
 

Abstract—Human limbs are a multilinked system in which 
the revolute joints are not orthogonal to the limb segments or 
to each other. The standard method for movements of 
multilinked systems is the Denavit-Hartenberg (DH) 
Representation, which is useful for orthogonal systems. When 
applied to non-orthogonal systems, the DH representation 
projects the reference frames outside of the limb segments.  
Computer graphics techniques move arrays of points in bodies 
that move about arbitrary revolute joints.  This computational 
model has been modified to calculate both position (X, Y, Z) 
and orientation (yaw, pitch, and roll) of limbs and their 
individual segments. This method allows a simplified 
representation for the kinematics of animal limbs.   

I. INTRODUCTION

any mechanical systems are composed of rigid 
segments linked by simple kinematic mechanisms 
such as revolute joints. Knowledge of positions and 

orientations of the links and revolute joints is essential for 
machine control. The current standard for calculating the 
position and orientation for the reference frames of these 
linked mechanisms is the Denavit-Hartenberg (DH) 
Representation [1]. The DH Representation assumes rigid 
links between limbs but to simplifies from the defined 
position and orientation with displacement and Euler angles 
to four numbers requires orthogonality between limbs and 
links [1]. The DH is a relatively simple system that works 
well when the mechanisms are orthogonal. The 
simplification is the result of choosing coordinate frames for 
the links that do not have to lie within link or limb [1]. 
Humans and animals have revolute joints that are not usually 
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perpendicular to each other or to the limb segments, and do 
not parallel a global reference frame coordinate [2]. Such 
joints are known as arbitrary revolute joints and can be 
described as twist and crank angles, a vector from the origin, 
and the degrees of rotation (pitch – ) about the revolute 
joint. DH representation of non-orthogonal systems project 
the local reference frames outside of the limb segments. Our 
proposed representation places the limb segment and joint 
reference frames within the segments or joints, facilitating 
the measurement, design, modeling, movements and control 
of these systems via methods developed for computer 
animation [3]. The parameters, which must be measured in 
the animal limb, are explicitly stated and are variables in the 
generalized equations. 

II. METHODS

A. Software 
The program was written in Matlab® to have access of the 

matrix mathematics functions. The program was object-
oriented to allow for ease and robustness of expansion. The 
software provided text (Excel Spreadsheet), jpg (picture), 
and avi (Video) output representing motion. 

B. System representation 
The simplest system consisted of two segments and a 

single joint. The reference frame for the first link was placed 
at the origin of a Cartesian coordinate system. The 
displacement vector (D1), the x, y, and z measurements from 
the first segment’s reference frame to the center of the first 
revolute, were recorded. The limb local coordinates may be 
placed anywhere, including a location along the revolute 
axis. In biological systems, the center of mass in the 
stationary limb segment is difficult to establish and it 
changes as the muscles lengthen and contract. The 1 and 1
angles were the twist and crank angles of offset from the 
preceding segment’s reference frame needed to align the 
revolute axis of motion with the z-axis of the preceding 
limb. In relation to the second limb, the 2, 2, and D2 were 
the variables measured that were needed to rotate the axis of 
rotation so as to align with z-axis of the next segment and to 
find the distance from the joint center to the following 
segment’s center. There for the method provides a definition 
of the orientation of limbs relative to their joint. 

C. Definitions:
A vertices matrix ([V#], Eq. (1)) was defined by the joint 

number, “#”; therefore, all limbs distal to it were are 
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operated on or accessed in the matrix. The subscript d is 
equal to the number of the most distal limb.  Each limb 
requires 12 columns of the matrix (expandable for more 
vertices). The first eight columns were the limb vertices.  
The ninth column was the limb center, and the 10th, 11th, and 
12th columns were the local x, y, and z vectors (not unit 
vectors) of the local coordinate system relative to global 
Cartesian coordinate system. 

1,1 1,2 #,2 ,12

1,1 1,2 #,2 ,12

1,1 1,2 #,2 ,12

... ...

... ...

