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Robust High-speed Binocular 3D Eye Movement Tracking System
Using a Two-radii Eye Model

Danjie Zhu, Mikhail Kunin, and Theodore Raphan

Abstract— Existing video-based eye movement tracking
systems measure three-dimensional eye orientations by
assuming the eye is a sphere that rotates around its center at a
fixed radius. We found this model inaccurate. We have
developed a system that uses a two-radii eye model, which
assumes that the eye rotates around two different centers with
different radii horizontally and vertically. We found this two-
radii model more accurate in estimating the three-dimensional
eye positions than the traditional one-radius eye model.

1. INTRODUCTION

Over the past decade, digital video techniques have
increasingly been wused for measuring three-

dimensional (3D) eye movements [1-12]. Horizontal
and vertical (2D) eye positions can be calculated from the
pupil center coordinates, which can be determined using
center of mass algorithm [3, 4, 6, 7, 10] or partial ellipse fits
to the pupil boundary [11]. The torsional eye position can
then be determined by tracking of natural or attached
landmarks on the eye [2, 9, 13-15], utilization of variations
of the polar cross-correlation method [1, 3, 4, 6, 7], or more
robustly using a restrictive template-matching technique
[12].

The algorithms that implement the eye tracking have
traditionally been based on the assumption that the eye is a
perfect sphere that rotates around its center at a fixed radius
(one-radius eye model). We have found an inaccuracy in the
2D eye positions calculated using the one-radius eye model.
Test results indicate that horizontal eye movements are
uniformly larger in absolute values than the actual eye
rotations and vertical eye movements are uniformly smaller
(Fig. 2). The errors in 2D eye positions can be up to 1.5°
(Fig. 2). These findings suggest that a more accurate model
of eye rotation should consider that the eye rotates about two
different centers with two different radii. Furthermore, if
geometric compensation [7] is used in calculating the
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torsion, the errors in 2D eye positions would also affect the
accuracy in the torsion calculation.

We have developed an algorithm using a two-radii eye
model. The eye is assumed to rotate about two centers, one
for horizontal rotation and the other for vertical rotation. The
eye also rotates with different radii horizontally and
vertically. Testing of this algorithm has shown that the two-
radii model was 76% more accurate (Fig. 3) in estimating
the horizontal and vertical components of the 3D eye
positions than the traditional one-radius model.

II. EYE TRACKING ALGORITHM USING TWO-RADII EYE MODEL

A. Mathematical Basis of Algorithm

Mathematically, the eye can be considered as a sphere.
As a first approximation, the iris and pupil can be modeled
as a plane which intersects the sphere [16]. The visual axis
of the eye can be approximated by the optical axis [17]
which intersects the center of pupil. When projected onto an
image plane, the pupil boundary is a closed contour. The eye
orientation can be determined from the center of the contour
projected on the image plane.

The following assumption were made in deriving the eye
tracking algorithm based on the two radii model to simplify
the mathematical development:

(1) The two centers are positioned along the optic axis
and may not necessarily coincide with the center of the eye
ball.

(2) The eye exhibits ideal ball and socket behavior, so that
all eye movements are pure rotations around the two centers
of the eye, with no translation of the centers.

B. Coordinate Frames

To compute the eye orientation, two coordinate frames
have been used: 1) a head-fixed camera-coordinate-frame
(X-Y-Z, Fig. 1) whose roll axis is normal to the image plane
when the eye looks straight at the camera, and 2) an eye-
fixed coordinate frame (X.-Y.-Z, Fig. 1) which is defined as
the pitch, roll and yaw axes of the eye. It coincides with the
camera-coordinate-frame when the eye is looking straight at
the camera.

In the two-radii model, the eye rotates around two
different centers (C, and Cy, Fig. 1) respectively. The
vertical rotation () around C, can be effectively described
as a translation (d;) from C;, to C,, followed by a rotation (0)
about C,, and followed by a reverse translation (-d;) from C,
to C, (Fig. 1). Therefore eye movements in the two-radii
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model are described as a rotation (@) about the head-fixed
yaw (Z) axis, followed by a translation (d,) from horizontal
rotation center (C,) to vertical rotation center (C,) along the
rotated yaw axis (Y.), followed by a rotation () about the
rotated pitch (X,) axis, followed by a reverse translation (-d,)
from C, to C; along the rotated yaw axis (Y.), and finally
followed by a rotation (y) about the optic (Y.) axis (Fig. 1).
The three consecutive transformations (d, 8 and —d,) are
equivalent in effect to the vertical rotation (0) around the
vertical rotation center (C,) with a different radius.

Image Plane

Fig. 1: Eye position in camera-coordinate-frame (X-Y-Z) with regard to
eye-fixed coordinate frame (Xc-Y-Z.) as seen by image plane (Xin-Zim)-

In practice, the camera may be tilted horizontally (o.),
vertically (6.) and torsionally (y.) relative to the reference
position where the eye is looking straight ahead without any
torsion. This camera offset can be determined during
calibration.

