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Abstract— In a cryo electron microscopy experiment, the data
is noisy 2-D projection images of the 3-D electron scattering
intensity where the orientation of the projections is not known.
In previous work we have developed a solution for this problem
based on a maximum likelihood estimator that is computed
by an expectation maximization algorithm. In the expectation
maximization algorithm the expensive step is the expectation
which requires numerical evaluation of 3- or 5-dimensional
integrations of a square matrix of dimension equal to the
number of Fourier series coefficients used to describe the 3-D
reconstruction. By taking advantage of the rotational properties
of spherical harmonics, we can reduce the integrations of a
matrix to integrations of a scalar. The key property is that
a rotated spherical harmonic can be expressed as a linear
combination of the other harmonics of the same order and
the weights in the linear combination factor so that each of
the three factors is a function of only one of the Euler angles
describing the orientation of the projection. Numerical example
of the reconstructions is provided based on Nudaurelia Omega
Capensis Virus.

I. INTRODUCTION

Cryo electron microscopy (cryo EM) is an important
method for determining the 3-D structure of macromole-
cular molecules and viruses. In this method, the electron
microscopy fundamentally provides the 2-D projection of
the 3-D electron scattering intensity of the particle. Because
the particles are rapidly damaged by the electron beam, the
beam current is minimized and only one projection from
each of a large collection of identical particles are measured.
Because the particles are unoriented in the microscope,
using one projection of each of a large number of identical
particles implies that the projection directions are not known.
This makes the inverse problem fundamentally nonlinear.
Minimization of the beam current implies that the images
are noisy, with signal to noise ratio (SNR) well below 1.
The poor SNR implies that the location of the center of
the projected image is uncertain. Finally, the images are not
actually projections because the optics of the microscope
contribute a so-called contrast transfer function which is a
linear system dependent only on the magnitude of the 2-
D image spatial frequency vector and which has zeros and
zero crossings in the spatial frequency range of interest. We
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describe the noise in the image as additive white Gaussian
noise with zero mean and constant variance. Based on the
projection slice theorem, the resulting equation describing
the 2-D Fourier transform of the noisy image is

Σ(κ) = exp(−i2πκ · χ0)G(κ)P (R−1
αβγ(κT , 0)T ) + N(κ)

(1)
where κ ∈ IR2 is the spatial frequency vector in the image
Fourier transform, χ0 ∈ IR2 is the unknown center of the
projected image, G(·) is the contrast transfer function, P (·) is
the 3-D Fourier transform of the electron scattering intensity,
Rαβγ ∈ IR3×3 is the rotation matrix (parameterized by Euler
angles (α, β, γ)) that describes the projection direction, and
N(·) is the 2-D Fourier transform of the pixel noise which
is therefore also white Gaussian noise with zero mean and
constant variance.

In many biological experiments, the specimen contains a
mixture of more than one type of virus or more than one
state of a single type of virus. Because the SNR is low
and the image only shows roughly projection information
rather than 3-D information, classification of each virus
image into the correct class is challenging. One approach to
this problem is to combine classification and reconstruction
by estimating multiple reconstructions simultaneously from
data that has an unmeasured label describing the virus class
from which it originates. When the label has a known
probability mass function, which is the case we have con-
sidered, either maximization of the marginal log likelihood
function which results from integrating out the label by direct
nonlinear programming or by an expectation maximization
algorithm where the hidden data includes the label, can
be performed [1], [2], [3]. This approach is successful and
several examples for two-class cases are demonstrated in [4],
[5].

While this algorithm is successful and enjoys all the
statistical advantages of a maximum likelihood estimator, it
is costly to compute. The computational cost has motivated
a search for alternative representations of the same estimator
which have faster implementations and one such representa-
tion is described in the remainder of this paper.

II. THE FAST ALGORITHM

A. An invertible linear transformation of the data

Because the noise model is additive white Gaussian pixel
noise, any linear transformation of the images leads to a new
estimation problem which also has an additive Gaussian pixel
noise model. If the transformation is essentially Fourier in
nature, then the white property of the noise in the original
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problem is also preserved by the transformation. If the
transformation is invertible, then the two problems imply
equivalent estimators. Described in polar coordinates, the 2-
D Fourier transform of the image is periodic in the angular
variable and therefore can be expanded in a Fourier series
in the angular variable with radially-dependent weights, e.g.,
[6]. The starting point of the fast algorithm is to take the
images, apply this transformation, and then solve the result-
ing Gaussian estimation problem. The interesting fact is that
the log likelihood for the resulting estimation problem can
be computed with less effort than for the original problem.

