrams [9]

to get an overview of the qualitative behavior as well

as quantitative results for assessing the sensitivity and

robustness of the model to variation in the parameters s0

and ρ. To plot the bifurcation diagrams was used XPPAUT

[10]. The results are presented first with s0 held fixed while

ρ is allowed to change, see Figure 2. Then we change s0

while ρ is held fixed, see section V. The parameter values

were obtained from in vivo experimentation and are given

in Table I [11]. The integration time was equal to 20 with

Δt = 0.0002, besides, the error tolerance and absolute

tolerance were both chosen equal to 1e − 8. The initial

conditions for s(t), p(t) and a(t) were defined equal to

zero.

TABLE I

AChE catalyzed reaction - parameter values

ca = 10 k∗ = 0.01 ka = 631
cb = 0.01 k∗

p = 2.4 kb = 0.316
ck = 1 k

′∗
p = 2.21 b = 225

cp = 0.5 kw = 6.32e − 3 x = 0.24
β = 5.76 ρ = 4000 s0 = 300

Figure 3 shows three regions (AB, BC and CD) in the

bifurcation diagram, each one corresponding to a different

form of qualitative behavior. Two Hopf bifurcations (HBs)

are represented, one in B, (ρ = 3766) and the other in

C, (ρ = 4153). In B the equilibrium point loses stability

and a stable fixed point becomes unstable to form a stable

limit cycle. A pair of complex conjugate eigenvalues touch

the imaginary axis of the complex plane from the left half-

plane to the right half-plane, causing the system to undergo

a bifurcation, as consequence, oscillations appear between

A and B. Note in the bifurcation how the trajectories leave

a small neighborhood of the unstable HB1 and tend to a

small stable limit cycle (filled circles) that emerges from

B. The periodic solutions exist between points B and C for

3766 < ρ < 4153. In this range of ρ values the equilibrium

points are not attractors anymore but repellents, which

implies that the limit cycle is the only attractor. Notice

that after the branch BC the periodic orbits cease to exist

and the system recovers its stability in branch CD. The

biochemical interpretation is that these phenomena occur

as consequence of the competition among the molecules

in the coupled diffusion-reaction throughout the artificial

enzyme membrane. In fact, in [1] the author highlights that

just a single reaction coupled with diffusion is sufficient for

the existence of oscillations.
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Fig. 3. HBs in B, C, D and E. The bistability associated to hysteresis
is indicated by number 1.

V. IMPACT OF VARIATION IN SUBSTRATE INITIAL

CONCENTRATION

The initial substrate concentration s0 in the reservoir is

the second parameter which affects the model’s qualitative

behavior. In Figure 3 the system starts up with s0 = 200
in stable steady state (branch AB). As s0 is increased,

a HB arises at point B with s0 = 625.5 followed by

the birth of periodic orbits around it. As a consequence

there is a subsequent loss of stability and generation of

oscillations for all solutions in BC (thin dashed lines).

A second HB represented by C with s0 = 316.8 leads

the final product to a new stable zone (CD) into which

all eigenvalues have negative real parts. As s0 becomes

bigger and reaches s0 = 625.5 in D, a third HB appears

and changes the system’s behavior on branch DE. Note

a small unstable periodic orbit around D causing loss of

stability for all solutions between D and the virtual point

indicated by number 2. By paying close attention to the

equilibrium points in branch CE we recognize a bistability

phenomenon indicated by number 1, which is important in

regulation of biological networks. Such a phenomenon is

due to the non-linearities in the reaction rate. Note also that

for s0 ≈ 495.6 there are two stable stationary states (green

points) indicated by number 1. In this case s0 is a stable

fixed point in both branches CD and DE. It is easy to

verify in CE the presence of three stationary states, two are

stable (those indicated by 1) and the third one is unstable

(indicated by LP1). This verification confirms the hystere-

sis phenomenon experimental observed in [5] in which the

AChE membrane exhibits an auto-catalytic effect with the

enzymatic production of H+. Depending on the number of

steps taken along the branch CE, other points of bistability

as well as multistability may be observed. It means that

for a given set of s0 values the system is neither stable

nor totally unstable, but alternates between two or more

states in response to a single s0 value. The consequences

of several attractors in this enzymatic reaction implies

a system extremely sensitive to perturbations due to its

complex interactions and the presence of several saddle-

node bifurcation for fixed points (indicated by LP1, LP1,

LP1and LP1). From the imaginary point represented by

number 3 up to E the system reenters to the limit cycle

and there is no possibility of bistability anymore. Finally,

a fourth HB was found in E with s0 = 760.5. Note that

a periodic orbit emanates from E. The system is stable in

branch EF . The small branch in green color by 4 indicates

that the stable steady state presents yet oscillatory effect,

but disappears gradually from s0 ≈ 885.3 on.

VI. CONCLUSIONS

We have addressed the problem of modelling three

different species and their in kinetic properties induced by

immobilization of the AChE membrane. The mathematical

description of the system allowed the prediction of its

behavior for a particular operation range and specific initial

conditions. Based on the results we conclude that the pro-

posed model was shown to be a satisfactory representation

of the AChE immobilized into the artificial membrane

since it allowed to characterize the phenomena experimen-

tally observed [5] and showed that those phenomena can

be interpreted in terms of a coupling enzyme diffusion-

reaction.

The Hopf-bifurcations in both figures 2 and 3 allow to

determine and predict the zone of sustained oscillations

during the enzymatic reaction under particular values of

initial conditions. This could be useful for instance as aux-

iliary information for determining the initial concentration

in reservoir so that the products of the reaction can be

formed inside or outside the instable zone.

This work may stimulate new research directions on

cholinergic agents, since it is known that after the ACh
neurotransmitter interacts with the cholinergic receptor, it

is hydrolyzed very rapidly by the AChE enzyme. On the

other hand, the proposed approach could be useful to de-

scribe small subsystems that together perform a particular

task in larger structured biochemical networks.
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