... ...
1 1 1 1 1 1

d

d

d

x x x x
y y y y
z z z z

 (1) 

 A translation matrix ([T#, l], Eq. (2)) was defined by a 
subscript # and l, which defined the offset as “from 
proximal” (fp) or “to distal” (td) to the limb. 
1 0 0
0 1 0
0 0 1
0 0 0 1

x
y
z  (2)  

Rotation matrices ([R#, a, l]) were defined by #, l, and a,
which was the axis of rotation. Equations (3)-(5) show the 
rotation matrices for rotating about the x, y, and z-axes
respectively. Roll ( ) was defined by the rotation about the 
x-axis. Yaw ( ) provided the rotation about y-axis. Pitch ( )
described the rotation about the z-axis.
1 0 0 0
0 cos sin 0
0 sin cos 0
0 0 0 1

 (3) 

cos 0 sin 0
0 1 0 0

sin 0 cos 0
0 0 0 1

 (4) 

cos sin 0 0
sin cos 0 0

0 0 1 0
0 0 0 1

 (5) 

A joint rotation matrix ([Rev]) defined the amount of 
rotation about the arbitrary axis of the revolute joint. The 
and  angles of offset are calculated from the z-axis to allow 
for the define rotation of the joint to be about the z-axis as in 
Eq. (5).  A single rotation matrix ([RM (row, column)]) was 
used to define the orientation of a limb in space through a 
single rotation once the yaw, pitch, and roll was tabulated. 

c c s -c s 0
-c s c +s s c c c s s +s c 0
c s s +s c -c s -s s s +c c 0

0 0 0 1

 (6) 

In Equation (6), c refers to cosine and s to sine. 

D.  System Description 
To ease the difficulty in setting up the model with global 

positions and angles, a relative system was used through an 

object-oriented design utilizing limb, joint, and system 
objects. The global origin and axis were designated to be the 
local origin and axis of the most proximal limb of the 
system. The limb was modeled as a cuboid, which can easily 
be changed to any shape to any shaped by adding and/or 
removing vertices. The cuboid was used to simplify the 
program and was defined by length, width, and height. The 
local origin for each limb was defined as its geometric 
center. The joint was a single axis revolute joint. The center 
of the revolute joint was at the local origin and aligned with 
the z-axis. The joint was defined in relation to the proximal 
and distal limbs. Due to the sequential operation in 
traversing the limb, the program was designed arbitrarily in 
a proximal to distal method. The measure made for each 
joint was the xfp, yfp, and zfp offset from the proximal limb. 
These defined its position in space in relation to proximal 
limb. Next, the fp (x-axis), fp (y-axis), and fp (z-axis) was 
measured as the offset orientation from the local axis of the 
proximal limb. Then the same offset orientations ( td, td,
and td) were measured to rotate the revolute joint to align 
with the z-axis of the distal limb. Finally, the offset was 
measured from the center of the revolute joint to the 
geometric center of the distal limb, which provided xtd, ytd,
and ztd. No range limitation was enabled to allow 
coordinates or orientations that are considered out of the 
range of natural joint motion as in fractures or dislocations.   

III. BUILDING THE MULTI-LINKED SYSTEM

A multi-linked system was assembled to the specifications 
of an initial state. The local coordinate systems were set at 
the origin for all limbs. Therefore, the limbs were moved to 
their appropriate positions and orientations in space via a 
sequence of matrix multiplications as shown below: 
1. [V1] = [T1,fp] [R1,x,fp] [R1,y,fp] [R1,z,fp] [R1,z,td] [R1,y,td]

[R1,x,td] [T1,td] [V1]
2. [V2] = [T2,fp] [R2,x,fp] [R2,y,fp] [R2,z,fp] [R2,z,td] [R2,y,td]

[R2,x,td] [T2,td] [V2]
3. . . . . . . . . . . 
4. . . . . . . . . . . 
5. . . . . . . . . . . 
6. [V#] = [T#,fp] [R#,x,fp] [R#,y,fp] [R#,z,fp] [R#,z,td] [R#,y,td]

[R#,x,td] [T#,td] [V#]. 

IV. ROTATION ABOUT A SELECTED JOINT

The lack of orthogonality between the joint axes and the 
global coordinate system presents a problem with joint 
rotation. To rotate the distal limbs around a respective joint 
(#), the joint was translated to the global origin and the axis 
of rotation was aligned with the z-axis. The z-axis has been 
designated as the as the only axis of rotation for all limbs. 
All other axes were held constant at initial specifications as 
shown in the following sequence: 
1. [V1] = [R1,y,fp] -1 [R1,x,fp] -1 [T1,fp]-1 [V1]

a. If joint is joint of rotation, jump to step eight. 
2. [V1] = [T1,td] -1 [R1,x,td] -1 [R1,y,td] -1 [R1,z,td] -1 [R1,z,fp] -1[V1]
3. [V2] = [R2,y,fp] -1 [R2,x,fp] -1 [T2,fp]-1 [V2]

a. If joint is joint of rotation, jump to step eight. 
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4. [V2] = [T2,td] -1 [R2,x,td] -1 [R2,y,td] -1 [R2,z,td] -1 [R2,z,fp] -1[V2]
5. . . . . . . . . . . 
6. . . . . . . . . . . 
7. . . . . . . . . . . 
8. [V#] = [T#,fp] [R#,x,fp] [R#,y,fp] [Rev] [V#]. 