For χ, κ ∈ IR2 let σ(χ) be an image and Σ(κ) be its 2-D
Fourier transform:

Σ(κ)
.
=

∫
σ(χ) exp(−i2πχ · κ)d2

χ.

It can be shown that

Σ(κ) =

+∞∑
m=−∞

Σm(κ)eimψ′

where Σm(κ) has two important forms:

Σm(κ)

=
1

2π

∫ 2π

0

Σ(κ) exp(−imψ′)dψ′

= (−i)|m|

∫ ∫
σ(χ, ψ) exp(−imψ)J|m|(2πκχ)χdχdψ.

B. The mathematical model for the scattering intensity

Describe the electron scattering intensity ρ(x) by an
orthonormal harmonic series in spherical coordinates:

ρ(x) =
∞∑
l=0

+l∑
m=−l

∞∑
p=1

cl,m,phl,p(x)Ψl,m(θ, φ).

Then P (k), the 3-D Fourier transform of ρ(x) can be
computed analytically with the result that

P (k) =

∞∑
l=0

+l∑
m=−l

∞∑
p=1

cl,m,p(−i)lHl,p(k)Ψl,m(θ′, φ′).

C. Rotations and projections

Define ρ′ in terms of ρ by ρ′(x) = ρ(R−1
αβγx) and compute

its 3-D Fourier transform to get that

P ′(k) =

+∞∑
m=−∞

∞∑
l=|m|

+l∑
m′=−l

∞∑
p=1

cl,m,p(−i)lHl,p(k)

×

[
+l∑

m′′=−l

bl,m′,m′′Dl
m,m′′(α, β, γ)

]

× Yl,m(θ′, 0)eimφ′

(2)

where Dl
m,m′′(α, β, γ) are the Wigner coefficients [7] and

the original harmonics Ψl,m(θ, φ) are expressed in terms of
spherical harmonics [8, Eq. 3.53] by

Ψl,m(θ, φ)
.
=

+l∑
m′=−l

bl,m,m′Yl,m′(θ, φ).

Equation (2) is a Fourier series in the φ′ variable (fundamen-
tal period of 2π).

Let ω be the z-directed projection of ρ′ and relate the 2-D
Fourier transform of ω (denoted by Ω) to the 3-D Fourier
transform of ρ′:

ω(χ) =

∫
ρ′((χT , z)T )dz

Ω(κ) =

+∞∑
m=−∞

Ωm(κ)eimψ′

Ωm(κ) = e−imα

∞∑
l=|m|

+l∑
m′=−l

∞∑
p=1

(−i)lHl,p(κ)Yl,m(
π

2
, 0)

×

[
+l∑

m′′=−l

bl,m′,m′′dl
m,m′′(β)e−im′′γ

]
cl,m′,p.(3)

D. The linear transformation of the imaging equation

Denote the measurements y(χ) and its 2-D Fourier tans-
form Y (κ) (previously denoted by σ(χ) and Σ(κ), respec-
tively) and multiply both sides of (1) by exp(i2πκ

T
χ0) to

get

Y (κ) exp(i2πκ · χ0) = G(κ)Ω(κ) + N ′(κ)

N ′(κ)
.
= N(κ) exp(i2πκ · χ0).

Since N ′ is the Fourier transform of n′(χ) = n(χ+χ0) and
n is WSS it follows that the statistical properties of N ′ are
the same as the statistical properties of N . Define notations
for the mth ψ′ Fourier series coefficients of both sides by

Y ′
m(κ)

.
=

1

2π

∫
Y (κ) exp(i2πκ · χ0) exp(−imψ′)dψ′

Lm(κ)
.
= G(κ)

1

2π

∫
Ω(κ) exp(−imψ′)dψ′

= G(κ)Ωm(κ) (4)

N ′
m(κ)

.
=

1

2π

∫
N ′(κ) exp(−imψ′)dψ′

and equate the coefficients to get the result that

Y ′
m(κ) = Lm(κ) + N ′

m(κ) (5)

for m ∈ Z and κ ∈ [0,∞).
Using the previous types of calculation, we can express

Y ′
m(κ) in terms of Y (κ) or Ym(κ):

Y ′
m(κ)

.
=

1

2π

∫
Y (κ) exp(i2πκ · χ0) exp(−imψ′)dψ′ (6)

=

+∞∑
m′=−∞

Ym−m′(κ)i|m
′|e−im′ψ0J|m′|(2πκχ0) (7)

=

+∞∑
m′=−∞

Ym′(κ)i|m−m′|e−i(m−m′)ψ0

× J|m−m′|(2πκχ0). (8)

Using one of (6), (7), or (8), it is possible to compute Y ′
m(κ)

from the Fourier transforms of the original images as a
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function of χ0. Alternatively, Y ′
m(κ) can be computed from

the χ0 translates of the original images since

y′(χ) = y(χ + χ0).

