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Abstract— We apply an adaptive approach to optimal ex-
perimental design in the context of estimating the unknown
parameters of a model of a neuron’s response. We present an
algorithm to choose the optimal (most informative) stimulus
on each trial; this algorithm can be implemented efficiently
even for high-dimensional stimulus and parameter spaces (in
particular, no high-dimensional numerical optimizations or
integrations are required). Our simulation results show that
model parameters can be estimated much more efficiently using
this adaptive algorithm rather than random sampling. We also
show that this adaptive approach leads to superior performance
in the case that the model parameters are nonstationary, as
would be expected in real experiments.

I. INTRODUCTION

In neurophysiology experiments, minimizing the number

of trials needed to characterize a neural system is essential

for maintaining the viability of a preparation and ensuring

robust results. Various approaches have been developed to

optimize experiments in an online manner by choosing the

“best” stimuli given prior knowledge of the system and the

observed history of the cell’s responses. The “best” stimulus

can be defined a number of different ways depending on

the experimental objectives. One reasonable choice is the

stimulus which maximizes the firing rate of a neuron ([1],

[2], [3]). This definition is well suited for experiments aimed

at identifying a neuron’s preferred stimulus. Alternatively,

when investigating the coding properties of sensory cells it

makes sense to define the optimal stimulus in terms of the

mutual information between the stimulus and response [4],

[5].

Here we take the approach that the optimal stimulus is

the one which tells us the most about how a neural system

responds to its inputs (see [6], [7] for further discussion

and references). We are concerned with neural systems in

which the probability p(r|�x) of the neural response r given

an arbitrary stimulus, �x, can be described by a model of the

conditional response, p(r|�x, �θ), which has a finite number of

parameters given by the vector �θ. Since we estimate these

parameters from experimental trials, we want to choose our

stimuli so that we constrain the model parameters as much

as possible.
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In the simplest cases, these types of optimizations can be

done using heuristics based on experience with a particular

system. When mapping out the receptive fields of V1 cells,

for example, it is more efficient to use stimuli which are

orientated edges rather than randomly sampling the set of

visual images. However, in general it is difficult to perform

such optimizations manually. Therefore, there is a need to

develop computational methods to perform this optimization

efficiently and with minimal user intervention.

Two inconvenient facts make realizing this goal in a

computationally efficient manner difficult: 1) model com-

plexity — we typically need a large number of parameters to

accurately model a system’s response p(r|�x); and 2) stimulus

complexity — we are typically interested in neural responses

to stimuli �x which are themselves very high-dimensional

(e.g., spatiotemporal movies if we are dealing with visual

neurons). In particular, it is computationally challenging to

1) update our a posteriori beliefs about the model parameters

p(�θ|r, �x) given new stimulus-response data, and 2) find the

optimal stimulus quickly enough to be useful in an online

experimental context.

In this work we present methods for solving these prob-

lems using generalized linear models (GLM) for the input-

output relationship p(r|�x, �θ) and certain Gaussian approxi-

mations of the posterior distribution of the model parameters.

Our emphasis is on finding solutions which scale well in

high dimensions. We solve problem (1) by using Newton’s

method to update the Gaussian approximation to the poste-

rior, and we solve problem (2) by a reduction to a highly

tractable one-dimensional optimization problem. Simulation

results show that our proposed algorithm produces a set

of stimulus-response pairs which is more informative than

the set produced by random sampling. The running time

of our algorithm is also small enough that it could be

run in real-time. Finally, we demonstrate how our methods

may be extended to the important case that the underlying

model parameters are changing with time (due, for example,

to changes in the health, arousal, or attentive state of the

preparation).

II. METHODS

A. The Model

We model a neuron as a point process whose conditional

intensity function is given as the output of a generalized

linear model (GLM) [8], [9]. This class of models implicitly
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assumes that neurons are only sensitive to a linear subspace

of their input. Physiologists have identified a number of

sensory neurons whose receptive fields can be efficiently

modeled with these assumptions, for example the center

surround receptive fields of retinal ganglion cells and the

orientation selective receptive fields of simple cells in V1

[10]. Furthermore, the structure of this class of models allows

the necessary computations to be implemented in an efficient

manner. Under suitable constraints on the linear filtering and

nonlinear function, the likelihood function is guaranteed to

have a single global maximum [9]. The most important of

these constraints is that the system can only respond to a one

dimensional subspace of its input. Despite this constraint, the

model is still very flexible and can easily incorporate effects

due to spike history and the spiking of other neurons.

