Proceedings of the 28th IEEE
EMBS Annual International Conference
New York City, USA, Aug 30-Sept 3, 2006

WeC04.3

A Dual-Rate Kalman Filter for Continuous Glucose Monitoring

Matthew Kuure-Kinsey*, Cesar C. Palerm'*, Senior Member, IEEE, B. Wayne Bequette®, Senior Member, IEEE
*Isermann Department of Chemical & Biological Engineering, Rensselaer Polytechnic Institute, Troy, NY 12180-3590
TDepartment of Chemical Engineering & Biomolecular Science and Engineering Program,

University of California Santa Barbara, Santa Barbara, CA 93106-5080
fSansum Diabetes Research Institute, 2219 Bath St., Santa Barbara, CA 93105

Abstract— A dual-rate Kalman filter is developed for real-
time continuous glucose monitoring. Frequent (5 minute) sam-
pling of a noisy, continuous glucose sensor is used for estimation
of glucose and its rate-of-change. Infrequent (8 hour intervals)
reference glucose meter samples enable the sensor gain and
its rate-of-change to be updated. The dual-rate Kalman filter
formulation accounts for uncertainty in both the continuous
glucose sensor and the reference glucose meter. The method
is tested on simulated and experimental data, confirming its
superiority to simple one-point calibration.

I. INTRODUCTION

Diabetes mellitus is a metabolic disease characterized by
high blood glucose levels (hyperglycemia) [1]. It is now
well established that maintaining tight control on blood
glucose is important [2], as hyperglycemia leads over time
to complications such as heart disease, stroke, retinopathy,
nephropathy and neuropathy. Intensive treatment requires
careful monitoring of blood glucose, as it is associated
with a higher incidence of hypoglycemia, also a dangerous
condition [2].

In order to gain the full benefits, tight glucose control must
be maintained for life. This requires constant vigilance, as
insulin dose requirements change over time due to myriad
factors, such as weight, stress levels and physical condition.

In the past few years continuous glucose sensors have
been coming to market. The initial devices were blinded
(i.e. glucose readings were not available until the device was
downloaded to a computer), at which time retrospective fit-
ting was done using blood glucose readings from a standard
glucose meter [3]. In a recent study Garg et al. [4] have
shown that un-blinded, real-time glucose readings from such
a sensor can have a significant impact in improving glycemic
control.

For practical reasons, these glucose sensors are subcuta-
neous, and measure glucose concentration in the tissue, not
blood. Given that treatment decisions are made based on
blood glucose, not tissue glucose, the sensor must provide a
signal that is calibrated to glucose readings from fingerstick
measurements.

This is not a trivial problem, as the relationship between
tissue and blood glucose is dynamic. This is further com-
pounded by the fact that the sensor signal degrades over
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time, due in part to depletion of the sensor’s reagent, but
more importantly due to the reaction of the immune system.
Even though the new sensor systems have improved since the
first generation appeared in the market, there is still plenty
of room for improvement [5].

There are several methods for estimating blood glucose
that have been proposed. These methods are often coupled
with a commercially available sensor like the CGMS® Sys-
tem Gold™ of Medtronic MiniMed Inc. (Northridge, CA).
The CGMS calibration method is retrospective, covering up
to 72 hours of collected sensor data, and uses a least squares
solution to estimate the sensor gain in a linear relationship
[3]. A one-point calibration technique was developed by
Choleau et al. [6], which uses the same linear relationship
and assumes a known sensor intercept. Both of these methods
are a posteriori in nature, requiring a lengthy window of past
data to determine a future estimation equation. The Kalman
filter technique used by Palerm et al. [7], Bequette [8], and
Knobbe and Buckingham [9] is designed to handle the noise
from sensor measurements and provide estimates of blood
glucose in real time. It is also able to provide additional
information, as done in [7] to provide an estimate of the
rate of change of blood glucose. In this paper we present an
implementation of the Kalman filter which we use to estimate
the sensor gain as well as the blood glucose at the sensor’s
sampling rate, and use sporadic blood glucose fingerstick
measurements to further improve performance.

II. DUAL-RATE KALMAN FILTER STRUCTURE

Standard methods of estimating blood glucose levels, like
the one-point [6] and retrospective [3] calibrations, are de-
terministic in nature, where noise in the sensor and reference
blood glucose measurements can have significant effects on
the blood glucose estimate. As the sensor degrades over time
the sensor gain drifts, which also introduces error in the
blood glucose estimate. These issues motivate the use of a
stochastic estimation technique, which can handle noisy data,
and which is capable of estimating other parameters (such
as the changing sensor gain).