The statistics of the N ′
m(κ) term can be determined by

direct computation. Assume that

Rn′,n′(χ1, χ2) = Rn,n(χ1 + χ0, χ2 + χ0)

=
N0

2
δ(χ1 − χ2).

Then, E[N ′
m(κ)] = 0 + i0, and

E[�N ′
m1

(κ1)�N ′
m2

(κ2)]

=
1

2

N0

2
δ(κ1 − κ2)

[
δm1,m2

+ δm1,−m2
(−1)|m1|

]
E[�N ′

m1
(κ1)�N ′

m2
(κ2)]

=
1

2

N0

2
δ(κ1 − κ2)

[
δm1,m2

− δm1,−m2
(−1)|m1|

]
E[�N ′

m1
(κ1)�N ′

m2
(κ2)] = E[�N ′

m1
(κ1)�N ′

m2
(κ2)] = 0.

E. Expressions in terms of matrices

The previous results can be written in matrix form as
follows. Combine (3) and (4) to get

Lm(κ) = G(κ)e−imα

∞∑
l=|m|

+l∑
m′=−l

∞∑
p=1

(−i)lHl,p(κ)

×

[
+l∑

m′′=−l

bl,m′,m′′dl
m,m′′(β)e−im′′γ

]

× Yl,m(π/2, 0)cl,m′,p. (9)

Define the matrix implied by (9): Define L ∈ IR∞×∞ with
elements Lm,κ;l,m′,p where the rows are indexed by the pair
m, κ and the columns are indexed by the triple l, m′, p and
where

Lm,κ;l,m′,p
.
= G(κ)e−imα(−i)lHl,p(κ)

×

[
+l∑

m′′=−l

bl,m′,m′′dl
m,m′′(β)e−im′′γ

]

× Yl,m(π/2, 0). (10)

Define c ∈ IR∞ with components cl,m′,p indexed by the
triple l, m′, p. Define Y ′ ∈ IR∞ with components Y ′

m(κ)
indexed by the pair m, κ. Define N ′ ∈ IR∞ with components
N ′

m(κ) indexed by the pair m, κ. Then, (5) is equivalent to

Y ′ = Lc + N ′. (11)

There are two steps to reducing this to a finite set of
equations. First, the range of the m, l, m′, and p indices must
be truncated to finite values as in [1]. Second, the κ index
must be sampled. From both a physical point of view and
from a statistical point of view, the natural representation of
sampling is to average over small regions in κ. The definition
of the averaged noise is

wm,j
.
=

2

κ2
j+1 − κ2

j

∫ κj+1

κj

N ′
m(κ)κdκ

where the integration measure is κdκ rather than dκ because
it is natural to average in a ring (inner radius κj , outer
radius κj+1) when computing N ′

m(κ) from N ′(κ) and the
normalizer is∫ κj+1

κj

κdκ =
1

2

(
κ2

j+1 − κ2
j

)
.

The noise wm,j is clearly white in both indices, since N ′
m(κ)

is white in both m and κ. The second order statistics are

E[�wm1,j1�wm2,j2 ]

= δj1,j2

[
δm1,m2

+ δm1,−m2
(−1)|m1|

] 2

3

κ3
j1+1 − κ3

j1

(κ2
j1+1 − κ2

j1
)2

N0

2

E[�wm1,j1�wm2,j2 ]

= δj1,j2

[
δm1,m2

− δm1,−m2
(−1)|m1|

] 2

3

κ3
j1+1 − κ3

j1

(κ2
j1+1 − κ2

j1
)2

N0

2

E[�wm1,j1�wm2,j2 ] = E[�wm1,j1�wm2,j2 ] = 0.