The model is summarized by the equation below for the

intensity function λ:

λ(t) = E(r(t)) (1)

= f

(∑
i

θixi(t)

)
(2)

In the above summation the θi capture the dependency of the

neuron’s firing on the stimulus. The experimental objective

is the estimation of the unknown filter coefficients, from

knowledge of the stimulus, �x(t), and the resulting firing rate

r(t). We chose the nonlinear stage of the GLM, the link

function f(), to be the exponential function for simplicity

and to ensure the likelihood function has a single global

maximum.

B. Updating the Posterior

We approximate the posterior after t trials, p(�θt|�xt, rt),
as a Gaussian with a mean equal to the location of the

peak of the log posterior. We take the covariance matrix

to be the negative inverse of the Hessian of the log pos-

terior at its peak. We find the peak by using Newton’s

method to find the root of the log posterior. Each itera-

tion of Newton’s method requires computing the inverse

of the Hessian of the log posterior. We can significantly

speedup this step by using our Gaussian approximation of

p(�θt−1|�xt−1, rt−1) instead of computing the exact value on

each Newton step. Using this approximation, computing the

Hessian of p(�θt|�xt, rt) only takes O(d2) whereas computing

the Hessian of the true posterior is O(Nd2), where N is the

number of observations that have been made and d is the

dimensionality of �θ. Furthermore, if we use the Gaussian

approximation of p(�θt−1|�xt−1, rt−1), then computing the

inverse Hessian of p(�θt−1|�xt, rt) is just a rank one update of

the inverse Hessian of p(�θt|�xt−1, rt−1). This rank one update

can be implemented efficently using the Woodbury identity

in O(d2) time whereas inversion of the Hessian of the true

log posterior requires O(d3) operations. Our simulations

showed that the loss in accuracy due to the approximation

of p(�θt−1|�xt−1, rt−1) as Gaussian was minimal but the

speedup was significant. Therefore, we used this faster but

less accurate implementation to update the posterior.

The Gaussian approximation of the posterior —which

is the maximum entropy distribution with this mean and

covariance— is justified because the posterior is the product

of two log-concave terms, the likelihood function and the

prior (which we assume to be Gaussian, for simplicity).

Furthermore, the main theorem of [7] indicates that a Gaus-

sian approximation of the posterior will be asymptotically

accurate.

C. Choosing the Optimal Stimuls

Choosing the optimal stimulus for the next trial, time

t + 1, requires maximizing the mutual information between

the parameter and the response conditioned on the stimulus.

The conditional mutual information is just the difference in

entropies of the posterior entropies after the t + 1 and the t
trials.

I(�θ; rt+1|�xt+1, rt) = H(�θ|�xt, rt) − H(�θ|�xt+1, rt+1) (3)

To simplify notation we use the symbols, �xt and rt, to

denote the sequence of all stimuli and responses up to time

t, that is the sequences {�x1, .., �xt} and {r1, ...rt} respec-

tively. Having observed rt, H(�θ|�xt, rt) is constant. Therefore

choosing �xt+1 to maximize the mutual information requires

minimizing H(�θ|�xt+1, rt+1). Since we take the posterior

to be Gaussian, its entropy depends only on its covariance

matrix. Using the equations for the Newtonian update of the

posterior, we can express the posterior covariance at time

t + 1 as:

Ct+1 = (C−1
t + Jobs(rt+1, �xt+1))−1 (4)

In the above equation Ct is the covariance of our Gaussian

posterior at time t and Jobs is the observed Fisher informa-

tion:

Jobs(rt+1, �xt+1) = −∂2 log p(rt+1|�xt+1, �θ)

∂2�θ
(5)

