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Diffusion equations with negentropy applied to denoise mammographic
images

P Mayo, F Rodenas, D Ginestar, G Verdi and R Miré

Abstract— Mammography is a radiographic technique used
for the detection of breast lesions. The analysis of the digital
image normally requires a previous application of filters as
a preprocessing step to reduce the noise level of the image,
while preserving important details to carry out a suitable
diagnostic. In the literature, there are a large amount of
denoising techniques applied to different medical images.

In this work we have studied the performance of a diffusive
filter with a stopping condition based on the statistical concept
of negentropy, applied to denoise mammographic images. The
negentropy has been succesfully prove with other denoising
methods as independent component analysis by the authors
in [1]. We have evaluated the final image quality obtained,
measuring a root mean squared error between the noise-free
initial image and the final restored image and compared the
results obtained by this diffusive filter with those obtained by
an adaptative non-linear Wiener filter.

I. INTRODUCTION

The low contrast of the small tumours to the background,
which is sometimes close to the noise, makes that small
breast cancer lesions can hardly be seen in the mammography
[2]. So a preprocessing stage for the reduction of the noise
present in the original image, is important to carry out the
analysis of the medical images. The noise reduction improves
the visual evaluation of the image and the detection of
important features of the medical image.

Different methods have been proposed for image restora-
tion from noisy images [1], [3] and, in particular, they
have been successfully employed to denoise medical digital
images. An important class of image denoising methods
is based on nonlinear diffusion equations [4], [5]. These
methods usually appear associated to a variational problem
for minimizing an energy functional. It is solved by means of
a gradient like method, ending up with a time dependent non
linear diffusion equation. In this work we will evaluate the
possibility of using the negentropy of the image to develop
an automatic stopping criterion for the diffusive filter for the
mammographic image restoration process.

II. IMAGE RESTORATION METHOD
A. Nonlinear Diffusive Filter

The usual model considered for noisy images is the
following, le~t us assume that f is the sum of an ideal noise-
free image f and a noise signal n:
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f=F+n. )

where f is the observed image.

We assume that the image f and the noise n are uncorre-
lated and the noise is gaussian and it has zero mean value.
The initial point of the diffusion process is the observed
image f = «(0) and the iterative filtering produces a family
of images u(t) (¢ = 0,1,2...). These images are filtered
versions of the original f.

The nonlinear diffusive filter used in this paper is based
on the dynamic equation (see [6] for more details) with a
constraint:

‘3—7; =V <g2fTﬁu||2> +eV2u+p(f —u) ()
Jou—f)?*di =o? [, dT, 3)

where (3, and € are constant. The € is a scale parameter based
on the pixel size of the image. The o2 is a estimation of the
variance of the noise present in the image and €2 is a convex
region of R? constituting the support space of the surface u,
representing the image.

To discretize the equation we have to consider that digital
images define a structured grid given by the different pixels
constituting the image. The corresponding diffusive filter is
obtained discretizing the diffusion operator in each spatial
node and for the time discretization we use an additive op-
erator splitting (AOS) [4], [6]. The values of the parameters
for the filter used in this work are: ¢ = 0.04, § = 1, and
time step At = 0.1.

B. Stopping time selection by the negentropy criterion

The differential entropy H of a random variable X with
probability density function p(z) is defined as:

H(X) = - / p(x) log p(z) da . @

Entropy could be used as a measure of nongaussianity, since
a well-known result of information theory is that a gaussian
variable has the largest entropy among all random variables
of equal variance.

The negentropy function, is defined in terms of the differ-
ential entropy H by:

J(X) =H(Xg) - H(X) , )

where X is a Gaussian random variable of the same
covariance matrix as X. J(X) is always non-negative and it
is zero if and only if X is a gaussian random variable.
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Unfortunately, the estimation of differential entropy or
negentropy, using the definition is quite difficult because it
requires the estimation of the density of X. This is over-
taken by using simple and robust approximations of entropy.
Useful approximations of entropy have been proposed by A.
Hyvrinen in the context of independent component analysis
[1], [7]. These approximations are based on the estimation
of the maximum entropy compatible with the measurements
of the random variable X.