F. Origin of the “fast” character of the algorithm

The fast character of the algorithm is due to the factor
e−imα in (10). Conditional on the values of the origin
location χ0 and the Euler angles (α, β, γ), (11) describes a
linear Gaussian estimation problem with likelihood function

p(Y ′|c, χ0, (α, β, γ)) = N(L(χ0, (α, β, γ))c, Q)(Y ′)

where the dependence of L on χ0 and (α, β, γ) has been
made explicit and Q is the covariance matrix. The marginal
likelihood function is

p(Y ′|c) =

∫
N(L(χ0, (α, β, γ))c, Q)(Y ′)

× p(χ0)p(α, β, γ)d2
χ0d(α, β, γ) (12)

where p(χ0) is the probability density function (pdf) on χ0,
p(α, β, γ) is the pdf on (α, β, γ), and d(α, β, γ) indicates
integration over Haar measure for the group of rotations (i.e.,
special orthogonal matrices in R3×3). The integral indicated
in (12) cannot be done analytically and, in fact, represents
the bulk of the numerical computation. From the exponent of
the Gaussian the integral contains terms LHL. Because the
only dependence of L on α is due to the factor e−imα in (10),
terms LHL can be moved outside of the α integration. As
described in [1], [3], the solution of the maximum likelihood
estimation problem requires integrating an integrand that
contains a factor of LHL. The dimension of this matrix is
equal to the number of unknown cl,m,p coefficients, which is
� 102. Therefore, the ability to move the LHL term outside
of the α integration is a major improvement in computational
cost and this change is the fast algorithm.

III. NUMERICAL RESULTS

In this section, we describe the numerical results concern-
ing both reconstruction and the speed of the previous and
the fast algorithms. We compute the 3-D structure of the
capsid of Nudaurelia Omega Capensis Virus (NωV) [9] from
synthetic images based on the atomic resolution structure
of the capsid of NωV. Because the true structure from
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(a) (b)

(c) (d)

(e) (f)

Fig. 1. Reconstructions of the capsid of NωV. (a,b) Examples of the boxed
NωV images. Both panels use the same intensity scale. (c,d) Surface plots
of the 3-D reconstructions of NωV by the previous and the fast algorithms,
respectively. (e) The resolution used to compute the synthetic cryo-EM
images. (f) The resolution of the recontruction in (c) and (d). The correlation
coefficients between (c) and (f) is 0.9429, and between (d) and (f) is 0.9478.
The correlation coefficients between (c) and (d) is 0.9945.

which the images are created is known, we can compare
the reconstructions with truth. The synthetic data used for
the reconstructions are 200 boxed images each measuring
117×117 pixels with a pixel sampling interval of 4.7Å.
The projection orientations are uniformly distributed, and
the origin offsets of different images are also uniformly
distributed over a disk of radius 2 pixels (9.4Å). The SNR
of these images, computed by the method in [1, Sec. 2.8],
is 0.2. We compute two reconstructions using the previous
and the fast algorithms assuming that the origin offsets in
the boxed images are zero, which implies that the expec-
tation step requires only 3-D numerical integrals for the
unknown orientation. Both previous and the fast algorithm
softwares progressively increase the resolution from step 1
to 7 for computational efficiency and because the radius of
convergence is larger for lower resolution reconstructions,
and each step uses different number of initial conditions [1,
Table 1]. Both reconstructions are computed on the 20
clustered dual processor PC nodes. Fig. 1 shows examples
of the boxed NωV images and two reconstructions from
the previous and the fast algorithms. To measure errors,
correlation coefficients between each reconstruction and the
true structure with the same resolution used to compute the

TABLE I

COMPUTATION TIME OF THE NωV RECONSTRUCTIONS BY THE

PREVIOUS AND THE FAST ALGORITHMS.

computation time total computation
Step / iteration (sec) time (hr:min:sec)

previous fast previous fast
1 0.080 0.020 00:05:56 00:05:59
2 0.603 0.044 00:04:40 00:06:23
3 1.808 0.080 00:09:46 00:17:29
4 4.883 0.157 00:45:51 00:34:47
5 10.839 0.283 02:38:37 01:21:20
6 53.153 1.427 08:52:42 03:21:46
7 212.917 7.130 25:23:01 11:55:08

two reconstructions are computed and provided in Fig. 1.
Table I shows the average computation time per iteration and
the total computation time for both algorithms for step 1–7.
The total computation time is huge compared to the average
computation time per iteration because precomputing various
components in the formulas is so extensive.

IV. CONCLUSIONS

A fast algorithm for maximum likelihood 3-D recon-
struction from unoriented cryo EM of viruses is described
and demonstrated on synthetic boxed images of the capsid
of NωV. The fast algorithm works successfully from the
viewpoint of both computation time and the reconstruction.
Therefore, especially by exploiting opportunities for speed
enhancement, it will be possible to scale up these calcu-
lations to address much more challenging problems such
as higher resolution 3-D reconstructions of multiple viruses
from mixtures of cryo EM images. Results from real data
and mixtures of cryo EM images will be reported on in a
future publication.
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