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Abstract— Accurate cardiac tissue-based modeling using the
bidomain equations requires the incorporation of fine-scale
structures observed at the 50-100 micron level. By including
such features we can more easily observe how defibrillation
shocks lead to total depolarization of the heart. Several mod-
eling studies that have investigated the effect of fine scale
structures on defibrillation success have been completed. Re-
sults have shown that such structures aid, through the creation
of virtual electrodes, in total depolarization. An obstacle that
occurs with this modeling style is the massive amount of data
that must be incorporated into detailed tissue models for even
a cubic millimeter sample of cardiac tissue. In this paper, we
discuss our approach to generating upscaled, or homogenized,
versions of these models that can be used to perform simulations
at a more reasonable modeling scale. They have the advantage
of incorporating fine scale structure into the model at a reduced
modeling cost. We introduce and briefly explore the advantages
of this upscaling method.

I. INTRODUCTION

THE ability to perform computer simulations of elec-
trical propagation in cardiac tissue is beginning to

yield insights previously unrealised with experimental studies
alone [1], [2]. Our group at the University of Auckland has
provided several insightful studies using the discontinuous
bidomain equations that account for structural information
obtained from tissue segmentation of rat and pig cardiac
tissue samples [3], [4].

A burden of this work is attempting to reasonably incor-
porate the massive amount of data generated in the imaging
process into the numerical model. Since it is infeasible
to incorporate all of the data into the model, a means of
capturing the coarse scale features of the data within the
numerical model is vital.

Ad hoc homogenization approaches based on simple
averaging have been used in the past to generate coarse
representations of the fine scale data. In this paper, we
introduce a new method, based on multilevel upscaling [5],
that allows us to build a homogenized model using a sound
mathematical approach. We do not explicitly generate coarse
scale representations of the data, but instead coarse scale
representations of the matrices generated by the fine scale
data.

The key step in the homogenization process uses a matrix
triple product that is often used to build coarse grid matrices
in multigrid. This triple product is defined by an interpolation
operator, and furthermore, the choice of interpolation oper-
ator significantly influences the properties of the coarse grid
matrix. For interpolation, we either use one that preserves
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certain properties of the flux or one that is linear. Which
interpolation is employed depends upon the properties of the
matrix that we are homogenizing.

The package that provides the homogenization tools,
called JedPack, is a F95 code built on top of the Black Box
Multigrid solver [6]. With JedPack we can easily run ho-
mogenized cardiac bidomain simulations, and be guaranteed
of fast simulations because of the ability to make use of
the robust Black Box Multigrid solver. In the remainder, we
describe our approach and show preliminary computational
results.

II. METHODS

A. Cardiac Bidomain Equations

The cardiac bidomain equations consist of a nonlinear
reaction-diffusion equation coupled to an elliptic equation.
Together these equations describe the flow of electrical
current between the intracellular and extracellular spaces of
cardiac tissue [7].

To express these equations mathematically, we introduce
the extracellular potential φe and the transmembrane poten-
tial Vm = φi − φe, where φi is the intracellular potential.
Let the intracellular and extracellular spaces have conductiv-
ities denoted by σi and σe, and express the corresponding
diffusion operators as Li [ · ] = −∇· (σi∇ [ · ]) and Le [ · ] =
−∇ · (σe∇ [ · ]). The bidomain equations are then

AmCm
∂Vm

∂t
+ Li Vm = −Li φe − AmIion(Vm) (1)

(Li + Le )φe = −Li Vm + ie(t), (2)

where Am is the surface-to-volume ratio of the cell mem-
brane, Cm is the membrane capacitance per unit area, and
ie is extracellular current injection. We use a simple cubic
cell model for this study, such that

Iion(Vm) = g

[
Vm

(
1 − Vm

Vth

) (
1 − Vm

Vp

)]
, (3)

where g is membrance conductance, Vth and Vp are the
threshold and plateau potentials, and all potentials are de-
viations from resting potential, Vr [7].

We apply standard boundary conditions in this work so
that

(σi∇Vm) · n = −(σi∇φe) · n (4)

are the boundary conditions on Vm and

(σe∇φe) · n = 0 (5)

are the boundary conditions on φe. While Dirichlet condi-
tions are often used on φe, e. g. for applying shocks, we
restrict ourselves in this work to no flux boundary conditions.
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We use a semi-implicit split-step strategy for time inte-
gration [8], which utilizes a first-order forward time step
to approximate ∂Vm/∂t. The spatial domain is a cuboid,
and our finite element discretization uses tensor-product
trilinear finite elements. The following algorithm describes
the approach taken to updating Vm and φe at each time step.
Note v and p denote discrete versions of Vm and φe.

1. Calculate It+Δt/2
ion from vt via (3).

2. Given vt, φt, and It+Δt/2
ion solve

(CmM + ΔtAi)vt+Δt = (6)

CmMvt − ΔtAipt − MIt+Δt/2
ion

for vt+Δt.
3. Given vt+Δt and source It+Δt

e solve

(Ai + Ae)pt+Δt = −Aivt+Δt + MIt+Δt
e (7)

for pt+Δt
e .