C. Transformation Matrix

Eye movements in the head can be described by a
transformation matrix given as a product of three rotation
and two translation matrices given by Eq. 1. The three
rotation matrices correspond to rotations about the head-

fixed yaw (Z) axis (]é »), a rotated pitch (X,) axis (]A? o), and
the optic (Y.) axis (1% ) (Fig. 3). The two translation

matrices correspond to a translation (1% q) from Cy to C,
along the optic (Y.) axis and a reverse translation from C, to
C;, along the rotated optic (Y.) axis. Since a 3x3 matrix does
not provide translation transformation, 4x4 matrices and
homogeneous coordinate representation of points have been
used.

cos¢g -sing 0 O
. _|sing cosg 0 O
ReZl o 0 10
0 0 01
1 0 0 0
. |0 cos@ —singd 0
Ro™ 0 sind cosé O
0 0 0 1
cosy O siny O
. 0 1 0 0
Ry™ —siny 0 cosy O
0 0 0 1
1 0 0 O
R 0 1 0 d,
“Tlo01 0
0 0 0 1
100 0 (1
P 0 1 0 —d,
27001 0
000 1

If camera offset is considered, an eye movement can
be decomposed into two sub-movements: a first movement
from the zero position where the eye is looking straight at
the camera to the reference position where eye is looking
straight ahead without any torsion, and a second movement
from the reference position to the current position. When the
eye is looking straight at the camera, Y, axis (along the optic
axis of the eye-fixed coordinate frame) is orthogonal to the
image plane and X, and Z. axes of the eye-fixed coordinate
system are parallel to Xj, and Z;, axes of the image plane
(Fig. 1). The transformation matrices describing the camera
tilt are given by Eq. 2.
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cosg. -sing, 0 O
. _|sing, cosg. 0 0O
RZl 0 0 10
0 0 01
1 0 0 0
& = 0 cosd, —sing, 0 2
% 10 sin@, cosd, 0
0 0 0 1
cosy, 0 siny, O
. 0 1 0 0
Rv. ™| sin w., 0 cosy, O
0 0 0 1

Let P be a point on the pupil-iral plane. The homogeneous
coordinates of P in the camera-coordinate-frame when the
eye is at the zero and the current positions are (X, y, z, 1) and
(x',y', 7, 1) respectively.

Then the relationship between positions of point P before
and after the eye rotation is given by:

'

, =ﬁ¢( IéoL IA(./,C I%¢ RiRoRe IA(./, 3)

—_— N e =
— N e R

In general the projection of the center of camera-
coordinate-frame on the image plane is offset from the
center of the image plane. Assume that the center of the
camera-coordinate-frame projects to a point (X, z.) in the
image plane. Let (x’, z’) and (X,, z,) be the coordinates of
point P in current position and its projection onto the image
plane. Then the relationship between the projection of point
P onto the image plane and point P in the camera-
coordinate-frame is given below:

X ' .
p _( x j{ x J “
Zp z' Zc
D. Algorithm For Calibration

To develop the algorithm for computing the horizontal,
vertical and torsional rotations of the eye, seven calibration
parameters (@, O¢, Ve, X¢, Ze, dp, and d¢) must be identified:

1) o, 6. and U, are the Euler angles associated with the
camera offset relative to the reference-coordinate-frame.

2) (X¢, ) are the coordinates of the projection of the
center of the camera-coordinate-frame onto the image plane.

3) d, is the distance between the horizontal rotation

center of the eye and the pupil-iral plane.

4) d; is the distance between the horizontal and vertical
rotation centers.

The horizontal and vertical camera offset angles (o,
and 6.) can be omitted if they are less than 5° [7]. In
practice, cameras can be mounted on goggles such that the
"line of sight" of the camera is almost perpendicular (< 5°)
to the "line of sight" of the eye when the eye is looking
straight ahead. We now derive equations for computing the
five calibration parameters U, X, Z., dy and d; based on the
coordinates of the projected pupil centers.

Since the torsional eye movement about the visual axis
does not change the projection of the center of the pupil, ¥
can be arbitrarily set to zero (\=0). When the eye is looking
straight at the camera, the homogeneous coordinates of the
pupil center is (0, -d, 0, 1) in the camera-coordinate-frame.
Using (0, -d, 0, 1) for (X, y, z, 1), and substituting Egs. 1 and
2 into Eq. 3, the coordinates of the pupil center in the
camera-coordinate-frame when the eye is rotated by o, 6,
and ¢ is given by:

x'=(d, +d,)cosy singcos@-(d, +d,)siny sind
—d, cosy sing
y'=—(d, +d,)cosgcos@+d, cos¢d (5)
z'=—(d, +d,)siny singcos@-(d, +d,)cosy sind
+d,siny_sing

