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Abstract — Chaotic analysis and modeling methods were
applied to a small collection of healthy individuals’ sleeping
EEGs in order to establish whether a common representational
space could be discovered for use in comparative analysis.
Common challenges were encountered and dealt with in a
practical manner. The methods used and the choices made in
this effort are described herein. The authors observe and
describe a common representation, obtained from a delay
coordinate embedding, that should be usable for comparative
analysis leading to clinical utility.
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1. INTRODUCTION

C HAOTIC modeling methods were applied to single
channel samples electroencephalogram (EEG) data
obtained from PhysioNet [1]. Parts of the Sleep-EDF
Database [2], which can be found on the internet at
http://www.physionet.org/physiobank/database/sleep-edf/,

were used for this analysis. This research is intended to
discover clinically and analytically useful representations of
sleep EEG data acquired from healthy and disordered
individuals. The observations described herein comprise
some of the initial effort toward this goal, using the methods
of chaotic modeling that are generally used for the
reconstruction of low-dimensional attractor dynamics [3, 4].
As can be seen, the generalized dimensionality calculated for
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four different healthy individuals during their sleep periods
was high, but the authors do nof intend to actually
reconstruct the dynamics of the underlying dynamical
systems giving rise to the EEG signals. Instead, the lesser
goal is only to discover regions of interest in the phase space
using these representation vectors. The first challenge along
this path must be to show some consistency among
individuals in order to support the utilization of a single
representation for comparative purposes.

II. DATA SETS

The Sleep-EDF data set includes eight European Data
Format (EDF) records, one for each of eight individuals [5,
6]. The first four individuals were young and considered
healthy, while the second four had mild difficulty falling
asleep but were otherwise healthy. Only the first four
healthy individuals have been studied here. Each record
included seven channels and a hypnogram. The first two
channels of each record contained EEG data: channel 1 was
recorded from the Fpz-Cz location, while channel 2 was
recorded from the Pz-Oz location. The EEG data was pre-
filtered to the band 0.5 Hz to 100 Hz and sampled at 100 Hz.
(The authors cannot correct for this apparent violation of the
Nyquist criterion. Although there could be aliasing of
frequencies above 50 Hz in the data sets, since the EEG
period was identified as sleep, essentially all of the power in
the EEG can be expected to be less than 50 Hz. Thus, the
authors believe the power above 50Hz should be
insignificant and cause little or no aliasing problems.) All
channel data was sampled at 12 bits of precision. The data
sets included just less than 24 hours of data, including sleep
and ambulatory waking periods. For the four data sets
studied, the ‘Lights Out’ time was recorded in the EDF
headers, but no ‘Lights On’ annotation was available. The
following table gives meta-information on each of these data
sets:

Table 1
EDF Records - Metadata
RECORD NAME | GENDER | AGE | DATE RECORDED
SC4002E0 FEMALE 33 25-APR-1989
SC4012E0 FEMALE 33 30-MAR-1989
SC4102E0 MALE 25 18-APR-1989
SC4112E0 MALE 26 02-MAY-1989

In these studies, the authors utilized the sleep period only
(although, for comparison purposes, an analysis of record
‘sc4002e0’ was performed on the entire ~24h record). The
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sleep period was defined as ‘Lights Out’ until the last record
scored as sleep.

III. ALGORITHMS AND ANALYTICAL PROCEDURES

The traditional method in chaotic modeling is to use a
chaotic attractor reconstruction delay-coordinate embedding
discovery method to obtain representation vectors for the
data records. The method begins with linear redundancy
computations on each EEG time series to find an appropriate
delay for our embedding, and then one performs a search
calculation for the generalized dimensions of the attractor.

The authors used the bit-interleaved box-counting method
of Pineda and Sommerer [4] for the generalized dimension
calculations. Two variants of the algorithm were used: The
first used 64-bit machine precision numbers that limited the
embedding dimension search to less than 6 dimensions at
full precision (e.g. 5 dimensions or samples x 12 bits per
sample = 60 bits < 64 bits). The second algorithm used
arbitrary precision mathematics that was much slower and
suffered from some additional numerical inefficiency, but
which was not limited to a maximum embedding dimension
of five at full precision.