Furthermore, in (6), the matrix M is defined by

(
Mv,v

)
0

=
∫

Ω

AmVmVm dΩ. (8)

In (6) and (7), M is a mass matrix and Ai and Ae are
matrices representing the continuous operators Li and Le .

B. Tissue Features

In most studies of electrical activation in cardiac tissue,
the parameters describing the physics are continuous. There
are two possible reasons for this. First, in the cardiac
electrophysiology community, the dominant view of tissue
structure is that of syncytial cell-to-cell networks at the
microscale and a smoothly varying fiber field at higher scales.
These structural features are homogenized into the effective
conductivity tensors of the bidomain equations. However,
there is an emerging number of cardiac imaging, histological
and even electrical recording studies that show evidence of
mezoscale tissue structures, such as interlaminae clefts or
cleavage planes, imposing rapidly varying or discontinuous
electrical behavior.

The second driver for continuous tissue property modeling
studies has been the use of numerical techniques, such
as finite difference methods [8], that discretize the strong
form of the bidomain equations. These techniques rely on
assumptions regarding the differentiability of the conductiv-
ity tensors and, hence, tissue properties must be smoothly
varying and continuous. Methods based on discretizing the
weak forms of the bidomain equations, such as finite element
[9] or finite volume methods [10] relax this requirement
of smoothly varying properties and enable the study of
discontinuous properties.

Detailed tissue imaging (see Figure 1) [11] together with
measurements [4] and tissue-specific modeling studies [3]
have shown that mezoscale tissue structures can significantly
impact the spread of electrical activation in cardiac tissue.
However, the explicit inclusion of these structures rapidly
results in intractable computer models. Thus, we present an

Fig. 1. Extended confocal image of transmural segment of rat ventricular
myocardium. The image spans from the the epicardium (left) to the
endocardium (right).

innovative approach that enables the expression of high reso-
lution tissue structural features in lower resolution computer
models. This multilevel homogenization method is based on
Black Box Multigrid.

C. Multilevel Homogenization with Black Box Multigrid

Black Box Multigrid (BoxMG) is one of several variants of
multigrid. It is defined by a hierarchy of grids on which error
components of different frequencies can be eliminated [6].
The difference between BoxMG and traditional multigrid is
that BoxMG maintains optimal convergence for discontinu-
ous problems by its judicious choice of interpolation operator
[9].

The hierarchy of grids employed by BoxMG is accom-
panied by a hierarchy of matrices. At each level of the
hierarchy, the matrix approximates the original fine grid
matrix on that level. In [12] the authors considered BoxMG
as a tool for obtaining homogenized diffusion coefficients.
More recently, in [5], BoxMG was used to obtain a fine grid
solution at a reduced cost by mainly performing work on the
coarse grid.

The algorithm described in [5] focused on the steady state
diffusion equation of porous media flow. Our preliminary
investigations showed it was inappropriate to use their ap-
proach for the time-dependent bidomain equations. So we
have introduced the multilevel upscaling concept of [5] into
the bidomain equations in a way that we feel is appropriate
for time-dependent problems.

In our approach, BoxMG is used to generate coarse grid
versions of certain fine grid matrices. The coarse grid matri-
ces are obtained when building the multigrid hierarchy that
accompanies solving a system using BoxMG. For example,
if Ah is the matrix on grid level h, then the coarse matrix
is defined by the triple product

AH := PT
HAh PH , (9)

where PH is the interpolation operator from grid level H
to grid level h. These coarse grid matrices are stored and
used in future simulations taking place at the resolution
associated with grid level H . In contrast to [5], where the
fine grid matrix was retained for post-processing needs, we
run simulations solely using the coarse grid matrices, and
perform no post-processing.
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Fig. 2. An illustration of the artificial cleavage plane (blue plane) and
the extracellular stimulus cite (black dot) for Problem A. Also the dashed
line intersecting the artificial cleavage plane describes where we plot the
solution for Figure 3.

The triple product (9) is not used to homogenize each
and every matrix in (6) and (7). Instead only those matrices
that are generated from discontinuous data and need homog-
enization. Here, discontinuous data is used to build the mass
matrix, M, and the diffusion equation, Ai. For these two
matrices, we call setup of the Black Box Multigrid solver,
which generates the coarse grid matrices at each level per
(9), and in a file, we store the coarse grid matrix at the level
desired. Note that we are not merely building coarse grids,
which is trivial, but constructing coarse scale representations
of fine scale operators, which is not trivial.

Lastly the proper PH to be used in (9) depends on the kind
of matrix. For a mass matrix, like the one defined by (8),
linear interpolation used in (9) yields a coarse grid matrix
which is representative of a mass matrix with an averaged
value of the coefficient [13]. For a diffusion matrix, there
is no averaging of the diffusion coefficient that yields an
accurate homogenized operator [14]. That is why the BoxMG
interpolation operator is used for the diffusion matrix since it
preserves flux conservation, and yields a coarse grid matrix
that accurately approximates the coarse scale behavior of the
fine grid matrix [13].