After joint was rotated, the system was returned to their 
proper global coordinates as follows: 
1. [V#] = [T#,fp] [R#,x,fp] [R#,y,fp] [R#,z,fp] [R#,z,td] [R#,y,td]

[R#,x,td] [T#,td] [V#]
2. . . . . . . . . . . 
3. . . . . . . . . . . 
4. . . . . . . . . . .  
5. [V2] = [T2,fp] [R2,x,fp] [R2,y,fp] [R2,z,fp] [R2,z,td] [R2,y,td]

[R2,x,td] [T2,td] [V2]
6. [V1] = [T1,fp] [R1,x,fp] [R1,y,fp] [R1,z,fp] [R1,z,td] [R1,y,td]

[R1,x,td] [T1,td] [V1]. 

V. YAW, PITCH, AND ROLL OF LIMBS

The rotation about an arbitrary angle in the multilinked 
system of limbs allowed distal limbs to have changes in their 
spatial rotations about more than one axis simultaneously.  
Therefore, the new yaw, pitch, and roll was calculated after 
proximal joints have been rotated, but to avoid errors in 
back calculation of the orientation via position coordinates 
in real data, the yaw, pitch, and roll were calculated on the 
fly with rotations through multiplication of only the rotation 
matrices. Due to the sequence necessary for rotation using 
Euler angles, the orientations were calculated in the order 
roll, pitch, and yaw in the back calculation from Cartesian 
coordinates so the Euler angle multiplication sequence for 
rotations can take place in the order of yaw, pitch, and roll. 
The same order was used to calculate in (6). The calculation 
of yaw, pitch, and roll was tabulated both ways so that each 
method could verify the other. The method of back 
calculation was accomplished by first translating the limb 
back to the global origin of the coordinates system by using 
the limb center as the offset for the translation matrix (7). 

,9

,9

,9

1 0 0
0 1 0
0 0 1
1 1 1 1

x
y
z

 (7) 

The limb number ( ) describes the limb to be translated 
and later rotated. Once the limb was at the origin, the local 
axis vectors were converted to their respective unit vector 
coordinates for the y-axis (8)-(10). 

,11

2 2 2

,11 ,11 ,11

_
x

x dc
x y z

 (8) 

,11

2 2 2

,11 ,11 ,11

_
y

y dc
x y z

 (9) 

,11

2 2 2

,11 ,11 ,11

_
z

z dc
x y z

 (10) 

Roll ( ) was calculated by projecting the local y-axis unit 
vector onto yz-plane (11) and calculating the angle of 
rotation ( ) between u’ and the global y-axis (12). 

' 0, _ , _u y dc z dc  (11) 
1cos ' [0,1, 0] _

' _

u z dc

u z dc
 (12) 

The arc cosine function only returned values between zero 
and  radians so it was multiplied by a factor that was -1 or 
1 depending on z_dc (z-component of y-axis unit vector) in 
respect to the xy-plane.  A similar respective factor was 
multiplied to determine angle direction for yaw and pitch, 
also. The computer animation standard rotations utilized for 
the methodology designate positive angles as counter-
clockwise rotations [2].  For , a positive angle required a 
clockwise rotation to align u’ with the global y-axis.
Therefore, the calculated  was inverted.  The remaining 
calculations of pitch ( ) and yaw ( ) followed the standard 
convention of positive angles are for counterclockwise 
rotations. Using , an x-axis rotation matrix was used to 
rotate the limb so that the local y-axis vector lies in the xy-
plane.

Since u” already lied within the xy-plane, but it was 
calculated with the absolute value of u’ (13), Pitch ( ) was 
calculated from the angle of rotation between u” and the 
global y-axis (14). 

'' _ , 0, 'u x dc u  (13) 
1cos '' [0,1, 0] _

'' _

u x dc

u x dc
 (14) 

Yaw ( ) required the use of a separate local axis since the 
local y-axis unit vector was aligned with the global y-axis.
The local x-axis unit vector was calculated (only x and z 
coordinates; (15) and (16)) to project onto the xz-plane (17) 
and the angle between the x-axis vector and the global x-axis
provides one with the yaw of the limb (18). 