In the simplest case, the approximation of the negentropy
function becomes:

J(X) < [B{G(2)} — E{G(zc)}]? | (©)

where X and X are normalized to zero mean and unit vari-
ance, and G is a nonquadratic function. The more common
choices for G that have proved very useful [7], [8] are the
following

Gl (l‘) =
Go(z) =

élog cosh(az) (1<a<?2) @)
—exp(—2/2) . ®)

For the filter, one should choose the stopping time 7" such
that the restored image u(T') is as near to the free-noise
image f as possible, this means that the euclidean distance
| w(T) — f]| is as small as possible. Let us call such 7" that
minimizes the distance ||u(T")— f|| the optimal stopping time.

The proposed criterion in this work is based on the
evolution of the negentropy of the series u(t) (t =0, 1,2...).
In this work, we show experimentally that it is possible to
choose a stopping time from the variation of the negentropy
of the series (u(t) which is very close to the optimal stopping
time minimizing the distance ||u(t) — f]|.

We introduce the relative change of the negentropy by:

J(u(t + At)) — J(u(t))
J(u(t + At)) - At

We observe that the minimum of the distance, which
determines the optimal stopping time, corresponds with a
small value of the relative variation of the negentropy (9).
The negentropy criterion to select the stopping time in the
diffusion process is evaluated and validated experimentally
since we have not an analytical demonstration of the exis-
tence of the minimum of the negentropy. Then, we define
the stopping time 7" for the diffusion filtering as the time T’
that satisfies

t=0,1,2... )

J(u(T + At)) — J(u(T))
J(u(T + At)) - At

where ¢ is a constant whose value is chosen in such a way
that the stopping time obtained will be as close as possible
to the optimal stopping time. Its value is 0.005 and it is
independent of the class of statistics of the mammographic
image considered.

The main advantage of negentropy based method is that
the diffusion stopping time obtained is estimated without any
additional knowledge of the ideal free-noise image and using
quite mild assumptions about noise.

=c (10)

III. DENOISING EXPERIMENTS WITH MAMMOGRAPHIC
IMAGES

Next, we test with mammographic images the denoising
method described above. This method consists of applying
to the image a diffusive filter a number of times determined
by the beginning of an stable interval of the negentropy of
filtered images u(t).

The mammographic images considered in the experiments
have been selected from the MIAS MiniMammographic
Database, provided by the Mammographic Image Analysis
Society [9]. The mammograms are digitised at 200 micron
pixel edge, resulting that the images are 1024x1024 pixel
resolution. The criteria for image selection was that the test
set must be representative of the mammographic images, so
we choose four images containing all kinds of typical mam-
mogram regions as spiculated masses, distortion in breast
architecture, asymmetries and clustered microcalcifications.
(Fig. 1).

(d

Fig. 1. Test images used in the experiments from the MIAS Minimammo-
graphic Database.

To assess the applicability of the denoising method, we
assume the test images to be noise-free and corrupt them
by adding different levels of gaussian noise of zero mean.
Thus, in these experimental cases the variance of the noise,
which is needed as an input for the diffusion filter, is known.
However, when the noise variance is unknown, a very robust
estimation of this parameter may be performed by using
Donoho’s method [10] based on the wavelet transform of
the image.

The estimation of the the standard deviation is given by

- median|Yj;| 7 (11
0.6745
where Y;; are the diagonal detail coefficients of the appro-
priate wavelet transformed.

Some statistical values of the original images such as the
mean, the standard deviation and the kurtosis are given in
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Fig. 2. The distance ||u(t) — f|| and the relative negentropy evolution with
the diffusion parameter for the mammographic image.

Table 1.
TABLE I
STATISTICAL VALUES FOR THE TEST IMAGES.
Mean Standard deviation | Kurtosis
Image (a) | 150.06 30.84 4.639
Image (b) | 132.82 35.08 0.961
Image (c) | 165.25 17.04 2.135
Image (d) | 160.59 10.93 0.259

Denoting the original image by f, for each time step of
the filter, we compute the Euclidean distance

d(t) = fJu(t) = f -

The distance between the original noise-free image and the
restored one is the root of the mean squared error (RMSE)
between the two images. We use this RMSE to evaluate the
final image quality obtained.

Let us denote by dpp the optimum distance, i.e., the
minimum value of d(t), and by dyg the distance between
the noise-free image f and the restored image computed with
the negentropy criterion.