D. Model Problems

We present computational results for two test problems,
denoted Problem A and B. Problem A is used to establish
the validity of the method. Hence the domain of the problem
is the unit cube with a volume of 1.0 mm3. See Figure 2.
As illustrated in this figure, we place a single plane within
the tissue sample that represents a plane of tissue that is
non-conducting in intracellular space. It is a simple, artificial
example that is representative of the kind of discontinuous
plane that we encounter in our modeling studies.

The finest mesh has a resolution of 1/128 mm in each
direction, and on this mesh, the artificial cleavage plane
is 3/128 mm thick. We perform simulations on coarser
meshes with resolutions of 1/64 mm and 1/32 mm. The
time step is 0.01 ms and the duration of the simulations was
10 ms. Boundary conditions for Vm and φe are both no flux

Space Fiber Sheet Sheet-Normal

Intracellular 0.25 0.125 0.125
Extracellular 0.2 0.0416 0.0416

TABLE I

INTRACELLULAR AND EXTRACELLULAR VALUES USED FOR TEST

PROBLEM 2 WITH DATA COMING FROM CARDIAC TISSUE TAKEN FROM A

RAT.

conditions. A constant conductivity value of 0.375 mS/mm
is used in intracellular and extracellular space. The surface-
to-volume ratio is 300.0 mm−1 and the membrane capaci-
tance is 0.01 μF/mm2. A 10000 mA/mm3 unipolar source,
centered at (0.25 mm, 0.5 mm, 0.5 mm), is applied at 0.1 ms
for 4.9 ms.

Problem B comes from cardiac tissue drawn from a rat
heart. The image found in Figure 1 was reconstructed from
the data obtained by segmentation. The size of the tissue is
3.84×1.12×0.96 mm3. Cleavage planes and vasculature are
found throughout the tissue producing a mesh where 16% of
the elements are associated with intracellular void space. As
mentioned previously, this affects intracellular conductivity,
σi, and the surface-to-volume ratio, Am.

The finest mesh used for the second test problem has
a resolution of 1/100 mm. Simulations are performed on
a coarser grid having a resolution of 1/25 mm. The time
step is 0.01 ms and simulations are performed for 10 ms.
Anisotropy is allowed and the the fiber, sheet, and sheet-
normal conductivity values are as in Table I. Fiber orientation
is set to be in the x-direction for simplicity. The surface-to-
volume ratio is 300.0 mm−1 and the membrane capacitance
is 0.01 μF/mm2. As a source, we use a cell stimulus with
amplitude 1000 μA/mm3, and a duration of 5 ms. The cell
stimulus is initiated at 0.1 ms.

III. RESULTS

A. Problem A

Results for Problem A are represented by the two illus-
trations in Figure 3. This figure shows Vm plotted along the
dashed line (in the interior of the domain) from Figure 2
at 5 ms. This is just as the stimulus is terminated but a
propagation has already taken hold. On coarser grids the
appropriate coarse grid versions of Ai and M are used,
which capture the coarse-scale influence of the cleavage
plane. For illustration purposes we have also included the
same problem ran without a cleavage plane. The line drawn
through the domain intersects the artificial cleavage plane
yielding a discontinuity in the solution gradient as illustrated
by the two figures. Of particular significance is the solution
seen in the second part of Figure 3, which shows that
the various coarse grid simulations capture the coarse-scale
behavior.

B. Problem B

Results for Problem B are represented by the three il-
lustrations in Figure 4. We have plotted the transmembrane
solution at 3 ms for a slice of the tissue. The slice represented
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(a) Solution for 0 ≤ y ≤ 1

(b) Solution for 0.5 ≤ y ≤ 0.6

Fig. 3. Two illustrations of transmembrane solution at t = 5 ms for x =
z = 0.5 mm. First illustration is for the entire y-domain and the second
is focused on the region around the artificial cleavage plane. Together the
illustrations show the ability of the homogenization approach to capture key
coarse scale behavior.

in the figure is for a fixed y = 0.56 mm. The three plots
show (a) the solution for the original fine grid problem
(b) the solution for the homogenized model and (c) the
solution at the same coarse level for a continuous model.
Appearances of the transmembrane potential in (b) show that
our homogenization approach picks up key characteristics of
the cleavage planes.

IV. CONCLUSION

In this paper we have presented ideas on using Black Box
Multigrid for creating homogenized operators. Our results
illustrate that the method shows great promise in that it
clearly captures key behavior for simple model problems
(Problem A), and is able to produce a solution with similar
characteristics to the original fine grid problem for a realistic
data set (Problem B). Future work must focus on providing a
clear measure of how well our method represents the coarse
scale behavior. We have investigated several of these methods
in brief, but will report on these details at a future date.

Fig. 4. Transmembrane solution (Vm) at 3 ms in the xz-plane (at
y = 0.56 mm). Stimulus is located in the center of the domain (a sphere
with radius 0.2 mm) and has a duration of 5 ms. Coarse grid discontinuous
solution was obtained using homogenization of appropriate fine grid oper-
ators, and captures some of the key variation in Vm. Continuous solution
is added as a reference.
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