Some interesting challenges encountered in our data
analysis were: 1) the availability of high numerical precision
samples — e.g. 12 bits per sample; and 2) the amount of data
required to reliably compute a high-valued generalized
dimension estimate. Algorithms such as the box-counting
algorithm are affected by over-quantization with respect to
the number of samples available. In a sleep period of eight
hours sampled at 100 Hz, there are only about 3x10° samples
available. The limitations on the calculation of redundancy
given this number of samples is given by Palus in Appendix
1 of [3]. We show the mathematical result here in equation
(1) for reference:

N > Qn+l (1)

In equation (1), N represents the number of samples
available, ‘n’ is the generalized dimension value, and Q is
the number of quantization levels used. Thus, since we have
approximately 3x10° samples available, there are significant
limitations on the values of Q and ‘n’ that we must consider
in our computation of redundancy measures. In addition,
there are limitations to Grassberger-Procaccia style
algorithms [7]. The limitation is that calculated dimension
value cannot exceed the limits given in equation (2).

d <2log N ()

The quantity d,,, is the maximum generalized dimension
that can be produced from the algorithm given that there are
N samples available in the time series. For our N of 3x10° we
are therefore limited to a dimension of approximately 12.95.
A dimension larger than d,, may simply indicate the
presence of random noise. Both of the above limitations
fundamentally affect the analysis of our problem.

IV. ANALYSIS AND OBSERVATIONS

A. Initial Analysis Results

We began by exploring the characteristics of the time
series itself. Assuming all the records to be somewhat
similar, we selected ‘sc4002e0’ at random. We did not
remove the wakeful periods for this initial analysis. We first
estimated an embedding delay based on linear redundancy.
The first minimum in the linear redundancy was found at
approximately 52 points of delay. As a result, we performed
our initial search for the generalized dimension using a delay
coordinate of 52. Using the box counting algorithm at a
number of embedding dimensions and scales, we observed
the saturation of the generalized dimensions at a dimension
of approximately 23.

One can see that this value for the generalized dimension
violates the limitations in equations (2). In addition, we used
full (12-bit) precision in our redundancy calculations, which
means we violated the limitations in equation (1) as well.

In order to validate this result, we then reviewed the entire
set of data records after removing wakeful periods. We then
found that the first linear redundancy minimums (the
appropriate delay) ranged from 25 to 36 points for the entire
collection. We then performed the generalized dimension
calculations using these delays and observed essentially
identical dimension values (varying by quantization levels)
across all data sets. That is, the generalized dimension at
full precision (12-bits) ranged from 21.1 to 21.6 over all data
sets, again violating the limitations in equations (1) and (2).

The only reasonable choice was to reduce the number of
quantization levels being used in each of these calculations
since we cannot increase the number of samples available.
Fortunately, we can satisfy these two equations separately
since the actual dimension of the data is dependant on the
number of quantization levels utilized in the analysis.

B. Quantization and Redundancy

The problem with using too many quantization levels for
redundancy calculations is that the measure will ignore
underlying data and become determined primarily by the
quantization level as the number of quantization levels
increases [3]. Thus, one should avoid over-quantization
while performing redundancy calculations. To calculate an
appropriate redundancy value we decided to limit our
consideration to only 8-bits of precision so that equation (1)
would be satisfied. Since there are approximately 3x10°
samples, and since we observed that the generalized
dimension value saturates consistently at approximately 4.3
for 8-bits of precision (see Table 3) for our entire sample set
of EEGs (e.g. 3x10° > 87 = 6.2 x10°), the appropriate
precision for the redundancy calculations should be 8-bits.

Assuming 8-bits of precision, one then uses Takens’
theorem [8] to determine an embedding dimension (e.g. 2 x
43 + 1 = ~10). Unfortunately, we are limited by our
algorithm implementation that uses 64 bit numbers so we
chose an embedding dimension of 8 (as close as possible to
10). Again using Takens’ theorem [8], we find that at 6-bits
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of precision the generalized dimension of 3.02 leads to an
embedding dimension of 8. Then, using a full non-linear
redundancy calculation with an 8§ dimensional embedding,
we observed some interesting variations in the first

minimum of the redundancy calculation for several
quantization levels.
Table 2
Observed Redundancy Minima for each Data Set
Record Name | Delay (Q=6) | (Q=7) | (Q=8)
sc4002¢0 20 18 6
sc4012e0 29 29 10
sc4102e0 >40 >40 29
sc4112e0 11 11 3