Using Eq. 4 and let d,=d,+d, (Fig. 1), the projection of the
pupil center onto the image plane is given by:

x,=d,cosy singcosd-d, siny sind

—d, cosy sing + x,

6
z,=-d, siny singcos@-d, cosy sind ©
+d,siny _sing+z,
If we let:
A=d, cosy, A'=-d, siny,
B=—d siny, B'=-d  cosy,
C=-d,cosy, C'=d,siny, (7
D=y, D'=z,
x =singcosf y=sind z=sing
we have:
=Ax+By+Cz+D
v ®)

z,=Ax+By+Cz+D'

In Eq. 8, (x,, zp) are the coordinates of the pupil center
projected onto the image plane. They can be computed from
the coordinates of the pupil boundary [11]. The Euler angles
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for each position, ¢ and 6, are known during calibration
process. Therefore x, y and z can also be found.
Theoretically the 8 parameters A, B, C, D, A", B', C' and D'
can be solved from Eq. 8 by using 4 different calibration eye
positions with 4 different (x,, z,) coordinates. In practice we
found it to be more accurate to use Singular Value
Decomposition (SVD) algorithm to calculate the 8
parameters. Five or more different calibration eye positions
with their corresponding pupil center coordinates and the
known euler angles are fit to Eq. 8 to calculate the 8
parameters. Once these parameters are found, V., X, Z., dy,
d; and dy, can be obtained from Eq. 7 using the following

equation:
= —arctan A
V. y

x.=D

=D ©)

d, =47 +B? = 4> + B
d, = SIGN(-C)WC? +C"

d,=NA>+B* —d,

where dy, and d, are the two radii for horizontal and vertical
rotations, and d,=d,-d;. There are two ways to calculate d,.
Since dy=d,—d;, there are also two possible values for d.
Theoretically they are the same, but in practice one

(v A* + B? ) is more associated with horizontal rotation
(dy) and the other (v A">+B" ) with vertical rotation (d.).

E. Algorithm For Determining Horizontal and Vertical
Rotations

The coordinates of the projected center of the pupil (x,,
z,) on the image plane are related to the pitch and yaw
components (¢, 6) of eye orientation by Eq. 6. Once the
calibration parameters U, X, Z., dy, d; and dy, are found (o,
and 6. are set to 0), @, 6 can be determined as follows:

6 = arcsin| — (x, =x.)siny +(z, —z.)cosy,
d,
. (10)
@ = arcsin (x, —x )cosy, —(z, —z,)siny,
(d, +d,)cos0—d,

III. RESULTS

Algorithms based on both traditional one-radius eye
model and two-radii eye model were used to track the 3D
eye positions. Video images of both eyes of a subject
looking at 9 fixed points on a circular panel were obtained.
The positions of the 9 points and the distance between the

subject and the circular panel were chosen such that the
horizontal and vertical angles of eye orientations for the 9
points are (-20°, 0°), (-10°, 0°), (0°, 0°), (10°, 0°), (20°, 0°),
(0°, -20°), (0°, -10°), (0°, 10°) and (0°, 20°). 20 images were
grabbed for each eye orientation except for the reference
position (0°, 0°). For convenience of eye fixation, the
reference position was used twice with 20 images grabbed
each time. First the calibration parameters were calculated
from images grabbed at 9 different positions using one-
radius calibration algorithm [18]. Then the 3D eye positions
were calculated using traditional one radius eye model
algorithm.  The calculated horizontal orientations
overestimated, i.c., were larger in absolute value, than the
actual eye position (Fig.2). The vertical orientations,
underestimated the actual eye orientations and there was a
tendency to deviate in the horizontal direction (Fig. 2). The
average error was 0.45° horizontally and 0.47° vertically.

£ 20
£ 10
-20 -10 - 10 20
I'IIIIIIIIIII”II||||||||9"_|||||IIII|.IIIIIIIIII—II
-+ -10
-+ -20

Fig. 2: 2D eye positions calculated using one-radius model. The red dots are
the calculated 2D eye positions when subjects were asked to fixate points at
10° and 20° in the horizontal and vertical directions.

The same pupil center positions of all the images (20x10)
were used to obtain the calibration parameters and to
calculate the 3D eye orientations using the two-radii eye
model algorithm (Egs. 9, 10). The results for the 2D eye
positions for the two-radii model (Fig. 3) indicate that there
is improved accuracy. The average errors are 0.07°
horizontally and 0.14° vertically.
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Fig. 3: 2D eye positions calculated using two-radii model. The red dots are
the calculated 2D eye positions when subjects were asked to fixate points at
10° and 20° in the horizontal and vertical directions.

IV. CONCLUSIONS

The results indicate that there is an improvement of
accuracy of 67% in computing eye position in two
dimensions by using a two-radii model for the eye rotation.
This affords the ability to compute eye rotations in three
dimensions with greater accuracy and robustness.
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