Underlying the Kalman filter structure is the discrete time,
stochastic model

Xit1 = X + TU, + T wy,
Y, =CX; +

(1a)
(1b)



where wy, and v are, respectively, the input and measure-
ment noise vectors (assumed to be uncorrelated Gaussian
white noise). They have covariance matrices ) and R
(respectively), which in practice are not known, so they
become tuning parameters. If the measurements have a high
degree of uncertainty and we want to trust the model more
than the measurement, then R is weighted more relative to
Q. Conversely, weighting () high relative to R implies that
the measurements are to be trusted more than the model
predictions.
The predictor-corrector equations of the estimator are

Xk|k—1 = (I)Xk—lwc—l + U
Xik = Xijp1 + Lk (Yk - CXkucq)

(2a)
(2b)

where X is the estimate of the states. The subscript notation
k|k — 1 indicates the estimate at time step & using measure-
ments up to and including time step k£ — 1. Equation (2a) is
used to propagate the state estimate (using the model) from
the most recent time step & — 1 to the current time step k.
Equation (2b) is then used to update the estimate, where Ly
is the Kalman gain.

This Kalman filter gain is found by solving the equations

P, =®P,_ 107 + v Qrv’
—®P,_,CT (CP,_1C" + R) " CPy_, 07
Ly = P.CT (CP.CT +R)™

(3a)

(3b)

using an initial state covariance FPj.

One of the states to estimate is blood glucose, which is
denoted as gy, and which is expressed in terms of its rate of
change

Gk+1 = gk + Agg “4)
and this rate of change is modeled as a stochastic signal
Agi+1 = Agr + wg i )

whose change is due to process noise wg .
The same is done for the sensor gain, which is the other
state to estimate. In compact notation

apyr | (1 1] [ ax [0
o Rl [ A R

and thus the full model is given by
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where the under-braces indicate the notation corresponding
to the model in equation (la). Note that in this case there
are no inputs, thus I' = 0.

The model has two measured outputs, sensor output and
reference blood glucose (fingerstick) measurements, each on
a different time scale. The sensor measurements are the
fast time scale, with order of magnitude in minutes. The

fingerstick measurements are more infrequent and on the
slow time scale with order of magnitude in hours. The fast
time scale output is given by
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where the sensor output is split to be a function of both
estimated states, as they must be observable in order for the
Kalman filter to update both. For the slow time scale
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in which both the sensor output and the reference blood
glucose measurement are available at this time. The noise
terms vy and vy correspond, respectively, to the sensor
and the reference blood glucose meter.

The resulting stochastic model, in compact notation, is
then

Xiy1 = X5, + T wy,
Yok = Crast Xk + Vs &
Yi = C'slow)(k + Vg

(10)

It is important to note that while the ® and ' matrices
are static, the presence of g and aj as terms in the Chy
and Cgoy matrices make them dynamic. This means that the
underlying model itself is dynamic rather than static, and
adapts to the sensor degradation over time. The common
assumption that the Kalman gain is constant therefore does
not hold, but an extended Kalman filter implementation is
not necessary.

The dual-rate Kalman filter has two distinct updates which
correspond to the fast and slow sampling rates. At the fast
sample time, only the sensor measurement is used to update
the estimated states. When the infrequent reference blood
glucose measurements are available, both measured outputs
are used to update the estimated states. The update at the fast
sample time is given by the predictor/corrector equations in
(11) and the update at the slow sample time is given by the
corresponding predictor/corrector equations in (12).

Xijpo1 = ®Xp 151

91 ppk—1 = Cras Xgjr—1 (11)
Kipo = X1 + L (yik — J1ki0-1)
Xpjpo1 = PXp 161
Yk\kfl = CslokaUc—l (12)

Xk|k = éXkucq + Ly (Yk - Yk\kq)
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Fig. 1.  Comparison of dual-rate Kalman filter (right) and one-point
calibration (left) methods for estimating constant blood glucose with sensor
degradation. Dashed line is the true underlying signal, solid line is the
corresponding estimate, circles denote the actual blood glucose value, and
the crosses the corresponding reference measurements.

It is important to note that the fast sample time can exhibit
significantly different dynamic behavior than the slow sample
time. This is incorporated in the dual-rate Kalman filter
by having two dynamic Kalman gain terms, Li‘m and
Lzlow. Each gain is allowed to vary dynamically with system
behavior, and is updated at each respective sample time by
solving the dynamic Riccati equation (3a).