Using matrix perturbation theory,

Ct+1 = Ct − CtJobsCt + o(CtJobs) (6)

Plugging the above into the expression for the entropy of a

Gaussian and making some additional approximations gives,

Er log det[Ct − CtJobsCt] ∼ Er log det[I − JobsCt] (7)

= −Ertr[JobsCt] + o(JobsCt) (8)

Therefore neglecting the higher order terms, we need to

maximize Ertr[JobsCt], which is an average over the ob-

servations of the expected Fisher information. In our case,

that is with f(�θt�x) = exp(�θt�x), we can use the moment-

generating function of the multivariate Gaussian to obtain

the result:

ErJobs = �x�xt exp
(
�xtμt +

1
2
�xtCt�x

)
(9)

where μt is the mean of the Gaussian posterior at time t.
Therefore to maximize Ertr[JobsCt], we need to maximize:

F (�x) = exp(�xt�μt) exp(
1
2
�xtCt�x)�xtCt�x (10)
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where �μt and Ct are the mean and covariance of our current

Gaussian estimate of the posterior of �θ.

For this model the optimal stimulus is undefined, since

increasing the stimulus power ||�x||2 increases the informa-

tiveness of any putatively “optimal” stimulus. To obtain a

well-defined optimization problem, we optimize the stimulus

under the usual power constraint ||�x||2 ≤ e for some constant

e < ∞.

We maximize Eqn. 10 by using an eigendecomposition

combined with the Lagrange method for constrained opti-

mization to reduce our k-dimensional optimization problem

to a 1-dimensional problem. Expressing Eqn. 10 in terms of

the eigenvectors of Ct yields:

F (�x) = exp(
∑

i

uiyi +
1
2

∑
i

ciy
2
i )

∑
i

ciy
2
i (11)

= g(
∑

i

uiyi)h(
∑

i

ciy
2
i ) (12)

where ui and yi represent the projection of the mean

and the stimulus respectively onto the ith eigenvector and

ci is the corresponding eigenvalue. To simplify notation

we also introduce the functions g() and h() which are

monotonically strictly increasing functions implicitly defined

by Eqn. 11. We maximize F (�x) by breaking the problem into

an inner and outer problem by fixing the value of
∑

i uiyi

and maximizing h() subject to that constraint. A single line

search over all possible values of
∑

i uiyi finds the global

maximum. This approach is summarized by the equation:

max
�y:||�y||2=e

F (�y) = maxb:||�y||2=e

[
g(b) ·

[
max�y:||�y||2=e,�yt�u=b h(

k∑
i=0

ciy
2
i )

]]
(13)

Since h() is increasing, to maximize h() we only need to

maximize:

max�y:||�y||2=e,�yt�u=b

k∑
i=0

ciy
2
i (14)

This last expression is a quadratic function with quadratic

and linear constraints and we can solve it using the Lagrange

method for constrained optimization. The result is a system

of equations for yi as a function of the Lagrange multiplier

λ1.

yi =
e

||�y||2
ui

2(ci − λ1)
(15)

To find the global optimum we vary λ1, which is equivalent

to performing a search over b, and compute yi. For each λ1

we compute F (�y(λ1)) and choose the stimulus, �y(λ1) which

maximizes F (). It is possible to show (details omitted) that

the maximum of F () must occur with λ1 ≥ c0 where c0

is the largest eigenvalue. This restriction on the optimal λ1

provides a significant speedup of the optimization step and

simplifies the implementation of the search.

To summarize, updating the posterior and finding the

optimal stimulus requires three steps: 1) a Newton update, 2)

an eigendecomposition and 3) a 1-dimensional search over

λ1 ≥ c0. The complexity of these computations is

O(d2 + d3 + rd) (16)

where d is the dimensionality of �θ, and r is the number of

steps in our search over λ1.

A slight variation of the optimization strategy is to choose

the stimulus which minimizes the mean squared error of our

estimated �θ. This leads to a similar objective function but

we have omitted the details due to space.