,10

2 2 2

,10 ,10 ,10

_
x

x dc
x y z

 (15) 

,10

2 2 2

,10 ,10 ,10

_
z

z dc
x y z

 (16)  

''' _ , 0, _u x dc z dc  (17) 
1cos ''' [1, 0, 0] _

''' _

u z dc

u z dc
 (18) 

Utilizing the calculated yaw, pitch, and roll, one is able to 
move and orient the limb without sequential steps as in (19). 
[V#] = [T] [R ] [R ] [R ] [V#] (19) 

The lack of ability to make small measurements for the 
position of limbs introduces the possibility for large errors 
when back calculating the yaw, pitch, and roll for a limb, 
especially at the asymptotes. So in addition to back 
calculating the yaw, pitch, and roll from the limb’s position 
relative to global axis, the yaw pitch and roll was calculated 
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by only using the inputted rotation matrices. The rotation 
matrices were ordered as they would for multiplication for 
building of limb as previously shown, but no translations are 
used. A rotation matrix in (6) is obtained and by using an 
ordered sequence of rotation matrix multiplications 
equations are given to back calculate yaw, pitch, and roll 
from the values in the rotation matrix as follows: 
1. [RM1] = [R1,x,fp] [R1,y,fp] [R1,z,fp] [R1,z,td] [R1,y,td] [R1,x,td]
2. [RM2] = [R2,x,fp] [R2,y,fp] [R2,z,fp] [R2,z,td] [R2,y,td] [R2,x,td]
3. . . . . . . . 
4. . . . . . . . 
5. . . . . . . . 
6. [RM#] = [R#,x,fp] [R#,y,fp] [R#,z,fp] [R#,z,td] [R#,y,td] [R#,x,td]

The pitch was calculated first, since it is in the equation 
from the (6) that has one unknown. The arc-sine function 
has a range [– /2, /2], but since the order of yaw, pitch, and 
roll, roll was rotated first this guarantees that the pitch will 
always be less than 90°. 

1sin (1, 2)RM  (20) 
Roll as in (12) was negated to provide the correct rotation 

direction.  The z_dc vector value was the same for roll and 
yaw as calculated in (10) and (16) respectively. Since the arc 
cosine’s range was [0, ], the z_dc vector value was used to 
determine the sign and the direction of the rotation. 

1 2, 2 _
cos *

cos _

RM z dc

z dc
 (21) 

1 1,1 _
cos *

cos _

RM z dc

z dc
 (22) 

This method allows one to track the yaw, pitch, and roll 
of the limbs without the need for position data (except to 
track the sign for yaw and roll).  

A. Results 
To verify our methods we rotated to position and then 

back to initial position with different rotations on the way 
back to the home position. Our final vertices matrix equaled 
the initial to verify our method since a closed loop rotation is 
an identity matrix. Table 1 shows the sequence of rotations 
and the initial offsets that are illustrated in Fig. 1. Fig. 1 is 
the display of a simple system of only two arbitrary revolute 
joints since it the points were rotated as a matrix of vertices, 
which makes it simple to expand to detailed objects. The 
yaw, pitch, and roll was calculated both through rotations 
and by back calculation from position in both joint with 
rotations from -180° to 180° in 1° increments and were 
found equal when compared. 

VI. A MODEL FOR CALIBRATION OF ANKLE ANGLE 
MEASUREMENTS

A model of the ankle was developed based on three 
segments with two arbitrary revolute joints. The segments 
are the calcaneus, talus, and mortise (comprised of the leg 
bones and ligaments). The arbitrary revolute joints consist of 
the talocrural joint and the subtalar joint [4], [5]. This allows 
us to view the ankle bones as they rotate naturally instead of 

about the assumed single orthogonal axis of most models 
[6]. This will help to increase the accuracy of measurements 
of ankle rotation. The determination of joint moments and 
reaction forces make it possible for more realistic and 
natural ankle prostheses. 

VII. CONCLUSION

This computational approach provides calculations for the 
position and orientation of limbs and revolute joints 
throughout the system’s motion. The method facilitates 
modeling of kinetics and kinematics of joint in human and 
animal limbs and further force analysis. The ability to 
calibrate accurately small rotations of nonorthogonal joints 
improves the measurement of orientation of limbs. The 
methodology allows for measurements and calculations of 
joints without the need for any mutually orthogonal axes 
that could lie outside the body of rotation. 
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Fig. 1. Displays positions of a two joint system going through a series of 
rotations defined in Table 1. 

TABLE 1
SERIES OF ROTATIONS
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