III. BLOOD GLUCOSE ESTIMATION

The power of the dual-rate Kalman filter is in both its
ability to handle measurement noise on multiple time scales
and to operate in real time. This will be illustrated first by
a comparison to the more traditional one-point calibration
[6] method on a simulated glucose system, and then on
experimental data.

The purpose of the comparison to a simulated ideal system
is that the true underlying value of glucose is known, which
provides a baseline for determining the efficacy of various
estimation methods. The first ideal system is for a constant
glucose value of 100 mg/dL and a sensor that degrades
exponentially with a half life of 72 hours. The sensor was
assumed to provide measurements with a 5 minute sample
time and standard deviation of 2 mg/dL. Fingersticks were
assumed to be taken every eight hours with a standard
deviation of 5 mg/dL. Under these conditions, the one-
point and dual-rate Kalman filter were both used to provide
estimates of the blood glucose.

As figure 1 clearly shows, there is a significant difference
in performance between the two estimation methods. The
dual-rate Kalman filter is able to estimate the underlying
blood glucose with much lower mean average deviation
(MAD) than the one-point calibration technique. Updating
the sensor gain and its rate of change by the dual-rate Kalman
filter at both sample times allows for greater accuracy in
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Fig. 2. Comparison of dual-rate Kalman filter (right) and one-point
calibration (left) methods for estimating variable blood glucose with sensor
degradation. Dashed line is the true underlying signal, solid line is the
corresponding estimate, circles denote the actual blood glucose value, and
the crosses the corresponding reference measurements.

tracking sensor degradation over the one-point calibration,
which only updates sensor gain at fingerstick measurements.

The ideal simulated data used in figure 1 is based on
constant blood glucose and sensor degradation. In reality,
blood glucose levels will never remain constant for that
period of time due to exercise, meals and natural fluctu-
ations. To see how the dual-rate Kalman filter performs
under variable blood glucose conditions with similar sensor
degradation, sinusoidal blood glucose values were used in
place of constant values.

Similar to the constant blood glucose results, figure 2
shows that there is a significant difference in performance
between the two estimation methods. Using MAD values as
a metric, the dual-rate Kalman filter is able to provide a
better estimate of blood glucose levels than the one-point
calibration technique.

Figure 3 shows the performance of the dual-rate Kalman
filter using experimental data. The data comes from testing
of an experimental subcutaneous glucose sensor on rats. The
@ and R matrices for the dual-rate Kalman filter were tuned
for this data set.

In figure 3, the performance of the dual-rate Kalman
filter is compared against frequent blood glucose values and
against the one-point calibration applied to the same data.
The frequent blood glucose values have a low error margin,
and thus are considered as the actual blood glucose levels.
The “fingerstick” points are the times when the blood glucose
values are used to update the slow sample time, adding noise
(10% relative error, white Gaussian) to mimic a fingerstick
in a subject with diabetes. A MAD value is calculated based
on the reference blood glucose measurements; it shows that
blood glucose was accurately estimated and that the dual-rate
Kalman filter does a better job than the one-point calibration.
It is also important to note that the dual-rate Kalman filter
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Fig. 3.  Estimation of blood glucose and sensor signal using the dual-

rate Kalman filter (KF) applied to experimental rat data (set 1); one-point
calibration (OP) is shown for comparison.

was also able to accurately estimate the measured sensor
current signal. In order to further test the dual-rate Kalman
filter, it was applied to a second experimental data set, which
was not considered in the tuning of the estimator. The results
are shown in figure 4.

Similar to the first data set, a MAD value was calculated
based on actual blood glucose values and compared against
the one-point calibration technique. The dual-rate Kalman
filter is again able to accurately estimate blood glucose levels
and the measured sensor current signal, with two reference
blood glucose values, used to update the slow sample time.
Since the () and R values used in this estimation were tuned
for a separate and independent data set, this shows that the
dual-rate Kalman filter also has a degree of robustness in
tuning and performance.

IV. CONCLUSIONS

A dual-rate Kalman filter was developed for continuous
glucose monitoring. The dual-rate Kalman filter takes advan-
tage of information available at two time scales: frequent sen-
sor measurements and infrequent fingerstick measurements.
Using MAD as a performance metric, the dual-rate Kalman
filter was shown to perform better than the a posteriori one-
point calibration method on simulated data. Performance and
robustness of the dual-rate Kalman filter was also shown
compared to actual blood glucose values on two sets of
experimental data.

It should be noted that, in this initial work, we have
neglected the dynamic lag between the blood glucose and
sensor current signals; compensation for this lag will most
likely lead to better results, and is the topic of current work.
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