As can be observed, the set of minima has a wide range
for this collection. However, they are not too different from
our original linear redundancy calculation of 25 to 36 except
for the ‘sc4112e0’ record. In addition, most minima are
nearly multiples of each other (10, 20, 30). This is
significant because we expect to see reappearances of
minima in the redundancy at delays corresponding to
multiples of the first minimum. For example: if the first
minimum is found at a delay of ‘3’, then we would expect to
see evidence of this minimum at or near delays that are
approximately multiples of ‘3°. One should realize that an
observed minimum does not precisely specify the choice of
delay because the data (an EEG time series) is sampled
rather than continuous in nature. One looks for a delay
choice for the model that will maximize the amount of
information available from the underlying attractor. The
technique accomplishes this by minimizing the shared
information between collections of points from the time
series at different delays. Of course, the mutual information
could be minimized by choosing very long delays, but this
approach leaves us with states having less specific time
locality (state vectors whose components are spread over
longer periods of time). The shortest delay available near a
minimum in the mutual information should work best. Thus,
since we have only minimal support for the short delay of
‘3’, a better choice over this collection of data sets might be
a delay near 10.

C. Quantization and Generalized Dimension

Once we establish a delay coordinate, we must also find
an estimate for the dimension of the attractor. Using our
earlier observations, we observed the saturation of the
generalized dimensions at a variety of values dependent on
the quantization levels as may be seen in Table 3.

Using these values, and the limits from equation (2), one
may choose to ignore the high dimension values shown for
full precision in favor of the lower dimension values for
lesser quantization levels. Since there are approximately
3x10° samples, one should choose a quantization level that
gives a generalized dimension less than the limit of 12.95
given by equation (2). In effect, one is then considering the

information in the extra bits of precision to be
inconsequential. This seems reasonable since we do not
have sufficient samples in each data set to justify a high
dimensional value near 21.5, which would be required using
12-bits of precision.

Table 3
Generalized Dimension vs. Quantization Level
Quantization (bits) | Gen. Dimension Value
6 2.69 —-3.02
7 3.08 —3.60
8 3.59-433
9 5.28-5.40
10 7.04 —7.20
11 10.6 — 10.8
12 21.1-21.6

Because of these observations and the limitation of
equation (2), we chose to use the dimension range of 10.6 to
10.8 for 11-bits of precision for our embedding for the entire
set of data.

D. Delay-Coordinate Embedding

To obtain a system model for the EEGs under study, we
apply Takens’ theorem [8] to our selected generalized
dimension of approximately 10.8 to obtain an embedding
dimension of 23 (e.g. 2 x 10.8 + 1 =~23). We also use the
delay (delay = 10) chosen in section B.

V. DISCUSSION

It is significant that the essential character of the delay-
coordinate embeddings found for four distinct individuals is
so similar. Our aim is to establish a single embedding that
might be wuseable for comparative analysis between
individuals in order to discover new approaches with clinical
utility. The biggest difficulty we see is in the variety of
delays that may be appropriate for the comparison. That the
dimension of the embedding is identical over all four
individuals is very helpful to this endeavor. What remains to
do is to carry out the analysis described herein on EEGs of
sleep-disordered individuals and to explore comparisons, in
the space described by this common embedding, among
healthy and sleep-disordered individuals.

There is an assumption that underlies the theoretical
foundation of delay-coordinate embedding and our use of it
for EEG analysis. Delay-coordinate embedding via Takens’
theorem [8] is based on the evolution of a solution to a
single dynamical system (a set of differential equations). The
brain, however, is actually constructed from cooperating and
competing systems overlain on top of one another, which
when operating independently function physiologically as
distinct dynamical systems. In particular, it is known that
each stage of sleep utilizes specific and different
physiological brain structures to perform their unique
functions during sleep [9]. The EEG measured from this
composite system is a combination of the components’
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distinctions and interactions. It is possible and reasonable
that these separate dynamical systems may occlude each
other in our measured EEG and prevent our use of a single
comparative model via delay-coordinate embedding. This is
likely one reason why delay-coordinate embedding has not
been particularly successful in brain state prediction. The
authors have avoided this pitfall by declining to do explicit
reconstruction of the dynamics of the composite system.
Instead, the authors intent is only to generate a model
representation to be used for comparatives analysis over
multiple individuals. The observations made in this paper
show that such a space is readily obtainable since the
parameters of the model for multiple individuals were
observed to be similar. What remains to discover is whether
this kind of model, which surely contains information related
to specific physiological contexts (the sleep stages), can be
interpreted in a clinically useful manner. The results of that
research will be discussed in future publications.
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