D. Changing �θ

We can account for changes in an animal preparation

during an experiment by assuming these changes cause
�θ to change randomly and slowly with each trial. These

assumptions provide a reasonable model of changes in �θ over

time due to a change in the animal’s alertness or a change

in its health. We model this effect by letting �θ experience

mean reverting diffusion [11].

�θt+1 = m · �θt + wt (17)

In the above equation m is a positive scalar less than or equal

to 1 and wt is a normally distributed random variable with

mean zero and covariance matrix Q. We take m and Q to

be known although they could potentially be learned from

the data as well. To incorporate the effects of diffusion, we

approximate p(�θt+1|�xt, rt) as Gaussian with mean m·�μt and

covariance m2 · Ct + Q where �μt and Ct are the mean and

covariance of our Gaussian approximation of p(�θt|�xt, rt). To

update the posterior and choose the optimal stimulus, we use

the same procedure as in the case of constant �θ.

III. RESULTS

Our first set of simulation results show the efficiency of

choosing information maximizing stimuli in the case where

the input space is a 100 dimensions, Fig. 1. We compare our

optimization strategy to results produced by random inputs

which are uniformly sampled from a sphere with radius equal

to the magnitude constraint imposed on the optimal stimuli.

We compare the methods by looking at the posterior entropy

of �θ. Our results show that using optimal stimuli leads to

more accurate estimates of �θ using fewer trials. Our results

are supported by the conclusion of [7] that the information

maximization strategy is asymptotically never worse than

using random stimuli and is in general more efficient.

The running time for each step of the algorithm as a func-

tion of the dimensionality of �θ is plotted in Fig. 2. The fitted

polynomials in the figure illustrate that the running times of

the various steps grow as: O(d3) for diagonalization, O(d2)
for the posterior update, and O(d) for the 1d linesearch.

When �θ was less than 200 dimensions, the total running time

of our algorithm was less than a quarter second which is well

within the range of tolerable latencies for many experiments.
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Fig. 1. Simulation results comparing the entropy of the posterior for �θ when
using information maximizing stimuli compared to using random stimuli

uniformly sampled from a sphere. �θ was a constant vector of length 100.
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Fig. 2. A plot of the timing of the three steps performed on each iteration

as a function of the dimensionality of �θ. The three required steps are:
updating the posterior, diagonalizing the covariance matrix of the posterior,
and conducting the one dimensional line search to find the optimal stimulus.
The timing for each step was fitted to a polynomial of degree 3 for the
diagonalization, degree 2 for the posterior update, and degree 1 for the line
search. The results shown are an average over many iterations. The errorbars
indicate ±2 std.

Our second set of simulation results deals with the case

where �θ is not constant but undergoes mean reverting dif-

fusion, Fig. 3. The results show that despite a changing �θ
we are still able to choose stimuli which on average provide

more information than randomly drawn stimuli.

IV. CONCLUSION

While designing efficient experiments based on informa-

tion theory presents several computational challenges, rea-

sonable approximations can lead to feasible implementations

for experimental settings. Despite these assumptions it is

still possible to see significant improvements over random

sampling. In particular, we have presented one solution for

dealing with problems due to large dimensional input spaces

and to a changing response function over time.

An important direction for future work is reducing the run-

ning time. The bottle neck is the O(d3) eigendecomposition.
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Fig. 3. A comparison of the posterior entropies using information

maximizing stimuli vs. randomly chosen stimuli when �θ experiences mean
reverting diffusion with m = .999. The covariance matrix, Q, was a

non-white matrix with eigenvalues {.0011, .0012, ..., .0110}. �θ had 100
dimensions.

If we use our Gaussian approximation of p(�θt−1|�xt−1, rt−1),
then computing the updated eigendecomposition is just a

rank one modification of the eigendecomposition from the

previous time step. This is a well known linear algebra

problem for which efficent algorithms exist [12]. Further-

more, in order to implement our algorithm efficently we

made several approximations to simplify the computations.

The efficency of the information maximization algorithm

compared to random sampling can be computed if we assume

we can perfectly maximize the mutual information [7].

Therefore, we can evaluate the merit of our approximations

by comparing the efficency of our implementation to the

theoretical limit.
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