The negentropy J(u(t)) is estimated using the approx-
imations (6) described above. These approximations were
obtained under the assumption that the probability density
is not very far from Gaussian distribution, this holds in our
case. For practical computation of the negentropy the signal
u(t) must be normalized making it zero-mean and of unit
variance. In Fig. 2, the evolution of the distance ||u(t) — f||
and the relative negentropy of w(t) for a mammographic im-
age is shown. We observe that the minimum of the distance,
which determines the optimal stopping time, corresponds
with a small value of the relative variation of the negentropy
).

Each test image has been corrupted with four levels of
gaussian noise of zero mean. The standard deviation of
the added noise ranks from 0.1 to 0.4 times the standard
deviation of the corresponding original image. In Tables 2-
6, we show the results for the real noise variance added
to the image, o2re, and the estimated variance by the
Donoho’s formula, o2es, and the distances (RMSE) between
the original noise-free image and the restored one in three

12)

cases, namely, the optimal, the restored using the negentropy
criterion and the restored using an adaptative Wiener filter.

TABLE 11
STOPPING TIMES AND DISTANCES FOR THE TEST IMAGE (A).
f.noise o?re | o2es dNE dop | dwEr
0.1 3.10 341 3.28 3.07 3.97
0.2 6.24 6.46 5.82 5.79 7.59
0.3 9.32 9.40 8.02 7.99 13.73
0.4 12.44 | 12.39 10.36 | 10.12 23.84
TABLE III
STOPPING TIMES AND DISTANCES FOR THE TEST IMAGE (B).
f.noise 0’27’6 0’268 dNE dop dWEI
0.1 3.50 3.72 3.23 3.23 4.01
0.2 7.02 7.14 5.93 5.69 8.60
0.3 10.54 | 10.90 8.64 7.65 17.01
0.4 13.98 | 14.01 10.62 | 9.67 31.53
TABLE IV
STOPPING TIMES AND DISTANCES FOR THE TEST IMAGE (C).
f.noise 0‘2T€ 0'265 dNE dop dWEI
0.1 1.71 2.18 2.01 1.67 3.23
0.2 341 3.68 3.95 3.49 4.32
0.3 5.09 5.29 5.71 5.04 6.24
0.4 6.82 6.97 6.96 6.46 8.88

TABLE V
STOPPING TIMES AND DISTANCES FOR THE TEST IMAGE (D).
f.noise oZre | o2es dnge | dop | dwEr
0.1 1.09 1.60 1.43 0.81 2.07

0.2 2.18 2.46 2.21 1.86 2.55
0.3 3.29 3.54 3.09 2.62 3.25
0.4 4.37 4.49 3.98 3.33 4.31

As derived from these tables and from the observation
of the above-mentioned images, the use of the proposed
method suggest that the negentropy criterion provides a
good estimates of the stopping time in the diffusion process
for moderate noise levels. In addition we observe that the
distances (or RMSE) between the original noise-free image
and the restored image with our method are very near to the
optimal. The other standard technique Wiener filter provides
bigger distances to the optimum for high levels of noise.

The values obtained for the estimation of noise added for
the images are very similar for the real, so it suggest that
the wavelet estimation could be useful to denoise real noisy
mammographic images with unknown noise level.

We compare in Figure 3 the visual quality of noisy
versions of the images at Figure 1 and the resulting denoised
images obtained applying the diffusive filter with negentropy.
We can see there that the final image obtained of the restored
image is quite similar to that of the original noise-free image,
so it is a good check for our develop method to denoise
mammographic images.
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Fig. 3. Image restoration process. First column test images with noise
added; second column filtered images stopping the diffusive process with
the negentropy criterion.

IV. DISCUSSION AND CONCLUSIONS

In this paper we have focused in the restoration of mam-
mographic digital images by using a non-linear diffusive
filter combined with the estimation of the stopping time
at the beginning of stable intervals of the negentropy. The
main conclusion is that the proposed method may be used
with guarantee to reduce the noise of mammographies, since
the distances between the original noise-free image and the
restored image with our method are very near to the optimal.

The reduction of the noise in medical images, in particular
in mammographies, is a very important stage of any comput-
erized assisted diagnosis system. We have showed that our
method works as well as other well established methods like
Wiener classical method. In addition, the Donoho’s wavelet
variance estimation is very similar to the real variance of
the noise added. This estimation would be very useful to

denoise real noisy mammographies, although the real noise
it is not known in these images, Donoho’s estimation could
approximate it in an objective way.
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